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Abstract. We study an inverse first-passage problem for a one-dimensional, time-
homogeneous diffusion X(t) reflected between two boundaries a and b, which starts
from a random position η. Let a ≤ S ≤ b be a given threshold, such that P (η ∈
[a, S]) = 1, and F an assigned distribution function. The problem consists of finding
the distribution of η such that the first-passage time of X trough S has distribution
F.
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1 Formulation of the problem and main results

Diffusion processes with reflecting boundaries appear in many applications in
Economics and Finance (see e.g. Ball and Roma [7], Bertolla and Caballero
[8], De Jong [11], Krugman [14], Svensson [26]), in Queueing (see e.g. Abate
and Whitt [1], [2], Harrison [12], Srikant and Whitt [25], Ward and Glynn [28],
[29]), and Mathematical Biology (see e.g. Ricciardi and Sacerdote [23]). In
all these, the knowledge of the distribution of the first-passage-time (FPT) of
the reflected diffusion through an assigned barrier is very important. Although
FPT problems have been studied mostly for ordinary diffusions, i.e. without
reflecting (see e.g. Abundo [6], Darling and Siegert [10], Ricciardi and Sato
[24], and references therein), more recently some results appeared about the
FPT of a one-dimensional reflected diffusion, through a threshold S (see e.g.
Chuancun and Huiqing [9], Lijun et al. [17], Qin Hu et al. [22]). In this paper,
we focus on FPT problems for a one-dimensional, temporally homogeneous
reflected diffusion process X(t) with boundaries a and b, which is the solution
of the stochastic differential equation with reflecting boundaries (SDER):{

dX(t) = µ(X(t))dt+ σ(X(t))dBt + dLt − dUt
X(0) = η ∈ [a, b]

(1)

where Bt is standard Brownian motion, the initial position η is a random
variable, independent of Bt, L = {Lt} and U = {Ut}, t ≥ 0, are the regulators
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of points a and b, respectively, namely the local times of X at a and b. The
processes L and U are uniquely determined by the following properties (see e.g.
Harrison [12]):
(i) both Lt and Ut are continuous nondecreasing processes with L0 = U0 = 0;
(ii) X(t) ∈ [a, b] for every time t ≥ 0;
(iii) L and U increase only when X = a and X = b, respectively, that is,∫ t
0

1{X(s)=a}dLs = Lt and
∫ t
0

1{X(s)=b}dUs = Ut, for any t ≥ 0.

We suppose that the coefficients µ(·) and σ(·) are sufficiently regular (see e.g.
Lions and Sznitman [21]), so that, for fixed initial value the SDER (1) has a
unique strong solution X(t), which remains in the interval [a, b] for every time
t ≥ 0. For this reason, X(t) is also called a regulated diffusion between a and
b. If S ∈ [a, b] is a threshold such that P (a ≤ η ≤ S) = 1, we consider the
FPT of X through S, namely τS = inf{t > 0 : X(t) = S}, and we denote
by τS(x) = inf{t > 0 : X(t) = S|η = x} the FPT of X through S with
the condition that η = x. We assume that τS(x) is finite with probability one
∀x ∈ [a, S], and that it possesses a density f(t|x).

The inverse FPT problem for diffusions generally focuses on determining
the barrier S, when f(t|x) is given (see e.g. Abundo [6], Zucca and Sacerdote
[27]). Since we assume that the initial position η is random, we consider a
slight modification of the problem, that is the following inverse first-passage-
time (IFPT) problem.
For a given distribution F, our aim is to find the density g of η (if it exists) for
which it results P (τS ≤ t) = F (t).
This IFPT problem has interesting applications in Mathematical Finance, in
particular in credit risk modeling, where the FPT represents a default event of
an obligor (see e.g. Jackson et al. [13]), in Biology, specially in the framework
of diffusion models for neural activity (see e.g. Lansky and Smith [16]), and in
Queueing theory (see e.g. Abate and Whitt [1], [2], Harrison [12]). For ordinary
diffusions, it was studied in Jackson et al. [13] in the case of Brownian motion,
while some extensions to more general processes were obtained in Abundo [4],
[5].

Let Lh(x) = µ(x)h′(x)+ 1
2σ

2(x)h′′(x), x ∈ (a, b), the infinitesimal generator
of X(t), acting on C2−functions h on (a, b). We recall the following result by
Chuancun and Huiqing [9]:

Theorem 1 Let X be the solution of the SDER (1) with deterministic and
fixed initial condition X(0) = x, and let S ∈ [a, b]. For x ∈ [a, S] and θ ≥ 0,
suppose that u(x) satisfies the following equation:{

Lu(x) = θu(x), x ∈ (a, S)

u′(a) = 0
. (2)

Then, if u(S) 6= 0 for S ∈ [x, b], the Laplace transform of τS(x) is explicitly
given by:

E
(
e−θτS(x)

)
=
u(x)

u(S)
. (3)

�
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By taking the n− th derivative of E
(
e−θτS(x)

)
with respect to θ, and cal-

culating it at θ = 0, we obtain (see Abundo [3]):

Proposition 2 For n = 1, 2, . . . , the n− th order moments of τS(x), if they
exist finite, are the solutions to the problems:{

LTn(x) = −nTn−1(x), x ∈ (a, S)

Tn(S) = 0, T ′n(a) = 0
, (4)

where T0(x) ≡ 1.

�

Now, we report the explicit solutions of problems (2) and (4) for the Laplace
transform and the moments of τS(x), in the case of reflected Brownian motion
with drift µ. By solving (2) by quadratures and using (3), we get that the

Laplace transform of τ
(µ)
S (x) is:

E
(
e−θτ

(µ)
S (x)

)
= e−(S−x)(

√
µ2+2θ−µ) · θe

−2(x−a)
√
µ2+2θ + µ2 + θ + µ

√
µ2 + 2θ

θe−2(S−a)
√
µ2+2θ + µ2 + θ + µ

√
µ2 + 2θ

. (5)

For a→ −∞ the right-hand member of (5) tends to e−(S−x)(
√
µ2+2θ−µ), which

is the well-known expression of the Laplace transform of the first-hitting time
of ordinary Brownian motion with drift µ to S, when starting from x < S.

Taking the limit as µ goes to zero in (5), we obtain:

E
(
e−θτ

(0)
S (x)

)
=
e−x
√
2θ + e−(2a−x)

√
2θ

e−S
√
2θ + e−(2a−S)

√
2θ

. (6)

In the special case a = 0, the expression above writes:

e−x
√
2θ + ex

√
2θ

e−S
√
2θ + eS

√
2θ

=
cosh(x

√
2θ)

cosh(S
√

2θ)
, x ∈ [0, S]. (7)

Then, Laplace transform inversion yields that, for a = 0 and x ∈ [0, S] the

density of τ
(0)
S (x) is, for t ≥ 0 (cf. e.g. Darling and Siegert [10], Qin Hu et al.

[22]):

f (0)(t|x) =
π

S2

∞∑
k=0

(−1)k(k +
1

2
) cos

[
(k +

1

2
)
πx

S

]
exp

[
−(k +

1

2
)2
π2t

2S2

]
(8)

By solving (4) by quadratures, with n = 1 and n = 2, we obtain:

T
(µ)
1 (x) =

1

2µ2

[
e2µ(a−S) − e2µ(a−x)

]
+
S − x
µ

, x ∈ [a, S]. (9)
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T
(µ)
2 (x) =

x2

µ2
− x

µ3

(
e2µ(a−S) + 1 + 2Sµ+ e2µ(a−x)

)
+ c1 + c2e

−2µx, (10)

where the constants c1 and c2 can be easily calculated. Letting µ go to zero,
we obtain:

T
(0)
1 (x) = −x2 + 2ax+ S(S − 2a), x ∈ [a, S]. (11)

and

T
(0)
2 (x) =

x4

3
− 4

3
ax3 − 2S(S − 2a)x2 +Ax+B, x ∈ [a, S],

for certain constants A and B. In particular, for a = 0, we get T
(0)
1 (x) =

−x2 + S2, T
(0)
2 (x) = x4

3 − 2S2x2 + 5
3S

4

Explicit formulae for the Laplace transform of the first-hitting time to a barrier
S are known also for reflected OU process, reflected Bessel process and some
other processes (see Chuancun and Huiqing [9], Lijun et al. [17]), but they
involve special functions. An explicit spectral representation of the hitting
time density was found in Qin Hu et al. [22] for reflected BM, and in Linetsky
[19], [20] for Cox-Ingersoll-Ross (CIR) and OU processes.

1.1 The IFPT problem for reflected Brownian motion with drift

For a given barrier S ∈ [a, b], and X(0) = η ∈ [a, S], let us suppose that τS(x)
is a.s. finite for every x ∈ [a, S], and it possesses a density f(t|x). Moreover,
we suppose that the initial position η has a density g(x) with support (a, S);

for θ ≥ 0 we denote by f̂(θ|x) =
∫ +∞
0

e−θxf(t|x)dt the Laplace transform of

f(t|x) and by ĝ(θ) =
∫ S
a
e−θxg(x)dx the (possibly bilateral) Laplace transform

of g. Then, the density of τS is obtained as f(t) =
∫ S
a
f(t|x)g(x)dx and taking

the Laplace transform on both sides we get f̂(θ) =
∫ S
a
f̂(θ|x)g(x)dx .

Now, we go to solve the IFPT problem, in the case when X = X(µ) is
reflected BM with drift µ, between the boundaries a and b. For a given FPT
distribution function F (or equivalently for a given FPT density f = F ′) our
aim is to find the density g of the random initial position η, if it exists, such
that P (τS ≤ t) = F (t). The following result holds (see Abundo [3]):

Theorem 3 For S ∈ [a, b], let X(µ) be BM with drift µ, reflected between the
boundaries a and b and starting from the random position η ∈ [a, S]; suppose
that the FPT of X(µ) through S has an assigned probability density f and
denote by f̂(θ) =

∫∞
0
e−θtf(t)dt, θ ≥ 0, the Laplace transform of f. Then, if

there exists a solution g to the IFPT problem for X(µ), its Laplace transform
ĝ(θ), for θ ≥ 0, must satisfy the equation:

f̂(θ) =

[θe2a
√
µ2+2θĝ(

√
µ2 + 2θ + µ) + (µ2 + θ + µ

√
µ2 + 2θ )ĝ(µ−

√
µ2 + 2θ )]

×
{
θe−S(

√
µ2+2θ−µ)e2a

√
µ2+2θ + (µ2 + θ+µ

√
µ2 + 2θ )eS(

√
µ2+2θ+µ)

}−1
(12)
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In particular, if µ = 0, the above formula writes:

f̂(θ) =
ĝ(
√

2θ) + ĝ(−
√

2θ)e−2a
√
2θ

e−S
√
2θ + e(S−2a)

√
2θ

, θ ≥ 0. (13)

Furthermore, if µ = 0 and we require that the density g is symmetric with
respect to (a+ S)/2, then:

ĝ(θ) =
e−Sθ + e−(2a−S)θ

1 + e(S−a)θ
f̂

(
θ2

2

)
, θ ≥ 0. (14)

�
If f̂(θ) is analytic in a neighbor of θ = 0, then the k−th order moments of τS

exist finite and they are obtained in terms of f̂(θ) by E(τkS) = (−1)k ∂k

∂θk
f̂(θ)|θ=0.

The same thing holds for the moments of η, if ĝ(θ) is analytic. Thus, we obtain:

E(τ
(µ)
S ) =

1

µ
E(S − η)− 1

2µ2
e2µaE

(
e−2µη − e−2µS

)
. (15)

Remark 4 Let X(t) be regulated BM, and suppose that τS has Gamma dis-
tribution. Then, it can be shown that a solution g to the IFPT problem, with
g symmetric with respect to (a+ S)/2 does not exist (see Abundo [3]).

Now, we further investigate the question of the existence of solutions to the
IFPT problem. Referring to regulated drifted BM, we will prove the existence
of the density g of the initial position η ∈ [a, S] for a class of FPT densities
f. For the sake of simplicity, we limit ourselves to the case when µ = 0, a =
0, S = 1 < b and g is required to be symmetric with respect to 1/2; in fact,
for µ 6= 0 the calculations involved are far more complicated.

For any integer k ≥ 0, set Ik(θ) =
∫ 1

−1 e
−θxxkdx; as easily seen, I0(θ) =

2 sinh(θ)/θ and the recursive relation Ik(θ) = (−1)keθ−e−θ
θ + k

θ Ik−1(θ) allows to
calculate Ik(θ), for every k. The following proposition holds (see Abundo [3]).

Proposition 5 Let X be regulated BM between the boundaries 0 and b, and
let S = 1 < b; suppose that the Laplace transform of f(t) has the form:

f̂(θ) = f̂2k(θ) :=
cosh(

√
θ/2)

cosh(
√

2θ)

(
1 +

1

2k

)[√
2

θ
sinh

(√
θ

2

)
− I2k

(√
θ

2

)]
,

(16)
for some integer k > 0. Then, there exists the solution g = g2k of the IFPT
problem for X, relative to the FPT density f, and it results:

g2k(x) =

(
1 +

1

2k

)(
1− (2x− 1)2k

)
, x ∈ (0, 1). (17)

�
As an application of the results for regulated BM, we consider now the

piecewise-continuous process ξ(t), obtained by superimposing to BM a jump
process, namely, for η ∈ [a, S] and t < T, we set ξ(t) = η + Bt, where T
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is an exponentially distributed time with parameter λ > 0; we suppose that
for t = T the process ξ(t) makes an upward jump and it crosses the barrier
S, irrespective of its state before the occurrence of the jump. This kind of
behavior is observed e.g. in the presence of a so called catastrophes. Next,
let us consider the reflected diffusion X with boundaries a, b, associated to
ξ. Then, for η ∈ [a, S] the FPT of X over S is τS = inf{t > 0 : X(t) ≥ S}.
Conditionally on η = x, we have:

P (τS(x) ≤ t) = P (τS(x) ≤ t|t < T )P (t < T ) + 1 · P (t ≥ T )

= P (τS(x) ≤ t)e−λt + (1− e−λt).

Taking the derivative, we obtain the FPT density of X, conditional to the
starting position x :

f(t|x) = e−λtf(t|x) + λe−λt
∫ +∞

t

f(s|x)ds.

By straightforward calculations, we obtain its Laplace transform:

f̂(θ|x) =

∫ ∞
0

e−θtf(t|x)dt =
θ

λ+ θ
f̂(λ+ θ|x) +

λ

λ+ θ
, θ ≥ 0.

The following result holds (see Abundo [3]).

Proposition 6 For a = 0 < S < b, if there exists a function g, symmetric
with respect to S/2, which is the solution to the IFPT problem of X(t), relative
to S and the FPT density f, then its Laplace transform is given by:

ĝ(θ) =
2 cosh(Sθ)

(θ2/2− λ)(1 + eSθ)

[
θ2

2
f̂

(
θ2

2
− λ
)
− λ
]
. (18)

�

Remark 7 For λ = 0, namely when no jump occurs, (18) reduces to (14) with
a = 0.

1.2 Reduction of reflected diffusions to reflected Brownian motion

On the analogy of the definition holding for ordinary diffusions (see Abundo
[5], [6]), we introduce the following:

Definition Let X(t) be a diffusion with reflecting boundaries a and b, which is
driven by the SDER:

dX(t) = µ(X(t))dt+ σ(X(t))dBt + dLt − dUt, X(0) = x ∈ [a, b].

We say that X(t) is conjugated to regulated BM if there exists an increasing
differentiable function V (x), with V (0) = 0, such that, for any t ≥ 0 it results
X(t) = V −1

(
Bt + V (x) + Lt − U t

)
, where Lt = V ′(a)Lt and U t = V ′(b)Ut

are regulators.
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A class of reflected diffusions which are conjugated to regulated BM is given
by processes which are solutions of SDERs such as:

dX(t) =
1

2
σ(X(t))σ′(X(t))dt+ σ(X(t))dBt + Lt − Ut, X(0) = x (19)

with σ(·) ≥ 0. Indeed, if the integral V (x) :=
∫ x 1

σ(r)dr is convergent, by Itô’s

formula for reflected diffusions (see e.g. Harrison [12]), one gets V (X(t)) =
Bt + V (x) + V ′(a)Lt − V ′(b)Ut.
Let us consider a diffusion X with reflecting boundaries a and b, which is
conjugated to regulated BM via the function V. Then, the process Y (t) :=
V (X(t)) is regulated BM between the boundaries V (a) and V (b), starting from
V (x), that is Y (t) = V (x)+Bt+Lt−U t , where Lt = V ′(a)Lt and U t = V ′(b)Ut
are the regulators of Y (t), which increase only when Y = V (a) and Y = V (b),
respectively. Thus, for x ∈ [a, S] :

τS(x) = inf{t ≥ 0 : X(t) = S|X(0) = x} = τYS′(V (x)),

where S′ = V (S) and the superscript refers to the process Y. Therefore, the
solution g to the IFPT problem for X, relative to the FPT density f and the
barrier S, can be written in terms of the solution g̃ to the IFPT problem for
regulated BM Y (t) relative to the FPT density f and the barrier V (S). If one
seeks e.g. that g̃ is symmetric with respect to (V (a) +V (S))/2, then (see (14))
the Laplace transform of g̃ turns out to be:

̂̃g(θ) =
e−V (S)θ + e−(2V (a)−V (S))θ

1 + e(V (S)−V (a))θ
f̂

(
θ2

2

)
, θ ≥ 0. (20)

2 A few examples

Example 1
Let X(t) be regulated BM with boundaries a, b (a < S < b), starting from
η ∈ [a, S] and consider the FPT density:

f(t) =
1

(S − a)2

∞∑
k=0

exp

[
−
(
k + 1

2

)2
π2t

2(S − a)2

]
, (21)

or the corresponding FPT Laplace transform:

f̂(θ) =
tanh((S − a)

√
2θ)

(S − a)
√

2θ
. (22)

Then, the solution g to the IFPT problem for X(t) is the uniform density in
(a, S). In particular, for a = 0, S = 1, (21) and (22) become:

f(t) =

∞∑
k=0

exp

[
−1

2

(
k +

1

2

)2

π2t

]
and f̂(θ) =

tanh(
√

2θ)√
2θ

(23)
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and the solution g to the IFPT problem is the uniform density in (0, 1).

Example 2
For a = 0 < S < b, let X(t) be regulated BM starting from η ∈ [a, S], and
consider the FPT density whose Laplace transform is:

f̂(θ) =
π2

2

1 + cosh(S
√

2θ)

cosh(S
√

2θ)(2θS2 + π2)

Then, the solution to the IFPT problem for X is g(x) = π
2S sin

(
πx
S

)
, x ∈ (0, S).

Example 3
Take a = 0, S = 1, and let X(t) be regulated BM starting from η ∈ [0, 1];
consider the FPT density whose Laplace transform is:

f̂(θ) =

(
1 + e

√
2θ
)(

e
√
2θ − 2e

√
θ/2 + 1

)
θ cosh(

√
2θ)e

√
2θ

Then, the solution to the IFPT problem for X is the triangular density in [0, 1] :

g(x) =

{
4x, x ∈ [0, 12 ]

4x(1− x), x ∈ ( 1
2 , 1]

.

Example 4
Take a = 0, S = 1, and let X(t) be regulated BM starting from η ∈ [0, 1];
consider the FPT density whose Laplace transform is:

f̂(θ) =
3
(

1 + e
√
2θ
)(

e−
√
2θ(
√

2θ + 2) +
√

2θ − 2
)

θ
√

2θ
(
e
√
2θ + e−

√
2θ
)

Then, the solution g to the IFPT problem for X is a Beta density in [0, 1], i.e.

g(x) = 6x(1− x). Notice that f̂ and g are obtained as special cases of f̂2k and
g2k of Proposition 5, for k = 1.

Example 5
For 0 = a < S < b letX be the jump-process considered at the end of subsection
1.1, and let:

f̂(θ) =
1

λ+ θ

[
θ · tanh(S

√
2(λ+ θ))

S
√

2(λ+ θ)
+ λ

]
.

By Laplace inversion, one obtains:

f(t) = e−λt

[ ∞∑
k=0

(
1

S2
+

2λS2

(k + 1
2 )2π2

)
exp

(
− (k + 1/2)2π2t

2S2

)]
,
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which can be written as

f(t) = e−λtφ(t) + λe−λt
∫ ∞
t

φ(s)ds, (24)

where φ(t) is the FPT density considered in Example 1 with a = 0, i.e.:

φ(t) =
1

S2

∞∑
k=0

exp

(
− (k + 1/2)2π2t

2S2

)
. (25)

Then, the solution g to the IFPT problem for X(t), relative to S ∈ (0, b) and

f̂ , which is symmetric with respect to S/2, is the uniform density in (0, S).

Example 6 (Reflected geometric Brownian motion)
Let 0 < a < S < b, and X(t) the solution of the SDER:

dX(t) = rX(t)dt+ σX(t)dBt + dLt − dUt, X(0) = η ∈ [a, S],

where r and σ are positive constant. The equation without reflecting is well-
known in the framework of Mathematical Finance, since it describes the time
evolution of a stock price. As easily seen, lnX(t) = ln η + µt+ σBt + L̄t − Ūt,
where µ = r− σ2/2 and L̄t, Ūt are regulators; thus, lnX(t)/σ is regulated BM
with drift µ/σ, between the boundaries ln a

σ , ln b
σ . Then, the IFPT problem for

X(t) relative to S and the FPT density f, is reduced to the IFPT problem for
regulated drifted BM, starting from ln η

σ , relative to lnS
σ and the same FPT

density f.

Example 7
Let X be a reflected diffusion in [a, b], which is conjugated to regulated BM via
the function V ; then, examples of solutions to the IFPT problem for X can be
obtained from Examples 1-4 regarding regulated BM.
For instance, let us consider the FPT density

f(t) =
1

(V (S)− V (a))2

∞∑
k=0

exp

[
−

(
k + 1

2

)2
π2t

2(V (S)− V (a))2

]
, (26)

Then, the solution to the IFPT problem for X relative to the barrier S (a <
S < b) is

g(x) =
V ′(x)

V (S)− V (a)
· 1(a,S)(x). (27)

As explicit examples of reflected diffusions X which are conjugated to reg-
ulated BM, we mention the following.
(i) The process driven by{

dX(t) = 1
3X(t)1/3dt+X(t)2/3 dBt + dLt − dUt

X(0) = η ∈ [a, b]
, (28)
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which is conjugated to regulated BM via the function V (x) = 3x1/3 i.e. X(t) =(
η1/3 + 1

3Bt + Lt − U t
)3
. Here, as well as in the next examples, Lt = V ′(a)Lt

and U t = V ′(b)Ut .
(ii) For c > 0, the process driven by{

dX(t) = 3c2

8 (X(t))1/2dt+ c(X(t))3/4 dBt + dLt − dUt
X(0) = η ∈ [a, b] (a ≥ 0)

, (29)

which is conjugated to regulated BM via the function V (x) = 4
cx

1/4 i.e. X(t) =(
η1/4 + c

4Bt + Lt − U t
)4
.

(iii) (Feller process or CIR model)
For b > a ≥ 0, the process driven by{

dX(t) = 1
4dt+

√
X(t) dBt + dLt − dUt

X(0) = η ∈ [a, b]
, (30)

which is conjugated to regulated BM via the function V (x) = 2
√
x i.e. X(t) =

1
4 (Bt + 2

√
η + Lt − U t)2. Notice that the process is always ≥ 0.

(iv) (Wright & Fisher-like process)
For 0 ≤ a < b ≤ 1, the process driven by:{

dX(t) =
(
1
4 −

1
2X(t)

)
dt+

√
X(t)(1−X(t)) dBt + dLt − dUt

X(0) = η ∈ [a, b]
,

which is conjugated to regulated BM via the function V (x) = 2 arcsin
√
x. This

equation is used for instance in the Wright-Fisher model for population genetics
and in certain diffusion models for neural activity (see e.g. Lanska et al. [15]);
it results X(t) = sin2(Bt/2 + arcsin

√
η + Lt − U t) and so X(t) ∈ [0, 1] for all

t ≥ 0. Notice that, if we take a = 0 and b = 1, both boundaries are attainable
and there is no need for reflection in a and b, because the process without
reflecting cannot never exit the interval [0, 1] (see e.g. Abundo [5]).

If the FPT density is given by (26), from (27) we obtain that the solutions
to the IFPT problems for the processes (i)–(iv) above, relative to the barrier
S, are explicitly given by:

g(x) =
[
3x2/3

(
S1/3 − a1/3

)]−1 · 1(a,S)(x) (i),

g(x) = 1
4

[
x3/4

(
S1/4 − a1/4

)]−1 · 1(a,S)(x) (ii),

g(x) = 1
2

[√
x
(√

S −
√
a
)]−1

· 1(a,S)(x) (iii), and

g(x) = 1
2

[(
arcsin

√
S − arcsin

√
a
)√

x(1− x)
]−1
· 1(a,S)(x) (iv).
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Abstract. This paper is focused on a discrete-time multichannel queueing system
with heterogeneous servers, regenerative input flow, and interruptions. The break-
downs of the servers may occur at any time even if they are not occupied by customers.
Consecutive moments of breakdowns are defined by a renewal process. We consider
the preemptive repeat different service discipline. Exploiting coupling method the
necessary and sufficient stability condition for this system is established..
Keywords: Multichannel system, Regenerative flow, Stability, Interruption, Vaca-
tion, Unreliable servers.

1 Introduction

Queueing systems in which servers may be not available for operation arise
naturally as models of many computer, communication and manufacturing
systems. Service interruptions may result from resource sharing, server break-
downs, priority assignment, vacations, some external events, and other. For
instance, if we concern the system with customers priority, the working period
with secondary customers is equivalent to the service interruption of the pri-
mary customers during this period. Therefore, there is significant interest in
the investigation of queueing systems with server interruptions.

This study is focused on a queueing system with a regenerative input flow
and heterogeneous servers that suffer independent interruptions. Service times
are generally distributed. The breakdowns of the servers may occur at any
time even if they are not occupied by customers. Consecutive moments of
breakdowns are defined by a renewal process. We consider the preemptive
repeat different service discipline where service is repeated from the beginning
with different independent service time after restoration of the server [5].

Systems with unreliable servers have been intensively investigated for a long
time. The main point was focused on the single-server case. There are some
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review papers, that cover most of the literature in these sphere. Concerning sys-
tems with servers vacations it should be mentioned [3] and [7]. The framework
of problems dealing with servers breakdowns and their solutions are presented
in [8]. The are some other articles with extensive literature survey as well [11],
[9].

One of the powerful approach to obtain stability conditions for systems with
interruptions is synchronization method combined with regenerative theory.
Basing on this method in [9] multichannel queueing systems with identically
distributed service times by different servers, renewal input flow, alternating
renewal-type servers’ interruption in discrete time was considered. Authors
established some sufficient conditions of stability for the preemptive repeat dif-
ferent and preemptive resume service disciplines. In the paper [1] the same
method was implemented for asymptotic analysis of single-server system with
regenerative input. The similar approach was applied to study stability con-
dition of the multichannel system with heterogeneous servers and regenerative
input flow in a random environment [13], where random environment inter-
rupted all the servers simultaneously.

In this paper we consider the multichannel model with interruption in dis-
crete time cases. The necessary and sufficient condition of stability is estab-
lished. The key element of our analysis is synchronization of processes under
consideration. This method is based on the regeneration property of the input
flow and renewal structure of processes describing the servers’ breakdowns [1].

The article is organised as follows. In the next section the model is described
in detail. In the third section auxiliary service flows are introduced and traffic
rate is established. In the fourth section we construct synchronization of input
and service flows. Two final sections are devoted to the (in)stability problem.

2 Model description

We consider a system, which has m heterogeneous servers and a common queue.
Service times of customers by the ith server constitute a sequence {ηi,n}∞n=1

of independent identically distributed (i.i.d.) random variables that do not
depend on input flow and service times by the other servers. Let Bi(t) be a
distribution function of ηi,n and bi = Eηi,n < ∞ (i = 1,m). We assume that
servers may be unavailable for service from time to time. The breakdowns of the
servers may occur at any time even if they are not occupied by customers. Let

{s(2)i,n}∞n=0 be moments of breakdowns and {s(1)i,n}∞n=1 be moments of restoration

for the ith server. Here 0 = s
(2)
i,0 < s

(1)
i,1 < s

(2)
i,1 < s

(1)
i,2 . . .. Then u

(1)
i,n =

s
(1)
i,n−s

(2)
i,n−1 and u

(2)
i,n = s

(2)
i,n−s

(1)
i,n denote the length of the nth blocked and nth

available period of the ith server respectively (i = 1,m). The {u(1)i,n, u
(2)
i,n}∞n=1

constitute sequence of i.i.d. random vectors (for all i = 1,m) that do not

depend on input flow and service times. However, for each n and i, u
(1)
i,n and

u
(2)
i,n are not assumed to be independent. Let ui,n = u

(1)
i,n + u

(2)
i,n be the length

of the nth cycle for server i. A cycle consists of a blocked period followed by

an available period. We assume that Eu
(1)
i,n = a

(1)
i < ∞, Eu

(2)
i,n = a

(2)
i < ∞,
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ai = a
(1)
i + a

(2)
i (i = 1,m). Server is free if it is neither serving a customer

nor interrupted. If server becomes free and there are customers in the queue,
a new customer enters the server. It is possible that more than one server
becomes free simultaneously. Then customer in the queue choose an idle server
according to some algorithm, possibly random. For definiteness we assume
that a customer choose a free server with least number. It is possible that an
unavailable period may start while a customer receiving service. Then service
of the customer immediately interrupted. There are various disciplines for
continuation of the service after server restoration may be investigated [5]. We
consider preemptive repeat different service disciplines. This means that service
is repeated from the start and the service time after restoration is independent
of the original service time. Besides, customers remain with the same server
until service completion. In order to ensure the service process for the ith server

we have to assume that P(ηi,1 ≤ u
(2)
i,1 ) > 0 for all i = 1,m. If this condition is

not fulfilled for some server i, then the ith server has to be excluded since it is
always busy by service of the single customer.

We assume that input flow X(t) is a regenerative one.

Definition 1. A stochastic flow X(t) is called regenerative if there is an in-
creasing sequence of random variables {θi, i ≥ 0}, θ0 = 0 such that the sequence
{κi}∞i=1 = {X(θi−1 + t) − X(θi−1), θi − θi−1, t ∈ [0, θi − θi−1)}∞i=1 consists of
independent identically distributed random elements.

The random variable θi is said to be the ith regeneration point of X(t) and τi =
θi− θi−1 is the ith regeneration period (i = 1, 2, . . .). Let ξi = X(θi)−X(θi−1)
be the number of arrived customers during the ith regeneration period. Assume

that τ = Eτ1 < ∞, a = Eξ1 < ∞. The limit λX = limt→∞
X(t)
t w.p.1 is

called the intensity of X(t). It is easy to prove that λX = a
τ (e.g., see [1]).

The class of regenerative flows contains most of fundamental flows that are
exploited in queueing theory. Firstly, the doubly stochastic Poisson process
[6] with stochastic regenerative intensity is regenerative one. There are many
other examples of the regenerative flows, for instance, semi-markovian, Markov-
modulated, Markov-arrival, and other processes [2]. Important properties of
regeneration flows are given in [1].

We consider the operation of the described system in discrete-time case, i.e.
time is divided into fixed length intervals or slots and all arrivals, departures,
interruptions (restoration) are synchronized with respect to slot boundaries.
Moreover, in case of synchronization of some events at one slot these events
are ordered as follows: arrival, departure, and interruption (reconstruction).
System is observed at the end of a slot, when all events of the slot are realized.

3 Auxiliary processes

In this section we define auxiliary processes Yi(t) (i = 1,m) that will be ex-
ploit for asymptotic analysis of stability. We think of Yi(t) (i = 1,m) as
the number of customers, that can be served by the ith server if there is
no empty queue in the system within interval [0, t]. In order to construct

15



the processes Yi(t) we introduce the family
{
{η(j)i,n}∞n=1

}∞
j=1

of independent se-

quences {η(j)i,n}∞n=1 consisting of i.i.d. random variables with d.f. Bi(x). Let

Ki,j(t) be the counting process associated with the sequence {η(j)i,n}∞n=1, i.e.

Ki,j(t) = max{k :
∑k
n=1 η

(j)
i,n ≤ t} (Ki,j(0) = 0) and µi(t) be the number of

cycles for the ith server during [0, t], i.e. µi(t) = max{j :
∑j
n=1 ui,n ≤ t}

(µi(0) = 0). Then the process Yi(t) is defined by the relation

Yi(t) =st

µi(t)∑
j=1

Ki,j

(
u
(2)
i,j

)
+Ki,µi(t)+1

(
max

[
0, t− s(1)i,µi(t)+1

])
. (1)

By Hi(t) denote the renewal function for Ki,j(t), i.e. Hi(t) = EKi,j(t).

Lemma 1. There exists the limit

lim
t→∞

Yi(t)

t
=

EHi(u
(2)
i,n)

ai
= λYi w.p.1.

Proof. Putting gi(n) =
∑n
j=1Ki,j(u

(2)
i,j ) we get from (1) the evident inequality

gi(µi(t)) ≤ Yi(t) ≤ gi(µi(t) + 1). (2)

Since Ki,j(u
(2)
i,j ) is a sequence of i.i.d. random variables with a finite mean by

SLLN we have n−sgi(n)
w.p.1−−−−→
n→∞

EHi(u
(2)
i,j ). Besides, it follows from renewal

theory that t−1µi(t)
w.p.1−−−→
t→∞

a−1i . In view of independence {{η(j)i,n}∞n=1}∞j=1 and

{u(1)i,n, u
(2)
i,n}∞n=1 one can easy obtain the convergence

gi(µi(t))

µi(t)

w.p.1−−−→
t→∞

a−1i EHi(u
(2)
i,1 ).

Thus the proof is follows from (2). �
Let Y (t) =

∑m
i=1 Yi(t) be the number of customers served by the system

during [0, t] under assumption that the queue is not empty within this interval.
From Lemma 1 we have

λY = lim
t→∞

Y (t)

t
=

m∑
i=1

EHi(u
(2)
i,1 )

ai
w.p.1. (3)

We think of λX and λY as the arrival and service rate respectively. Intuitively,
it is clear that traffic rate ρ of the system has to be determined as

ρ =
λX
λY

=
λX∑m

i=1 a
−1
i EHi(u

(2)
i,1 )

. (4)

The rest of the paper is devoted to the formal proof of this fact. Key element of
our analysis is synchronization (coupling) of renewal processes Yi(t) (i = 1,m)
and regenerative input flow X(t).
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4 Synchronization of renewal points for input and
service flows.

First we prove a lemma for general regenerative aperiodic flows in discrete-time
case. Let Z1(t) and Z2(t) be independent, regenerative, flows with regeneration
points {θ1,j}∞j=1 and {θ2,j}∞j=1 respectively (θi,0 = 0; i = 1, 2). As usually
aperiodicity means that

GCD {k : P(θi,1 = k) > 0} = 1, i = 1, 2. (5)

Define common points of regeneration for Z1(t) and Z2(t) by

Tk = min{θ1,j > Tk−1 :

∞⋃
l=1

{θ2,l = θ1,j}}, T0 = 0.

Lemma 2. Let condition (5) is fulfilled and E(θi,1) < ∞ (i = 1, 2) then the
sequence {Tk}∞k=1 consist of regeneration points for Z1(t) and Z2(t) and

ET1 <∞. (6)

Proof. Since the first statement follows from the construction of Tk we prove
(6). Define

νk = min{j > νk−1 :

∞⋃
l=1

{θ1,j = θ2,l}}, ν0 = 0,

so that Tk = θ1,νk . Then {νk−νk−1}∞k=1 is a sequence of i.i.d. random variables
and in accordance with Wald identity [4] ET1 = Eθ1,1 ·Eν1. Therefore, we need
to prove the finiteness of Eν1. Let h2(t) (h(t)) be the probability that there
is a renewal at time t for the renewal processes {θ2,n}∞n=1 ({νk}∞k=1), so that
h2(t) =

∑∞
l=1 P(θ2,l = t) and h(t) =

∑∞
k=1 P(νk = t). Taking into account (5)

from the Blackwell theorem [12] we get

h2(t) −−−→
t→∞

1

Eθ2,1
, h(t) −−−→

t→∞

1

Eν1
. (7)

In view of independence Z1(t) and Z2(t) we have

h(j) = P{
∞⋃
l=1

{θ1,j = θ2,l}} = E

( ∞∑
l=1

P{θ1,j = θ2,l|θ1,j}

)
= Eh2(θ1,j). (8)

Since θ1,j
w.p.1−−−→
j→∞

∞, in view of independence Z1(t) and Z2(t) we get h2(θ1,j)
w.p.1−−−→
j→∞

1
Eθ2,l

. Thus from (7), (8) and Lebesgue’s dominated convergence theorem we

obtain Eν1 = Eθ2,l <∞. �
In the model under consideration we have m + 1 regenerative flows X(t),

Yi(t) with points of regeneration {θj}∞j=1 and {s(1)i,j }∞j=1 (i = 1,m) respectively.
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To exploit Lemma 2 for synchronization of these processes we introduce the
following counting processes

N0(t) = max{k : θk ≤ t},

Ni(t) = max{k : s
(2)
i,k ≤ t}, i = 1,m.

To construct synchronization of the mentioned counting processes we need
additional assumptions.

Conjecture 1. The counting processes N0(t) and Ni(t) (i = 1,m) are aperiodic.

Let us define subsequence {Tk}∞k=0 of the sequence {θj}∞j=1 by the recurrent
relation

Tk = min{θj > Tk−1 :

m⋂
j=1

{Ni(θj)−Ni(θj − 1) = 1}}, (T0 = 0). (9)

In the other words {Tk}k≥0 are the common regeneration points of the input
flow X(t) and Ni(t) (i = 1,m). Since we consider the preemptive repeat
different service discipline then {Tk}k≥0 is a sequence of regeneration points
for Yi(t) and Y (t) as well. Moreover, from Lemma 2 we obtain

ET1 =
1

Eτ1

m∏
i=1

a−1i <∞.

Thus we constructed the sequence of common regeneration points for the pro-
cesses X(t) and Y (t). Denote ∆X

k = X(Tk)−X(Tk−1), ∆Y
k = Y (Tk)−Y (Tk−1).

Lemma 3. Let Conjecture 1 is fulfilled. Then the traffic rate of the system
defined by (4) is equal to

ρ =
E∆X

k

E∆Y
k

.

Proof. Since {Tk}k≥0 is a sequence of regeneration points for X(t) and Y (t)
and ET1 < infty it follows that sequences {∆X

k }k≥0 and {∆Y
k }k≥0 consist of

i.i.d. random variables with finite means. Let µ(t) = max{k : Tk ≤ t}. From
the renewal theory and SLLN we have

λX = lim
t→∞

X(t)

t
= lim
t→∞

µ(t)

t

1

µ(t)

µ(t)∑
k=1

(X(Tk)−X(Tk−1)) +
X(t)−XTµ(t)

t

 =

=
E∆X

k

ET1
, w.p.1.

The same arguments yields λY =
E∆Yk
ET1

, so that ρ = λX
λY

=
∆Xk
∆Yk

.
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5 Stability theorem

Let Q(t) be the number of customers in the system (including customers in
servers and queue) at instant t.

Definition 2. The process {Q(t), t ≥ 0} is called stochastically bounded if for
any ε > 0 there exists y <∞ such that for any t > 0

P{Q(t) < y} > 1− ε.

This definition is close to the notion of tightness [10] .

Theorem 1. Let Conjecture 1 be fulfilled and traffic coefficient ρ is defined by
(4). Then

• If ρ > 1, then Q(t)
w.p.1−−−→
t→∞

∞.

• If ρ = 1, then Q(t) is stochastically unbounded.
• If ρ < 1, then Q(t) is stochastically bounded.

Proof. We start from the case ρ > 1. It is evident that the following stochastic
inequality holds

Q(t) ≥ Q(0)− Y (t) +X(t), t ≥ 0. (10)

From (4), we get λX > λY . Thus in view of definitions of λX , λY and (10) we
obtain the first statement of the theorem.

Let ρ = 1. Consider the embedded process qn = Q(Tn) and denote Zk =∑k
j=1(∆X

j −∆Y
j ) (Z0 = 0). From the stochastic inequality (10) we get

qk ≥st Q(0) + Zk, k > 0. (11)

When ρ = 1, it follows from Lemma 3 that E∆X
j = E∆Y

j . Therefore, {Zk}k≥0
is a random walk with zero drift. Except when ∆X

j = ∆Y
j = c w.p.1 (c is a

constant) there exists α > 0 such that for any M ≥ 0

lim inf
k→∞

P(Zk > M) ≥ α

(see, e.g. [4]). It means that qk and Q(t) are not stochastically bounded.
Now let ρ < 1. Consider the ith server. We assume that service times of

customers processing during the kth available period [s
(1)
i,k , s

(2)
i,k ] (k = 1, 2, . . .)

are consequently selected from the sequence of i.i.d.r.v.’s {η(k)i,n}n≥1. Let us
recall that process Yi(t) is designed by the same sequence on the kth cycle with

the help of the formula (1). Denote by Ỹi(t) the number of served customers
by the ith server during the interval [0, t]. Introduce the event

An = {Q(t) ≥ m for all t ∈ [Tn−1, Tn]} . (12)

Then

∆Y
n I(An) = ∆̃Y

n I(An), (13)
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where ∆̃Y
n = Ỹ (Tn) − Ỹ (Tn−1). Now we introduce the embedded process

xn = (qn, e1(n), . . . , em(n)), n ≥ 1, where ei(n) = 1 if service of a customer
was interrupted by breakage of the ith server and ei(n) = 0 otherwise. Hence
ei(n) = 1 for all i = 1,m if qn ≥ m. In view of interruption discipline and
properties of the moments of synchronization {Tn}n≥1 the process {xn}n≥1
is a Markov chain with countable set of states K = {{0}; (j, e1, . . . , em), j =
1,m− 1, ei ∈ {0; 1}; j, j ≥ m}. Let K0 be the set of unessential states and Kj

(j = 1, r) an irreducible classes of communicating states. From the condition
E∆X

j < E∆Y
j it follows that for any j0 ∈ K one can find t0 such that P(Q(t0) <

m|Q(0) = j0) > 0. Therefore there exist k0 and n0 such that for any j0 ∈ K
P(qn0

< m+ k0|q0 = j0) > 0. It provides the finiteness of number of classes r,
so we have

K = K0

r⋃
j=1

Kj.

Consider the first class K1. Assume that it is aperiodic, then there exists

lim
n→∞

P(xn = x|x0 = y) = π(1)
x , (14)

where x ∈ K1, y ∈ K1. If we prove that∑
x∈K1

π(1)
x = 1 (15)

then qn is stochastically bounded. Let us show that (15) is fulfilled employing
Foster’s criterion. We define the function f(q, e1, . . . , em) = q. It is sufficient
to show that for some ε1 > 0 there exists Mε1 > m such that

E(f(xn)− f(xn−1)|xn−1 = x) < −ε1 (16)

for all x = (q, e1, . . . , em) with q > Mε1 . Takin into account (13) we get w.p.1

qn = qn−1 +∆X
n − ∆̃Y

n = qn−1 +∆X
n − ∆̃Y

n I(An)− ∆̃Y
n I(An) ≤

≤ qn−1 +∆X
n − ∆̃Y

n I(An) = qn−1 +∆X
n −∆Y

n +∆Y
n I(An).

(17)

From ρ < 1 we have that there exists δ > 0 such that

E∆X
k − E∆Y

k = −δ. (18)

Since ∆X
n and ∆Y

n are integrable, it follows that we can choose Mδ such that

if qn−1 > Mδ, then E∆Y
n I(An) <

E∆Yn−E∆
X
n

2 = δ
2 . Therefore, we obtain from

(17) and (18)

E(f(xn)− f(xn−1)|xn−1 = x) < E∆X
n − E∆Y

n +
δ

2
= −δ

2

if xn−1 > Mδ that proves (16).
Let K1 be a periodic class with period h. Then we consider a sequence

{x̃(l)n }n≥1 (l = 0, h− 1), where x̃
(l)
n = xnh+l. It is well-known [4] that Markov
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chain {x̃(l)n }n≥1 is irreducible and aperiodic. Arguing as above we prove that

q̃
(l)
n = qnh+l is stochastically bounded as n→∞.

We can similarly prove stochastically boundedness for qn for initial state
x0 = (q0, e1(0), . . . , em(0) from any other class Ki (i = 2, r). Since the number
of classes r is finite we conclude that qn is stochastically bounded as n → ∞
for any initial state of Markov chain x0 ∈ K. Therefore, the process Q(t) is also
stochastically bounded. �

Remark 1. Let us note that the first statement of Theorem 1 is not based on
regenerative property of X(t). It is sufficient to assume that there exists a
positive finite limit limt→∞ t−1X(t) = λX w.p.1.

Remark 2. So far we consider zero-delayed regenerative flow X(t) and Yi(t)
assuming that

P(θ0 = 0) = P(s
(2)
i,0 = 0) = 1, (i = 1,m).

Let this condition does not hold and we have delayed regenerative floes. Note
that results of Lemmas 1 — 3 on which the proof of Theorem 1 is based are
fulfilled for delayed regenerative flows. We need only to claim

P(θ0 <∞) = P(s
(2)
i,0 <∞) = 1, (i = 1,m).

For the following theorem we need definition of the ergodicity (stability)

Definition 3. Process {Q(t), t ≥ 0} is called ergodic if for any initial state
Q(0) there exists

lim
t→∞

P{Q(t) ≤ x} = F (x),

where F (x) is a distribution function and it does not depend on Q(0).

Theorem 2. Let Conjecture 1 be fulfilled and Markov chain {xn}n≥1 is irre-
ducible and aperiodic. Then

• If ρ > 1, then Q(t)
w.p.1−−−→
t→∞

∞.

• If ρ = 1, then Q(t)
P−−−→

t→∞
∞.

• If ρ < 1, then Q(t) is ergodic.

Proof. The first statement of the theorem is proved in Theorem 1. The set
of states K of Markov chain {xn}n≥1 may have some unessential states but
all the essential states organize the unique class K1 of communicating states.

It follows from Theorem 1 that there exists the limit (14), where π
(1)
x > 0

for x ∈ K1 and (15) is fulfilled, i.e. the Markov chain {xn}n≥1 is ergodic.
Let us take a state j0 ∈ K1, j0 ≥ m and assume that x0 = j0. Denote
νj0 = min{n > 0 : xn = j0}, so that νj0 is the time of the return to the state
j0. Since Markov chain {xn}n≥1 is ergodic, it follows that Eνj0 < ∞. Now
consider Q(t). Note that Q(t) is a regenerative process and Tn is a point of
regeneration of Q(t) if qn = Q(Tn) = j0. Let τ̃j0 be the time of return to the
state j0 for Q(t), i.e.

τ̃j0 = min{t > 0 : Q(t) = j0},
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where Q(0) = j0. Since E(Tn − Tn−1) = ET1 < ∞ (Lemma 2) from Wald’s
identity we have Eτ̃j0 = ET1Eνj0 < ∞. Besides from any initial state the
process Q(t) gets into j0 in finite time w.p.1. Also we remark that τj0 is
aperiodic one. Therefore, one can exploit Smith’s theorem to prove the third
statement of theorem. Finally, note that if Q(t) is stochastically unbounded,

then Eτ̃j0 = ∞ and Q(t)
P−−−→

t→∞
∞, which proves the second statement of the

theorem. �
Conditions of Theorem 2 can be provided by various ways. Here we give

two examples which are important from applied point of view. Let ri = min{j :
P(ηi,1 = j) > 0} (i = 1,m), r0 = maxi=1,m ri.

Conjecture 2. Assume that there exist k ≥ 0 and j1 such that one of the
following inequalities holds

(i) P
(
ξ1 = k, ti − ti−1 ≥ r0 (i = 2, k), τ1 = j, j − tk ≥ r1

)
> 0 for all j ≥ j1,

(ii) P
(
ξ1 = k, ti − ti−1 ≥ r0 (i = 2, k), τ1 = j, j − tk < r1

)
> 0 for all j ≥ j1.

Here ti is arrival instant of the ith customer (i = 1, k). One can easy verify that
for any initial state x0 ∈ K we have P(x1 = {0}|x0) > 0 under Conjecture 2(i)
and P(x1 = {1, 1, 0, . . . , 0}|x0) > 0 under Conjecture 2(ii). Therefore, Markov
chain {xn}n≥1 is irreducible and aperiodic.

Remark 3. Let us remark that in [9] the sufficient condition of stability for
preemptive repeat service discipline can be expressed in our terms as follows

λX <

m∑
i=1

a
(2)
i − b
aib

. (19)

Taking into account the well-known inequality (see, e.g. [4])

Hi(t) ≥
t

bi
− 1, t ≥ 0

we get from (4) and Theorem 2 the following sufficient condition of stability

λX <

m∑
i=1

a
(2)
i − bi
aibi

.

This condition is the same as (19) when bi = b (i = 1,m).

6 Conclusion

In this paper we focus on a multichannel discrete-time queueing system with
heterogeneous unreliable servers and regenerative input flow in discrete time
case. Although queueing systems with service interruptions have been investi-
gated since late 1950’s, to the best of our knowledge, stability conditions not
yet formally proved for these systems with non-geometric (non-exponential in
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continuous time case) parameters. The model under consideration is similar to
the system that was investigated in [9]. However, there are essential differences
that lead us to consider different process. Firstly, we employ the regenerative
flow as an input flow. Secondly, servers of the system may be heterogeneous.
We have considered the preemptive repeat difference service discipline. In this
paper the necessary and sufficient condition for stability of the queue-length
process is established, whereas in [9] only sufficient condition for this service dis-
cipline is proved. Certainly, exploiting the same technique, stability theorems
for preemptive resume service discipline may be also proved. The synchro-
nization method enables to attain stability results for continuous-time case as
well.

Acknowledgements. This paper is partially supported by grant of Rus-
sian Foundation For Basic Research 13-01-00653.
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Abstract: Mexico presents sharp contrasts on the evolution of the level of mortality. On 

one hand, chronic degenerative diseases, especially those related to diabetes, are in an 

alarming increase.  On the other, different criminal groups associated with drug 

trafficking has increased the number of violent deaths. This has resulted in the decline of 

life expectancy in certain regions. For example, in regard to the death rate from diabetes 

mellitus, while in 2000 this figure reached 47.8 per hundred thousand for 2011 was 71.0 

per hundred thousand. Meanwhile, in regard to the mortality rate from homicide, while in 

2007 it amounted to 8.2 per hundred thousand in 2010 had increased to 22.9 per hundred 

thousand. In this paper we estimate years of life lost (Arriaga, 1996) for these two causes 

of death, analyze their trends and relate this indicator with temporary life expectancies. 

Information from vital statistics, available for 2000 and 2010 at national level is used. 

The estimations may provide clues to the Mexican authorities to formulate population, 

health and social policies that help to increase the limits of life expectancy in our 

country. 

Keywords: demographic analysis, mortality by cause, years of life lost, temporary life 

expectancy. 

 

1  Introduction 
 

In Mexico the epidemiological transition has followed the expected pattern. 

That is, there has been a relative increase of chronic-degenerative diseases. 

Accordingly, in the last decade it has been observed a rise in diabetes mortality, 

but to levels above those of most developed countries. Apart from bad habits of 

diet and sedentarism, it seems there is a genetic factor affecting adversely the 

Mexican population. Therefore, unlike for developed countries, diabetes 

mellitus has been the first or the second cause of death in Mexico in recent 

years. For example, according to figures from World Health Organization 

(WHO, 2011), from a total of 192 countries, Mauritius was the country with the 

highest diabetes mortality rate in the world (176 per hundred thousand), Mexico 
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occupied the sixth place (83.8 per hundred thousand), above of countries like 

Portugal (19.3 per hundred thousand), the United States (15.2 per hundred 

thousand), Canada (13.4 per hundred thousand) and Japan (4.5 per hundred 

thousand). 
 

Another problem facing Mexican population is the mortality associated with 

violence which has also presented a rising trend. The so called “war against 

narco” launched by former president Calderón, provoked a spiral of violence 

that made increase the number of deaths due to homicide from 8,868 in 2007 to 

27,213 2011. 

In this paper we estimate the years of life lost (Arriaga, 1996) by two causes of 

death: diabetes and homicide. As it is known, demographic analysis of mortality 

often has used different kind of indicators such as crude death rates, specific 

mortality rates and life expectancies at birth. These indicators aim at portraying 

the levels and trends of the phenomenon. Nonetheless, each of these indexes 

present advantages and pitfalls. Thus, for instance, it is known that crude death 

rates are influenced by age structure, even when the inputs for its calculation are 

easily available. The years of life lost is an index that not only reflects the 

number of deaths occurring by each cause. It also takes into account the timing 

of the deaths. 

Information from vital statistics, available for 2000 and 2010, at national level, 

is used. The estimations may provide clues to the Mexican authorities to 

formulate population, health and social policies that help to increase the limits 

of life expectancy in our country. 

 

2  Methodology 
 

One way to look at the impact of a certain cause of death on life expectancy is 

through the years of life lost (YLL). This methodology originally proposed by 

Arriaga (1996) consists on calculating the years that persons who die before 

certain age lose in comparison to the hypothesis that they had reached that age. 

The assumptions to calculate YLL are: The mortality should be null between 

two ages chosen for the analysis, i.e. those who die should have lived until the 

upper limit of the interval considered for the analysis. Assuming the analysis is 

made between the ages a and v (v – a = u). It is also assumed that there is a life 

table available that reflects the mortality of the population studied. If the 

distribution of deaths by cause in the life table is equal to the distribution in the 

deaths registered, then: 

ndx,j  =  ndx  ( nDx,j / nDx ) 

where: 

 ndx,j  : is the number of deaths due to cause j, between ages x and x+n 

           from the life table 

 ndx : is the number of deaths between ages x and x+n from the life 

table 

 nDx : is the number of deaths registered between ages x and x+n 

 nDx,j  is the number of deaths registered between ages x and x+n , due 

             to cause j  
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the volume of YLL by people who die by cause j in the interval of ages between 

x and x+n  is: 

  u,nAPx,j   =   ndx,j  [  (n – nkx) + (v – x – n) ] 

where 

 nkx  :  is the average part of the interval [x , x+n] lived by those who 

die 

 in that interval among those who have survived to age a, the average 

of  

YLL is given by the expression: 
 

  u,napx,j   =   ndx,j  [  (v – nkx – x ) ] / la  (1) 
 

It is possible to add the years of life lost in each interval of ages comprised 

within the large interval of ages between a and v: 
 

 
This is the formula we applied for most results presented in this paper 

considering an initial age a = 20 and the final age v = 80. The causes of death (j) 

included are diabetes mellitus and homicide. 
 

On the other hand, expression (1) can be added for different causes of death. 

Considering m causes of death with no intersection and that those m causes 

comprise all possible causes of death, one can calculate the YLL for an age 

interval [x, x+n] and for all the causes: 
 

 
 

If in turn, this last expression can be added for all ages between a and v, and in 

this way we can get the years of life lost between a and v by those who die by 

any cause. We also analyze those results for 2000 and 2010 and for males and 

females.  
 

Another index we use in this paper to contrast with the years of life lost, is the 

temporary life expectancy which can be defined as the average number of years 

the survivors at certain age (a) are going to live between that age and another 

age (v). If u = v – a, between the ages a and v, people might live (in theory) a 

maximum of u years. However, considering mortality they live on average: 

 

 
i.e., the person years lived by the cohort between the ages a and v, divided by 

the number of those that survived t age a. 
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3  Results 
 

We applied the methodology to calculate YLL in the Mexican population 

between ages 20 and 80 due to diabetes mellitus, homicide, and for all the 

causes, for the years 2000 and 2010 and by sex (Table 1 and 2). The inputs were 

life tables by sex for the years 2000 and 2010 and registered deaths by sex, age 

group and cause (Table 3). 

 

We can see some general results when we considered the YLL by all causes: 

 

1. Men lose more than two additional years than women. 

2. The trend over time is to the reduction of YLL. Between 2000 and 

2010 

 YLL reduced around one year for each sex. For men the reduction was 

 from 6.503 to 5.440, whereas for women from 4.222 to 3.340 years of 

 life lost. 

 

 
Table 1. Mexico, 2000. Deaths by sex, age group and cause (Total, diabetes 

and homicide). 

Age

group Males Females Both Males Females Both Males Females Both

0 21,793 16,769 38,621 3 2 5 49 38 87

 1-4 3,726 3,236 6,963 6 4 10 61 47 108

 5-9 2,025 1,432 3,457 4 9 13 66 27 93

 10-14 2,252 1,466 3,718 11 20 31 152 45 197

 15-19 5,106 2,282 7,389 30 47 77 833 140 973

 20-24 7,388 2,606 9,995 60 66 126 1,407 147 1554

 25-29 8,380 2,911 11,291 133 104 237 1,438 139 1577

 30-34 8,737 3,271 12,009 198 135 333 1,233 128 1361

 35-39 9,848 4,107 13,956 359 250 609 1,046 115 1161

 40-44 10,387 5,109 15,496 650 500 1150 777 87 864

 45-49 11,455 6,603 18,061 1,071 984 2055 651 72 723

 50-54 12,574 8,493 21,068 1,622 1,677 3299 432 55 487

 55-59 14,839 10,653 25,494 2,286 2,485 4771 375 44 419

 60-64 17,100 13,747 30,849 2,834 3,399 6233 264 51 315

 65-69 19,510 16,467 35,978 3,036 3,999 7035 195 38 233

 70-74 20,865 18,506 39,371 2,987 3,804 6791 135 34 169

 75-79 21,513 19,424 40,938 2,603 3,393 5996 110 22 132

 80-99 44,356 53,462 97,822 2,928 4,769 7697 92 43 135

 100+ 1,023 1,952 2,975 8 35 43 1 2 3

N. S. 1,425 757 2,216 34 69 103 127 19 146

Total 222,509 176,484 399,046 20,863 25,751 46,614 9,444 1,293 10,737

Total Diabetes Homicide

 
 

Source: Elaborated from SINAIS (2013). 

 

When specific causes of death are considered, the panorama changes. The sex 

differential for homicide mortality is very important. In terms of YLL, men lose 

about seven times more years than women. As to deaths due to diabetes, in 2000 
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male mortality was 2% higher than female mortality. In 2010 it was 24% higher. 

Unlike mortality by all causes, the years of life lost due to homicide rose 

between 2000 and 2010 for both sexes. In the case of men it went from 0.239 to 

0.296: an increase of 24%; for women, at much lower level, went from 0.036 to 

0.041: an increase of 14%. 

 
Table 2. Mexico, 2010. Deaths by sex, age group and  

cause (Total, diabetes and homicide). 

Age

group Males Females Both Males Females Both Males Females Both

0 16,148 12,637 28,785 nd nd nd nd nd nd

 1-4 3,075 2,576 5,651 1 4 5 66 51 117

 5-9 1,603 1,276 2,882 8 4 12 41 31 73

 10-14 2,126 1,482 3,609 9 19 28 168 72 241

 15-19 7,100 2,801 9,902 27 37 64 1,977 318 2,296

 20-24 10,197 3,015 13,216 85 99 184 3,492 362 3,855

 25-29 11,229 3,168 14,401 135 145 280 3,822 318 4,140

 30-34 12,228 3,723 15,955 335 193 528 3,742 302 4,046

 35-39 13,446 4,838 18,292 576 384 960 3,176 230 3,409

 40-44 13,723 6,202 19,926 1,132 792 1,924 2,116 189 2,306

 45-49 15,704 8,867 24,575 1,973 1,511 3,485 1,429 168 1,597

 50-54 18,385 11,685 30,076 3,150 2,588 5,738 1,003 102 1,106

 55-59 20,786 14,799 35,590 4,359 3,870 8,230 604 67 671

 60-64 23,443 18,371 41,818 5,104 5,225 10,329 378 54 432

 65-69 26,005 21,237 47,247 5,412 5,820 11,232 269 42 311

 70-74 29,572 25,484 55,065 5,471 6,248 11,720 174 43 217

 75-79 31,559 29,218 60,783 4,878 5,988 10,868 114 19 133

 80-99 71,869 85,025 156,912 6,975 10,227 17,202 102 28 130

 100+ 1,634 2,806 4,440 27 79 106 1 0 1

N. S. 2,195 459 2,813 35 33 68 635 38 708

Total 332,027 259,669 592,018 39,692 43,266 82,963 23,309 2,434 25,789

Total Diabetes Homicide

 
 

Source: SINAIS (2013). 

 

For diabetes mellitus there were mixed results in the trends of YLL. For males 

the YLL rose from 0.816 in 2000 to 0.927 in 2010; i.e. a 14% increase. For 

females a reduction took place between 2000 and 2010, from 0.797 to 0.747, a 

fall of 7%. 
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The years of life lost is an index that not only reflects the number of deaths 

occurring by each cause. It also takes into account the timing of the deaths. An 

early death produces more YLL than a late death. This explains the apparent 

paradox of having (for the Mexican population) higher mortality rates due to 

diabetes for women on one hand, and on the other more YLL for men. This is 

produced because there are more premature male deaths. 

 

 
Table 3. Mexico: YLL between ages 20 and 80. Males 2000. Homicide. 

Age nd(x)
1

nDx nDx,j nDx,j/nDx ndx,j nkx u,n,APx,j u,n,apx,j

0 4062 21793 0.41

1 591 3726 61 0.0164 9.6755 1.92 745.7893 0.0079

5 130 2025 66 0.0326 4.237 2.5 307.1852 0.0032

10 135 2252 152 0.0675 9.1119 2.5 615.0533 0.0065

15 190 5106 833 0.1631 30.9969 2.5 1937.3042 0.0204

20 254 7388 1407 0.1904 48.3728 2.5 2781.4341 0.0293

25 289 8380 1438 0.1716 49.5921 2.5 2603.5865 0.0274

30 412 8737 1233 0.1411 58.1431 2.5 2761.7958 0.0291

35 517 9848 1046 0.1062 54.9129 2.5 2333.7972 0.0246

40 822 10387 777 0.0748 61.4897 2.5 2305.8655 0.0243

45 1336 11455 651 0.0568 75.9263 2.5 2467.6054 0.026

50 2273 12574 432 0.0344 78.0926 2.5 2147.5457 0.0226

55 3569 14839 375 0.0253 90.1931 2.5 2029.3441 0.0214

60 5310 17100 264 0.0154 81.9789 2.5 1434.6316 0.0151

65 7893 19510 195 0.01 78.8895 2.5 986.1193 0.0104

70 12292 20865 135 0.0065 79.5313 2.5 596.4845 0.0063

75 17961 21513 110 0.0051 91.838 2.5 229.5949 0.0024  
      1/ This data come from Mina´s  (2001) mortality table. 

       Source: Elaborated from Mina (2001) and SINAIS (2013). 

 

Temporary life expectancies between ages 20 and 80 are about two years higher 

for females than for males (Table 6). During the first decade of the XXI century 

they rose one year. The differences mentioned above are almost the same as the 

differences existing in the YLL (Table 4) both by sex and between 2000 and 

2010, namely, a sex differential of two years, and an improvement of one year 

in 2010, in comparison with 2000. This means that reduction in years of life lost 

have a close relationship with life expectancies. 

As it was said, the total of years of life lost is equal to the sum of the YLL by 

each cause. Therefore any reduction in the YLL by each cause will contribute to 
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the reduction of the total YLL and thereby to almost the same increase in the life 

expectancy. 

 
Table 4. México. YLL 20-80 by causes and sex,  

2000 and 2010 

Males Females Males Females

Total 6.503 4.222 5.44 3.34

Diabetes 0.816 0.797 0.927 0.747

Homicide 0.239 0.036 0.296 0.041

2000 2010

 
          Source: Estimate. 

 

 
Table 5. México. Mortality rate by causes and sex, 2000 

 and 2010(per hundred thounsand people) 

Males Females Males Females

Diabetes 43.8 51.6 72.4 75.3

Homicide 19.8 2.6 42.5 4.2

Total
* 4.68 3.54 6.1 4.5

2000 2010

* This rate is by thousand people.  
              Source: Estimate. 

 

 
Table 6. México. Temporary life expectancies 60e20 

 

Sex 2000 2010

Males 53.5 54.56

Females 55.78 56.66  
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Abstract. Monitoring the coefficient of variation (CV) is an effective approach to
Statistical Process Control when both the process mean and standard deviation are
not constant but, nevertheless, proportional. Until now, research has not yet inves-
tigated the monitoring of the CV for short production runs. This paper proposes a
new efficient method to monitor the CV by means of one-sided Run Rules type charts
and provides the derivation of the corresponding Truncated Run Length properties
(i.e. TARL, TSDRL and TRLr).
Keywords: Coefficient of variation, Short production runs, Markov chain, Truncated
run length.

1 Introduction

Quality is one of the most important consumer decision factors. It has become a
world-wide goal for companies to improve and sustain a competitive advantage.
One of the fundamental principles of the SPC (Statistical Process Control) is
that a normally distributed process cannot be claimed to be in-control until
it has a constant mean and variance. This implies that a shift in the mean
and / or the standard-deviation makes the process out-of-control. However,
control charting techniques were recently extended to various sectors such as
health, education, finance and various societal applications where the mean
and the standard-deviation may not be constant all the time but they are
proportional and the process is nevertheless operating in-control. In this case,
on-line monitoring of the coefficient of variation (CV, in short) γ is suggested.
γ is a normalized measure of dispersion of a probability distribution that is
defined as the ratio of the standard deviation σ to the mean µ.
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As pioneers in this field, Kang et al. [14] developed a control chart for mon-
itoring the CV using rational subgroups and applied it to a clinical chemistry-
control process in order to show that the CV is a potentially attractive tool
in quality improvement, where neither the process mean nor the variance are
constant. In Kang et al. [14], the CV is monitored through a Shewhart-type
chart, making this chart sensitive to large shifts in the CV but not very sen-
sitive to small to moderate shifts. For this reason, several authors have tried
to improve this chart, suggesting and investigating various more advanced ap-
proaches. Hong et al. [11], were the first to propose an EWMA-CV (Expo-
nentially Weighted Moving Average) control chart in order to improve the CV
chart proposed by Kang et al. [14] and detect small shifts more efficiently.
More recently, Castagliola et al. [6] suggested a new method to monitor the
CV by means of two one-sided EWMA charts of the CV squared. Calzada and
Scariano [2] suggested a synthetic control chart (denoted SynCV) for monitor-
ing the coefficient of variation and Castagliola et al. [3,4] proposed alternative
approaches to monitor the CV based on Run Rules and Variable Sampling
Interval strategy, respectively.

The researches presented above are aimed at monitoring a process over a
production horizon considered as infinite. But, there are many situations where
the production horizon is very short, i.e. a few hours or a few days, and is con-
sidered as finite. Control charts specifically designed for finite production run
processes have been first introduced by Ladany [16] who presents a methodol-
ogy for the economic optimization of a p-chart for short runs. Later, Ladany
and Bedi [17] extended this work to allow time H to be a decision variable.
More recently, the design of Shewhart-type X̄ control charts for short runs have
been discussed in Del Castillo and Montgomery [8,9]. Bayesian type control
charts for monitoring the sample mean during a short run have been proposed
by Calabrese [1], Tagaras [25], Tagaras and Nikolaidis [26] and Nenes and
Tagaras [21]. The statistical measures of performance of the Fixed Sampling
Rate (FSR) Shewhart and EWMA t and X̄ control charts, monitoring the pro-
cess mean in short horizon processes, have been investigated by Celano et al. [7].
Nenes and Tagaras [20,22] investigated the performance of the CUSUM control
chart, again under the assumption of a finite run. Very recently, Castagli-
ola et al. [5] investigated the statistical properties of VSS (Variable Sample
Size) Shewhart control charts monitoring the mean in a short production run
context.

If several X̄ type control charts have been proposed for short run processes,
as far as we know, no research has been done concerning the monitoring of
the CV in a short run context. Consequently, the purpose of this paper is to
fill this gap by proposing one-sided Run Rules type charts for monitoring the
coefficient of variation (i.e. an upward (downward) Run Rules CV control chart
aiming at detecting an increase (decrease) in the CV) for short run processes
and by investigating their truncated run length properties.

The remainder of the paper is organized as follows. In Section 2, the main
distribution properties of the sample coefficient of variation are briefly intro-
duced. In Section 3, two one-sided Run Rules CV charts for short production
runs are defined. The truncated run length properties TARL, TSDRL, TRL0.5
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and TRL0.95 are presented in Section 4 as measures of statistical performance.
Finally, conclusions and future research directions, in Section 5, complete the
paper.

2 Properties of the (Sample) Coefficient of Variation

Let X be a random variable and let µ = E(X) and σ = σ(X) be the mean and
standard-deviation of X, respectively. By definition, the coefficient of variation
γ of the random variable X is defined as

γ =
σ

µ
.

Now, let us assume that {X1, . . . , Xn} is a sample of n normal i.i.d. (µ, σ)
random variables. Let X̄ and S be the sample mean and the sample standard-
deviation of X1, . . . , Xn, i.e.,

X̄ =
1
n

n∑
i=1

Xi,

and

S =

√√√√ 1
n− 1

n∑
i=1

(Xi − X̄)2.

The sample coefficient of variation γ̂ is defined as

γ̂ =
S

X̄
.

By definition, γ̂ is defined on (−∞,+∞). The distributional properties of
the sample coefficient of variation γ̂ have been studied by McKay [19], Hen-
dricks and Robey [10], Iglewicz et al. [13], Iglewicz and Myers [12], Warren [28],
Vangel [27] and Reh and Scheffler [24]. Among these authors, Iglewicz et al. [13]
noticed that

√
n

γ̂ follows a noncentral t distribution with n−1 degrees of freedom

and noncentrality parameter
√

n
γ . Based on this property, it is easy to derive

approximations for the c.d.f. (cumulative distribution function) Fγ̂(x|n, γ) and
inverse c.d.f. F−1

γ̂ (α|n, γ) of γ̂ as

Fγ̂(x|n, γ) ' 1− Ft

(√
n

x

∣∣∣∣n− 1,

√
n

γ

)
, (1)

and

F−1
γ̂ (α|n, γ) '

√
n

F−1
t

(
1− α

∣∣∣n− 1,
√

n
γ

) . (2)
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3 One-sided CV charts with Run Rules for short
production runs

A manufacturing process is scheduled to produce a small lot of N parts during
a production horizon having finite length H. Let I be the number of sched-
uled inspections within the production horizon H. The interval between two
consecutive inspections, i.e. the sampling frequency is h = H

I+1 hours since no
inspection takes place at the end of the run. Let us suppose that we observe
subgroups {Xi,1, Xi,2, . . . , Xi,n} of size n, at time i = 1, 2, . . . , I. We assume
that there is independence within and between these subgroups and we also
assume that each random variable Xi,j follows a normal N(µi, σi) distribution
where parameters µi and σi are constrained by the proportionality relation
γi = σi

µi
= γ0, i = 1, 2, . . . , I, when the process is in-control. This implies that

from one subgroup to another, the values of µi and σi may change, but the
coefficient of variation γi = σi

µi
is constant and equal to some predefined in-

control value γ0 = σ0
µ0

, common to all the subgroups, where µ0 is the in-control
mean and σ0 is the in-control standard-deviation.

In the 2-out-of-3 Run Rules, an out-of-control signal is obtained if two out-
of-three successive values γ̂i are plotted above an upper warning limit UWL
or two out-of-three successive points are plotted below a lower warning limit
LWL. In this paper, we propose to define two separate one-sided control charts:

• a downward chart (denoted as RR2,3 − γ− chart) aiming at detecting a
decrease in the CV, with the following limits

LWL = µ0(γ̂)−K−
2,3σ0(γ̂), (3)

UWL = +∞,

• an upward control chart (denoted as RR2,3−γ+ chart) aiming at detecting
an increase in the CV, with the following limits

LWL = 0,

UWL = µ0(γ̂) + K+
2,3σ0(γ̂), (4)

where K−
2,3 > 0 and K+

2,3 > 0 are the warning limit parameters and where
µ0(γ̂) and σ0(γ̂) are the mean and standard-deviation of the sample coefficient
of variation γ̂, respectively, when the process is in-control. Since there is no
closed form for µ0(γ̂) and σ0(γ̂), the following approximations proposed by Reh
and Scheffler [24] can be used

µ0(γ̂) ' γ0

(
1 +

1
n

(
γ2
0 −

1
4

)
+

1
n2

(
3γ4

0 −
γ2
0

4
− 7

32

)
+

1
n3

(
15γ6

0 −
3γ4

0

4
− 7γ2

0

32
− 19

128

))
, (5)

σ0(γ̂) ' γ0

(
1
n

(
γ2
0 +

1
2

)
+

1
n2

(
8γ4

0 + γ2
0 +

3
8

)
+

1
n3

(
69γ6

0 +
7γ4

0

2
+

3γ2
0

4
+

3
16

))1/2

. (6)
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The sequence of points plotted on both the RR2,3−γ− and RR2,3−γ+ charts
can be modelled as a stochastic process. Therefore, to compte the statistical
properties of the control charts the following Markov Chain matrix P can be
used

P =

 Q r

0T 1

 =



0 0 0 pC pL 0 0 pU

0 0 0 0 0 0 pC pL + pU

pC pL 0 0 0 0 0 pU

0 0 pU pC pL 0 0 0
0 0 0 0 0 pU pC pL

pC 0 0 0 0 0 0 pL + pU

0 0 pU pC 0 0 0 pL

0 0 0 0 0 0 0 1


,

where 0 = (0, 0, . . . , 0)T , Q is the (7, 7) matrix of transient probabilities, the
(7, 1) vector r satisfies r = 1−Q1 (i.e. row probabilities must sum to 1), with
1 = (1, 1, 1, 1, 1, 1, 1)T . The corresponding (7, 1) vector q of initial probabilities
associated with the transient states is equal to q = (0, 0, 0, 1, 0, 0, 0)T (i.e.
the initial state is the fourth one). The probabilities pL = P (γ̂ < LWL),
pU = P (γ̂ > UWL) and pC = P (LWL ≤ γ̂ ≤ UWL) are equal to:

• For the RR2,3 − γ− chart:

pL = Fγ̂(LWL|n, γ1),
pU = 1− Fγ̂(LWL|n, γ1),
pC = 0,

• For the RR2,3 − γ+ chart:

pL = 0,

pU = Fγ̂(UWL|n, γ1),
pC = 1− Fγ̂(UWL|n, γ1),

where Fγ̂(. . . |n, γ1) is the c.d.f. (cummulative distribution function) of γ̂ as
defined in (1) and where γ1 = τγ0 is an out-of-control value for the CV. Values
of τ ∈ (0, 1) correspond to a decrease of the nominal CV, while values of τ > 1
correspond to an increase of the nominal CV.

4 Truncated Run Length Properties

In an infinite horizon context, the run length RL of the one-sided Run Rules
control charts presented in the previous section is a Discrete PHase-type (or
DPH) random variable of parameters (Q,q), (see Neuts [23] or Latouche and
Ramaswami [18]). Consequently, the p.m.f. (probability mass function) fRL(`)
and the c.d.f. FRL(`) of the run length RL are defined for ` = 1, 2, . . . and are
equal to

fRL(`) = qT Q`−1r, (7)
FRL(`) = 1− qT Q`1. (8)
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In an finite horizon context, the short run measures of statistical perfor-
mance of a control chart have been originally proposed by Nenes and Tagaras [22]
who assume that the truncated run length TRL of the short run chart is de-
fined for ` = 1, 2, . . . , I + 1 and the p.m.f. fTRL(`) and the c.d.f. FTRL(`) of
the truncated run length TRL are equal to

fTRL(`) =
{

fRL(`) if ` = 1, 2, . . . , I
1− FRL(I) if ` = I + 1,

and

FTRL(`) =
{

FRL(`) if ` = 1, 2, . . . , I
1 if ` = I + 1

The finite horizon counterpart of ARL = E(RL) for infinite horizon is
TARL = E(TRL). It can be proved that

TARL = qT

(
I∑

`=0

Q`

)
1 (9)

It can be also proved that the second non-central moment TRL2 = E(TRL2)
of the truncated run length TRL is equal to

TRL2 = qT

(
I∑

`=0

(2` + 1)Q`

)
1 (10)

This allows to compute the standard-deviation of the truncated run length
as

TSDRL =
√

TRL2− TARL2

In order to gain more insight concerning the variability of the TRL, we have
also decided to derive the interpolated r-quantile, r ∈ (0, 1), of the truncated
run length distribution TRLr. The computation of TRLr depends on the value
of r:

• if r ∈ (0, FTRL(1)) then TRLr is not defined.
• if r ∈ [FTRL(1), FTRL(I)) then we have FTRL(`) = FRL(`), ` = 1, 2, . . . , I.

The idea is then to replace the discrete c.d.f. FRL(`) by some continuous
c.d.f. Investigating different possible distributions led us to choose the
continuous gamma c.d.f. Fγ(`|a, b, c) with parameters (a > 0, b > 0, c) as
a good candidate, where a = 4µ3

2
µ2

3
, b = µ3

2µ2
, c = µ− 2µ2

2
µ3

and where µ = ν1,
µ2 = ν2− ν2

1 + ν1 and µ3 = ν3 +3(1− ν1)ν2 +2ν3
1 − 3ν2

1 + ν1 are the mean,
second and third central moments of RL, respectively, and ν1, ν2 and ν3

are the first three factorial moments of RL, i.e.

ν1 = qT (I−Q)−11,

ν2 = 2qT (I−Q)−2Q1,

ν3 = 6qT (I−Q)−3Q21.
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An approximation for TRLr is then

TRLr ' F−1
γ (r|a, b, c),

where F−1
γ (r|a, b, c) is the inverse c.d.f. of the gamma distribution with

parameters (a, b, c).
• if r ∈ [FTRL(I), 1) we suggest to linearly interpolate TRLr between the

points (FTRL(I), I) and (1, I + 1), i.e.

TRLr '
(I + 1)FTRL(I)− I − r

FTRL(I)− 1

5 Conclusions

In this paper, we have proposed two separate one-sided Run Rules type control
charts monitoring the coefficient of variation in a short production run context:
a downward (upward) Shewhart-type chart denoted as RR2,3−γ− (RR2,3−γ+)
aiming at detecting a shift decreasing (increasing) the in-control CV γ0. We
have also derived the Truncated Run Length properties of these charts, i.e.
TARL, TSDRL and TRLr. Since monitoring the CV in a short production
run is a new subject of SPC research, there is room for many extensions like,
for instance, the use of adaptive strategies like the VSI (Variable Sampling
Interval), VSS (Variable Sampling Size) or DS (Double Sampling) and the
design of advanced schemes like EWMA or CUSUM.
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Abstract: The aim of the work  is to create an automated system of calculating the cross 

spectral characteristics of the two time series. Among them there are  cross amplitude, 

coherence spectral density, the phase shift, as well as correlation and fractal indexes 

computing in a real time mode. The complex processes the two time series, 

corresponding to values of blood flow velocity (BFV) and systemic arterial pressure 

(SAP), connected via Doppler graft or stored on the media in text format. 

Keywords: automated system of calculating, two time series, cross spectral 

characteristics, fractal indexes. 

 

1. Introduction.  
 

Regulation of cerebral circulation is a perfect physiological mechanism aimed to 

provide chemical and physical brain homeostasis. Clarification of the functional 

tasks of cerebral blood flow regulation in dependence with an input perturbation 

provides a conceptual framework for the development of methods for 

controlling the regulation of cerebral circulation. Study of cerebral regulation’s 

features has important role in clinic. The state of regulatory mechanisms 

determines the laws of the pathogenic process in various lesions of the brain. 

At the present time for the assessment of cerebral blood flow regulation 

mechanisms different types of functional test based on transcranial Doppler are 

used. 

Anyway, these tests involve impact on the body of the subject, which inevitably 

leads to some distortion reactions. This led for further improvement of 
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noninvasive assessment of cerebral blood flow regulation, which allow to 

monitor parameters of cerebral and systemic hemodynamic in the absence of 

any external influences. 

 Being a truly non-invasive, this method allows to evaluate the state of 

regulatory circuits of the cerebral blood flow circulation in situ, and that 

determines its value for the clinic.  

Analysis of slow-wave processes for assessing cerebral autoregulation (CA) is 

inextricably linked with a Software Package, which is under consideration.   

The currently known linear and fractal figures are necessary to calculate some 

nonlinear parameters. Thus, one method of processing is a linear frequency 

analysis . For a discrete signal, frequency sequence is searched by a 

conventional fast Fourier transform algorithm . The resulting array of 

frequencies has several indicators of low and high frequency components , and 

with its help we can calculate the power spectral density , and other 

characteristics.  

Also, when using nonlinear analysis the delay option must be set to restore the 

attractor by Takens delay. 

The main characteristics of the nonlinear signal in the work are: a two-

dimensional reconstructed attractor and correlation dimension and its dynamic 

trend in the embedding space of dimension 3. Graphical objects score calculated 

in real time represented on the graphs as well as the changing trend component.  

This paper considers the currently known linear and fractal figures . Such 

presentation is necessary to calculate some nonlinear parameters. Thus, one 

method of processing is a linear frequency analysis . For a discrete signal 

frequency sequence is searched by a conventional fast Fourier transform 

algorithm . The resulting array of frequencies has several indicators of low and 

high frequency components , and with its help we can calculate the power 

spectral density , and other characteristics [1,2] .  

Also, when using nonlinear analysis the delay option must be set to restore the 

attractor by Takens delay.  Usually it is made to look like the first zero of the 

autocorrelation function.  

The main characteristics of the nonlinear signal in the work are: a two-

dimensional reconstructed attractor and correlation dimension and its dynamic 

trend in the embedding space of dimension 3.  

Graphical objects score calculated in real time represented on the graphs as well 

as the changing trend component 
 

. 
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2. The functionality of the interface.  
 

In the target present package contains 5 tabs - menu " FILE "," CROSS 

SPECTRAL ANALISYS "," FRACTAL ANALISYS "," PARAMETERS "," 

HELP ". 
2.1. Menu. "File" - standard, with features:  

- Open the file (data file with the extension *. Txt, package file with the 

extension *. Cdm, open). Recall that in practical calculations will need to open 

two different files.  

- Get data from Doppler graft (retrieve data from the Doppler)  

- Save package file (with the extension *. cdm, save)  

- Save any image processed data (graphical extension, save image)  

- Interrupt the program (exit) 

2.2. Menu "CROSS SPECTRAL ANALYSIS" contains the maximum possible 

number of points in the array (150,000 for each time series):  

- Spectral density LFV  

- Spectral density SAP  

- Joint spectral density LFV and SAP  

- Coherency  

- Cross amplitude  

- Phase offset 

2.3 .  Menu " FRACTAL ANALYSIS ." The delay parameter is set statically 

and not change at all times when handling a single signal. The user decides how 

to ask - or kind of attractor , or by calculating the autocorrelation function . 

Separately, you can run the processing , pre- used settings in the menu settings ( 

Functional properties : 

- A two-dimensional image of the attractor of the system (2D phase space) 

            - Calculation of the correlation dimension (the dimension of the 

embedding space 

            3 , correlation dimension). 

2.4 . " Menu "Options. 

- Task tab weight window (background Hannah Bartlett, Hamming, Nutall, 

Gauss, Dolph-Chebyshev, weight window)  

- Tab job processing parameters (window width, etc. processing parameters)  

- Task tab delay parameter (delay time)  

- Check for trends allocation (allocation trends) 
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3. Numerical algorithms  

 
1. Menu "CROSS SPECTAL ANALYSIS":  

To calculate the DFT applied by the algorithm of fast transformation. As the 

real part of the time series used LCS as imaginary - SAD. To obtain the 

transformation Xk constructed cumulative spectral density, their individual 

spectral density 
2 2(Re ) (Im )k kX X , phase shift (as the arctangent of the 

ratio), coherence (as normalized amplitude). For more details see [3]. 

2. Menu "FRACTAL ANALYSIS":  

At the initial stage, we propose to carry out a separate spectral analysis of time 

series BFV and separately for the time series of SAD.  

To specify the method of two-dimensional attractor delays Takens:  

1 2( ) ( ( ), ( ),..., ( ( 1))) ( , ,..., )nx i a i a i a i n x x x       

where a (i) - the original time series, n - the dimension of the embedding τ - time 

delay, and the resulting vector - coordinates of one point on the reconstructed 

attractor.  

In this case n satisfies the conditions of Takens:  2[ ] 1,An d   

where dA - the reduced dimension of the attractor. 
 

Takens theorem asserts that the number of samples N → ∞ constructed by the 

delay map is smooth and reversible almost any delay τ. Properties built so 

attractor metrically (and probability) equivalent to the original attractor of a 

dynamical system.  
The most acceptable method recommended in the literature [4,6,7, etc.], is to 

find the first zero of the autocorrelation function: 
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where the original time series, ( )ka a k t  , min{ ( ) 0}
i

opt iB


    

Application of this method is associated with the hypothesis uncorrelated 

coordinate points of the attractor by the orthogonality of the basis vectors 

embedding space. However, these claims are not equivalent, and the choice of 

the delay parameter in this manner is not always optimal. An alternative method 

is to build a function of the average mutual information method AM Fraiser et 

al., Described in [6-9]. For this purpose, the interval [min ,max ]k k
k k

a a  is 
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divided into L equal parts. Typically, [8] L is selected from the Stark formula: 

2[log ] 1L N 
 

Event «a (t) belongs to the i-th interval " refers to Ai, event «a (t + τ) 

belongs to the j-th interval » - Bj. P - probability of the corresponding event. 

Function of the average mutual information is defined as : 
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1 1
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and as the optimal delay parameter selected first local minimum of the 

function constructed : 

 min{ ( ) 0, ( ) 0, ( ) 0}
i

opt i i iI I I


           

Function of the average mutual information is a more accurate measure of 

independence . [6] It is also shown that for some test data ( attractor of the 

Lorenz equations ) value of the optimal delay parameter obtained by this 

method is preferred over the first . 
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This equality conveniently represented in the following form : 
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   - - the correlation integral , 
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 - the Heaviside function , ρ - distance in N- dimensional 

space. Attractors , consisting of a finite number of points , it is easy to 

understand that the following expression of the correlation integral : 
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Fig.1. Bookkeeping  scheme  

 

Accepted that  2( )
D

C r r . Location 2ln ( ) lnC r D r  and correlation 

dimension can be evaluated to give the slope of the logarithm of the correlation 
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integral . The easiest way to obtain a linear dependence on the sequence of pilot 

data , as is known , is a method of least squares. Despite its simplicity , in this 

case, it is quite suitable , since we can choose their own range of distances r and 

consider , say, a uniform grid. Based on the method of least squares , we obtain 

the following system for the estimation of the correlation dimension : 

2

2

2

1 1 1

2

1 1
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M M M

i i i i

i i i

M M

i i
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where M - number of measurements of the correlation integral for different 

distances ri ( calculated , in this case , on a uniform grid ) . 

The validity of the above law is limited to the values ri, quite small compared to 

the size of the attractor. Obviously, with increasing r to the size of the attractor 

C (r) → 1, and a decrease due to the finite points on the attractor C (r) → 0 and 

the specified power law is valid only in a limited range of r ( the so-called 

scaling range ) which can be used to determine the dimension of the attractor . 

This range must be set to practice under consideration for biomedical signals 

and change depending on the type of signal (like attractor corresponding signal). 

In the case of experimental data, we do not know the dimension of the phase 

space of the system. But it is shown that for the considered it sufficient to 

calculate the signals in spaces with dimension N = 3 . 

The bookkeeping  scheme of the program represented in Fig.1. 

The work performed under the auspices of cerebral pathology lab, St. Petersburg 

Neurosurgical Institute. Head of the laboratory - Professor V.Semenyutin. 
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Abstract. The Local Whittle estimator of the memory parameter d have been widely
analysed and its consistency and asymptotic distribution have been obtained for val-
ues of d ∈ (−1/2, 1] in a wide range of situations. However, the asymptotic distri-
bution may be a poor approximation of the exact one in several cases, e.g. with
small sample sizes or even with larger samples when d > 0.75. In other situations
the asymptotic distribution is unknown, as for example in a noninvertible context or
in some nonlinear transformations of long memory processes, where only consistency
has been obtained. For all these cases a bootstrap strategy based on resampling a
(perhaps locally) standardized periodogram is proposed.

Keywords: Bootstrap, Long memory, Local Whittle.

1 Introduction

Long memory is a common feature of many time series. It means that ob-
servations which are far apart maintain a significant relationship such that the
autocorrelations are not summable. This implies that the spectral density func-
tion f(λ) diverges at the origin. In fact, the most common definition of long
memory is established by the behaviour of the spectral density function around
the origin such that it satisfies

f(λ) ∼ Cλ−2d as λ → 0 (1)

for a finite positive constant C, where a ∼ b means that a/b → 1. The memory
parameter d governs the persistence of the series. If d = 0 the series has short
memory, whereas a value of d > 0 implies long memory or strong dependence
such that f(λ) diverges at λ = 0. Finally the antipersistent case d < 0 en-
tails a zero in the spectral density function at the origin, usually caused by
overdifferencing.

3rdSMTDA Conference Proceedings, 11-14 June 2014, Lisbon Portugal
C. H. Skiadas (Ed)
c⃝ 2014 ISAST
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Parametric estimation methods such as (quasi) maximum likelihood or the
Whittle approximation entail a risk of inconsistency if the model is misspeci-
fied. In order to avoid that risk, semiparametric or local techniques have been
proposed to estimate d, which only restrict the behaviour of the spectral den-
sity around the pole as in (1). One of the most popular is the Local Whittle
estimation (LW), which is the estimator with which we are concerned in this
paper. It was first proposed by Künsch[16] but it was not until Robinson[21]
that its nice asymptotic properties were proved in the stationary and invert-
ible case −1/2 < d < 1/2. In particular Robinson showed consistency, pivotal
asymptotic normal distribution and higher efficiency than other rival techniques
(such as the log periodogram regression) under very mild conditions, allowing
for non Gaussian series. Velasco[26], Phillips and Shimotsu[19] and Shao and
Wu[22] extended the asymptotic properties of the LW estimator to the non-
stationary case, obtaining consistency for d ≤ 1 and asymptotic normality for
d < 3/4. For larger values of d the asymptotic distribution is non normal and
the estimator is inconsistent for d > 1.

The standard asymptotic distribution of the LW estimator and its pivotal
characteristic (at least for d < 3/4) makes it very simple to implement asymp-
totic inference. However the asymptotic approximation may not be satisfactory
in moderate samples or even in large samples if d ∈ (0.75, 1](see Phillips and
Shimotsu[19]). In other situations the LW is known to be consistent but the
asymptotic distribution is not known, as for example in noninvertible fraction-
ally integrated processes where the LW estimator may even be inconsistent if
the bandwidth is too large (Shimotsu and Phillips[24]), and in some nonlinear
transformations of long memory series (Dalla et al.[5]). In all these cases the
bootstrap can be useful to get reliable approximations of the exact distribution
of the LW estimator.

The bootstrap was originally designed for samples of independent observa-
tions, but some refinements have been proposed to deal with dependent data. In
this context there are basically two approaches. One is based on describing the
dependence through a parametric model with independent disturbances. The
sieve bootstrap follows this spirit but instead of identifying the correct model,
an AR model of sufficiently high order is estimated to capture the relevant
dependence of the series such that the residuals are close to being independent.
The second approach does not rely on any model but attempts to retain the
structure of dependence by resampling overlapping or nonoverlapping blocks of
observations. This is the block bootstrap designed to maintain the dependence
inside the block while assuming independence between blocks.

The applicability of these methods to long memory series is influenced by
the strong persistence of the series. However, in order to get bootstrap approx-
imations to the distribution of the Local Whittle estimator there is no need
to obtain bootstrap samples of the original series: only resampling of the peri-
odogram is necessary. This means that the problems originated by the strong
dependence of the data are partially avoided, since the transformation that
leads to the periodogram implies a significant modification in the structure of
dependence. For example, the periodogram ordinates of weak dependent series
are asymptotically independent. But periodogram ordinates of long memory
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series are not asymptotically independent around the spectral pole and they
show a marked structure that should be replicated by the bootstrap samples.

Paparoditis and Politis[18] adapt a local bootstrap suggestion introduced
by Shi[23] and set out to resample near periodogram ordinates locally, thus re-
taining the global structure of the periodogram. Thus, a local strategy seems to
be more adequate under long memory where the periodogram shows a marked
structure. But this structure compels the use of a very narrow interval around
the frequency of interest, which affects the performance of the bootstrap. In
fact, Silva et al.[25] propose resampling within a neighbourhood of only one or
two frequencies. Franke and Härdle[8] and Dahlhaus and Janas[6], dealing with
weak dependent series, propose instead resampling Studentized periodogram
ordinates obtained by dividing the periodogram by an estimate of the spec-
tral density function. In this context, the main challenge with long memory
series is to obtain an estimator of the spectral density that is consistent over
the whole band of frequencies used in the resampling scheme. Traditional es-
timators (based on kernels) have been shown to be inconsistent at frequencies
close to the spectral pole (Velasco[27]) and some other option seems necessary
to Studentize the periodogram. Taking into account these considerations we
propose two different bootstrap strategies:

• Use the spectral density estimator proposed by Hidalgo and Yajima[9] to
standardize the periodogram. Then apply a global Efron’s bootstrap to the
Studentized periodogram.

• Estimating the spectral density can be avoided by resampling a locally stan-
dardized periodogram where the pole is damped by scaling with a function

that is proportional to the spectral density around the origin, namely λ−2d̂
j

for d̂ a consistent estimator of d (e.g. the local Whittle estimator). Global
resampling does not succeed to retain the remaining structure of the peri-
odogram , so the local bootstrap is used instead to obtain bootstrap samples
of the locally standardized periodogram.

2 Estimation method

In what follows we consider long memory series xt with a spectral density
function satisfying

f(λ) = |λ|−2dg(λ) λ ∈ [−π, π] (2)

where d is the memory parameter and g(λ) controls the weak dependence of
the series and is assumed to be positive and bounded over all the frequencies
λ ∈ [−π, π].

The LW estimator is obtained by minimizing a local version of the Whittle
function around the origin, which is the region where the specification of the
spectral density function in (2) plays its part. For a series of n observations

xt, t = 1, 2, ..., n, with spectral density satisfying (2), the LW estimate d̂ is
obtained by minimizing

R(d) = log

 1

m

m∑
j=1

λ2d
j Ij

− 2d

m

m∑
j=1

log λj (3)
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where Ij is the periodogram of xt, t = 1, 2, ..., n, at Fourier frequency λj =
2πj/n defined as

Ij = I(λj) =
1

2πn

∣∣∣∣∣
n∑

t=1

xt exp(−iλjt)

∣∣∣∣∣
2

and m is the bandwidth that represents the number of frequencies used in
the estimation. Robinson[21] analyzes the LW estimator in a stationary and
invertible context implying |d| < 1/2 and shows its consistency and asymptotic
distribution

√
m(d̂− d)

d→ N

(
0,

1

4

)
. (4)

However the distribution in (4) can be a bad approximation of the exact
one in finite samples. One source of inaccuracy lies in the fact that the finite
sample variance tends to exceed the asymptotic variance in (4). To palliate
this problem Hurvich and Chen[10] and Arteche[2] proposed that instead of
the asymptotic variance 1/4m a Hessian based approximation should be used,
defined as

v̂ar(d̂) =

4
m∑
j=1

(
log λj −

1

m

m∑
k=1

log λk

)2
−1

, (5)

which gives much better results in terms of coverage of confidence intervals.
Velasco[26] and Phillips and Shimotsu[19] extended the asymptotic prop-

erties of the LW estimator to the nonstationary case, allowing for d ≥ 1/2.
Switching from a stationary to a nonstationary context brings about the prob-
lem of initial values. Both papers use alternative definitions of nonstationary
long memory, which differ in the assumptions imposed in the initialization of
the process. Phillips and Shimotsu[19] consider the so called type II long mem-

ory process. In this context Phillips and Shimotsu[19] proved that d̂
p→ d as

n → ∞ for d ∈ (1/2, 1] but d̂
p→ 1 for d > 1. With respect to the asymptotic

distribution, (4) remains valid for d ∈ (1/2, 3/4). However the asymptotic
distribution changes for larger values of d as follows:

√
m(d̂− d)

d→ 1

2
U1 + J(d)U2

2 if d =
3

4
,

m2−2d(d̂− d)
d→ J(d)U2

2 if d ∈ (3/4, 1), (6)

√
m(d̂− d)

d→ −U1 +
√
2U2U3

2(1 + U2
3 )

, if d = 1

where Ui, i = 1, 2, 3 are mutually independent standard normal random vari-
ables and J(d) = (2π)2d−2Γ (d)−2(2d− 1)−3(1− d).

Velasco[26] proposes instead what is known as a type I long memory process.
In this context Velasco[26] shows the consistency of the LW estimator for values
of d < 1 and the asymptotic normality in (4) for d < 3/4. Shao and Wu[22]
extend the analysis for larger values of d obtaining the same asymptotic results
as in Phillips and Shimotsu[19] for type II long memory with the only change
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of a different function J(d) in (6). Special mention must be made of the case
d ∈ (3/4, 1). The asymptotic distribution of the LW estimator implies a positive
bias and skewness, which are not evident in finite samples as noted in the
simulations by Phillips and Shimotsu[19] for sample sizes as large as 500. As
a consequence, inference based on the asymptotic distribution might lead to
unreliable conclusions and some refinement seems necessary.

In other situations the LW estimator is known to be consistent but the
asymptotic distribution is unknown. This is the case in a noninvertible an-
tipersistent situation with d < −1/2. A similar situation arises for nonlinear
transformations of long memory processes. One common transformation is
taking squares, which are often used as approximations to the volatility of
the series. Consistency of the LW estimator in nonlinear time series has been
shown by Dalla et al.[5] but the asymptotic distribution remains unknown and
the central limit theorem leading to (4) might no longer hold.

3 Bootstrap proposals

The bootstrap was originally proposed for i.i.d. series, but its applicability has
been extended to time series where the data obey a dependence structure. Gen-
erating bootstrap samples that replicate the strong persistence of the series is
not a simple task, and a blind use of traditional bootstrap techniques may lead
to distorting results. In general, model based bootstraps have been proposed
for that purpose such that finally resampling is executed among residuals that
are close to being independent (see Poskitt[20], Kapetanios and Papailias[12],
Kreiss et al.[15]). These procedures depend heavily on a prior estimation of
the model that must be correctly specified. Model free bootstrap strategies,
such as the block bootstrap, avoid this problem but their application to get
bootstrap samples replicating the structure of dependence of the original long
memory series is not trouble free (see Lahiri[17], or Kim and Nordman[13]).

However, in order to approximate the distribution of the LW estimator there
is no need to obtain bootstrap replications of the original data: only the be-
haviour of the periodogram needs to be mimicked. For that purpose, frequency
domain bootstrap strategies are valuable tools because they are designed to
resample the periodogram and, although they may not have the ability to pro-
duce bootstrap replicates of the time series, they have the additional advantage
of not requiring parametric assumptions. Among the initial proposals, Franke
and Härdle[8] and Dahlhaus and Janas[6] apply Efron’s bootstrap method to
the periodogram Studentized by an estimate of the spectral density function,
showing its validity for kernel spectral density estimates and ratio statistics.
Its applicability has been proven valid for weakly dependent series but no re-
sults are available for long memory series where the asymptotic independence
of periodogram ordinates does not hold at frequencies close to the spectral pole.
Moreover, Studentizing the periodogram requires an estimator of the spectral
density function that has to be uniformly consistent over the frequency band
(0, π] and the kernel estimator proposed by the authors has been shown to be
consistent only at frequencies far from the spectral pole (Velasco[27]), which
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limits its applicability in long memory series characterized by a concentration
of spectral power around the origin.

A different alternative for mimicking the structure of the periodogram, the
local bootstrap, was proposed by Paparoditis and Politis[18] and applied in
long memory series by Silva et al.[25] and Arteche and Orbe[4]. However,
the marked structure of the periodogram around the origin forces the use of
a very narrow neighbourhood around the frequency of interest, which affects
the performance of the bootstrap. This limitation can be avoided by adapting
the idea of Franke and Härdle[8] and Dahlhaus and Janas[6] of resampling
standardized periodograms with a less marked structure than the original one.

With all these considerations we propose two different bootstrap approaches
based on different strategies to standardize the periodogram:

• Use a consistent estimator of the spectral density function to Studentize
the periodogram. This is a natural extension of the proposal by Franke and
Härdle[8] and Dahlhaus and Janas[6], but, as pointed out by Kim and Nord-
man[14], the problem of obtaining a nonparametric estimator of the spec-
tral density uniformly consistent over the whole band of Fourier frequencies
arises in long memory series. It is only very recently that Arteche[3] has
proved the consistency of the proposal by Hidalgo and Yajima[9], improving
on other more traditional techniques that lack consistency at frequencies
close to the spectral pole. This estimator is defined as

f̂j = f̂(λj) =
|λj |−2d̂

2m∗ + 1j>m∗

m∗∑
k=−m∗, ̸=−j

|λj + λk|2d̂I(λj + λk) (7)

for j = 1, ..., [n/2] where d̂ is the LW estimator and m∗ is a bandwidth

number. The Studentized periodogram, defined as v̂
(0)
j = Ij/f̂j , is then

resampled over the whole band of Fourier frequencies in a global bootstrap
strategy.

• Use a local standardization of the periodogram by dividing the periodogram
ordinates by an expression that is proportional to the spectral density func-
tion around the origin as defined in (1). This avoids estimating the spectral

density and gets the locally standardized periodogram defined as v̂
(1)
j = Ijλ

2d̂
j

for j = 1, ..., [n/2]. To replicate the remaining structure in the locally stan-

dardized periodogram, a global resampling such as that proposed for v̂
(0)
j

is not adequate. We therefore propose instead to apply a local bootstrap

to v̂
(1)
j .

Thus, the bootstrap strategies that we propose for the LW estimator consist
of the following steps:

1. Obtain v̂
(i)
j , i = 0, 1, for j = 1, ..., [n/2] with a bandwidth m for the LW

estimate d̂, and m∗ for f̂j (only needed for v̂
(0)
j ).

2. Let kn = [n/2] for v̂
(0)
j and select a resampling width kn ∈ N , kn ≤ [n/2] if

v̂
(1)
j is used.
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3. Define i.i.d. discrete random variables S1, ..., Sm taking values in the set
{0,±1, , ...,±kn} with equal probability 1/(2kn + 1).

4. Generate B bootstrap series v̂
∗(i)
bj = v̂

(i)
|j+Sj | if |j + Sj | > 0, v̂

∗(i)
bj = v̂

(i)
1 if

j + Sj = 0 for b = 1, 2, ..., B and j = 1, ...,m.

5. GenerateB bootstrap samples for the periodogram I
∗(1)
bj = λ−2d̂

j v̂
∗(1)
bj , I

∗(0)
bj =

f̂j v̂
∗(0)
bj for b = 1, 2, ..., B and j = 1, ...,m.

6. Obtain the B bootstrap LW estimates d̂
∗(i)
b , b = 1, ..., B by minimizing R(d)

in (3) with the periodogram Ij replaced by I
∗(i)
bj .

Remark 1: The bandwidth for Local Whittle estimation m remains fixed
during the entire procedure.

Remark 2: Even thoughm is kept fixed, the procedure is not fully automatic
because it requires the intervention of the user in the selection of kn for the
local bootstrap or m∗ for the estimation of the spectral density function in
the global bootstrap strategy. But both quantities can be chosen on a data
driven basis. The resampling width kn can be selected based on the form of

v̂
(1)
j , the higher the structure the lower kn should be chosen to keep the global

structure of v̂
(1)
j in the bootstrap samples v̂

∗(1)
bj . The bandwidth m∗ can be

chosen similarly because f̂j is based on a moving average of neighbour v̂
(1)
k s

and thus it can be selected using the same criteria.

4 Simulation study

In this section the performance of our proposals is compared with the asymp-
totic distribution (when an analytical expression exists).

4.1 Stationary and invertible case −1/2 < d < 1/2

The asymptotic distribution of the LW estimator in (4) is very convenient for
asymptotic inference thanks to its standard distribution with fully specified
asymptotic variance. However, the asymptotic distribution may not be a good
approximation of the exact one. For example, the variance in the asymptotic
distribution in (4) has been shown to be a poor approximation of the true
variance in finite samples. Hurvich and Chen[10] and Arteche[2] propose in-
stead the Hessian based approximation of the variance described in (5) and
find that it leads to much better results than the asymptotic variance in terms
of coverage frequencies of confidence intervals. We compare all these proposals
with the bootstrap strategies defined in the previous section. The comparison
is based first on confidence intervals, analysing the coverage of the intervals
obtained with the following strategies:

Option 1. The asymptotic distribution in (4), that is

CI11−α =
(
d̂− 0.5m−1/2z1−α

2
; d̂− 0.5m−1/2zα

2

)
where zα indicates the 100 · αth percentile of the asymptotic distribution
(N(0, 1) in the stationary and invertible case).
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Option 2. As in Option 1 but using the Hessian based approximation of the
variance in (5)

CI21−α =

(
d̂−

√
ˆvar(d̂)z1−α

2
; d̂−

√
ˆvar(d̂)zα

2

)
.

Option 3(m∗). Using the global bootstrap strategy based on the Studentized

periodogram v̂
(0)
j for different bandwidths m∗. In this case the confidence

intervals are as follows:

CI31−α(m
∗) =

(
d̂
∗(0)
((B+1)(α

2 ))
; d̂

∗(0)
((B+1)(1−α

2 ))

)
,

where the d̂
∗(0)
(j) denotes the jth ordered value of the bootstrap estimates of

d. The α/2 percentile is thus estimated by the (B+1)(α2 ) ordered value of

d̂∗(0). We choose a B value such that (B + 1)(α2 ) is an integer.
Option 4(kn). CI41−α(kn) is calculated similarly but using the local boot-

strap strategy based on the locally standardized periodogram v̂
(1)
j for dif-

ferent resampling widths kn. The confidence intervals are obtained as in

Option 4 but with d̂
∗(1)
(j) .

The performance of all these options is analysed in ARFIMA models defined
as

(1− ϕL)(1− L)dXt = ϵt, t = 1, 2, ..., n,

for n = 128 and ϵt ∼ NID(0, 1). Two values of d are considered, d = 0 and
0.4, corresponding to short memory and stationary long memory. Two values
of ϕ are also examined, ϕ = 0.3 and 0.8, the latter inducing a significant bias in
the estimation of d if a large m is used. In this Monte Carlo analysis the values
m = 5, 10, 20 are used. 1000 replications of these models are generated to
compare the performance of the previous strategies for constructing confidence
intervals. For options 3 and 4 the number of bootstrap samples is B = 999.
Instead of choosing a single m∗ (kn) the sensitivity of the bootstrap proposals
is assessed by considering different values m∗ = 3, 5, 7 and kn = 2, 5, 10, 20.
The set of values considered for m∗ are chosen in a sensible region taking
into account the form of the spectral density of the AR(1) weak dependent
component. Larger values would lead to an estimate of f(λ) that is too smooth
around frequency zero. The values of kn are selected similarly based on the

form of the locally standardized periodogram v̂
(1)
j , where larger values of kn

lead to worse results.
Tables 1 and 2 show the coverage frequencies in percentages (top number

in each cell) and the average length (bottom number) of confidence intervals
for a 95% nominal confidence level over 1000 Monte Carlo replications. The
following conclusions can be drawn:

• The variance correction in CI21−α results in a significant improvement in
coverage frequencies, with an unavoidable enlargement of the length of the
intervals, though they still tend to undercover.
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• Both bootstrap strategies in options 3 and 4 tend to lead to coverage closer
to nominal, even with narrower intervals in some cases.

• The global bootstrap based on the Studentized periodogram is less sensitive
to changes in m∗ than the local bootstrap based on the local standardized
periodogram is to the choice of kn. Large values of kn tend to lead to
overcoverage with too wide intervals. Large values of m∗ also tend to lead
to an increase in coverage but overcoverage is less evident.

• The choice of m has a significant impact on the performance of all the
techniques, especially when ϕ = 0.8. In that case a large m induces a high
bias in the estimation of d that significantly affects the coverage of all the
CIs, but in every case the bootstrap strategies proposed here outperform
the other techniques.

Table 1. Coverage for ARFIMA(1, d, 0) with ϕ = 0.3 (n = 128)

d=0 d=0.4

m=5 m=10 m=20 m=5 m=10 m=20

CI10.95 0.662 0.811 0.823 0.678 0.795 0.815
0.877 0.620 0.438 0.877 0.620 0.438

CI20.95 0.894 0.925 0.912 0.887 0.917 0.905
1.542 0.891 0.553 1.542 0.891 0.553

CI30.95(m
∗ = 3) 0.940 0.936 0.932 0.942 0.917 0.926

1.713 0.935 0.549 1.750 0.929 0.546
CI30.95(m

∗ = 5) 0.967 0.950 0.937 0.960 0.948 0.943
1.771 0.963 0.564 1.800 0.958 0.561

CI30.95(m
∗ = 7) 0.962 0.969 0.953 0.957 0.965 0.948

1.787 0.977 0.574 1.817 0.970 0.570
CI40.95(kn = 2) 0.847 0.873 0.852 0.846 0.841 0.836

1.316 0.804 0.501 1.327 0.802 0.501
CI40.95(kn = 5) 0.946 0.924 0.904 0.947 0.929 0.899

1.543 0.891 0.546 1.564 0.894 0.546
CI40.95(kn = 10) 0.982 0.964 0.941 0.977 0.956 0.934

1.775 0.929 0.562 1.807 0.934 0.562
CI40.95(kn = 20) 1.000 0.975 0.957 1.000 0.966 0.958

1.958 1.013 0.573 2.001 1.013 0.575
The top number in each cell is the coverage frequency. The bottom number is the length of the

CI.

In practice, m∗ (kn) needs to be selected prior to the application of the

bootstrap. This choice can be based on the smoothness of v̂
(1)
j as explained in

Remark 2 above. The lack of significant structure in v̂
(1)
j indicates that a large

m∗ and kn should be used.

4.2 Nonstationary case 1/2 ≤ d ≤ 1

In a nonstationary context the situation varies with the value of d according to
the intervals where the asymptotic distribution in (6) is defined. When d < 3/4
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Table 2. Coverage for ARFIMA(1, d, 0) with ϕ = 0.8 (n = 128)

d=0 d=0.4

m=5 m=10 m=20 m=5 m=10 m=20

CI10.95 0.627 0.402 0.022 0.606 0.419 0.021
0.877 0.620 0.438 0.876 0.620 0.438

CI20.95 0.900 0.623 0.043 0.873 0.641 0.057
1.542 0.891 0.553 1.542 0.891 0.553

CI30.95(m
∗ = 3) 0.977 0.764 0.068 0.965 0.775 0.076

1.751 0.935 0.557 1.722 0.912 0.543
CI30.95(m

∗ = 5) 0.981 0.772 0.058 0.979 0.775 0.072
1.809 0.965 0.572 1.766 0.940 0.556

CI30.95(m
∗ = 7) 0.975 0.762 0.051 0.968 0.757 0.065

1.828 0.978 0.580 1.785 0.953 0.564
CI40.95(kn = 2) 0.788 0.557 0.067 0.797 0.550 0.091

1.323 0.835 0.545 1.321 0.827 0.536
CI40.95(kn = 5) 0.906 0.646 0.081 0.903 0.628 0.100

1.581 0.927 0.591 1.574 0.915 0.580
CI40.95(kn = 10) 0.951 0.666 0.053 0.953 0.671 0.069

1.876 0.972 0.592 1.863 0.957 0.581
CI40.95(kn = 20) 0.977 0.749 0.046 0.981 0.746 0.056

2.193 1.088 0.602 2.163 1.063 0.590
The top number in each cell is the coverage frequency. The bottom number is the length of the

CI.

all the results are similar to those discussed in the stationary case. For other
values of d the asymptotic distribution changes, which affects the way in which
it approximates the exact distribution.

We focus here on the interval 3/4 < d < 1, where, as noted by Phillips
and Shimotsu[19] the discrepancies between the asymptotic distribution and
the finite sample distribution are most apparent. In this case no refinements to
improve the approximation of the distribution have been proposed. As a result,
we compare the asymptotic expression in Option 1 (with the corresponding
asymptotic distribution) with the bootstrap strategies in Options 3(m∗) and
4(kn).

1000 replications of a type II long memory process as defined in Philips and
Shimotsu[19] are generated with x0 = 0, d = 0.8 and ut standard normal for
n = 512. A larger sample size is chosen here to show that even in that case the
asymptotic distribution is a poor approximation of the real one, whereas the
bootstrap approximation gives much more reliable results. The values of m, m∗

and kn analysed here are m = 20, 40, 70, m∗ = 5, 10, 20 and kn = 5, 20, 40, 70.
Table 3 shows coverage frequencies and the lengths of the confidence intervals
for a 95% nominal confidence. CI10.95 clearly undercovers evidencing that the
asymptotic distribution is far from the exact one. All the intervals based on
the bootstrap strategies proposed in this paper offer much better coverage even
with shorter intervals.
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Table 3. CI coverage in ARFIMA(0, 0.8, 0)

m=20 m=40 m=70

CI10.95 0.549 0.577 0.557
0.496 0.376 0.300

CI30.95(m
∗ = 5) 0.929 0.907 0.907

0.560 0.353 0.251
CI30.95(m

∗ = 10) 0.954 0.921 0.921
0.575 0.361 0.257

CI30.95(m
∗ = 20) 0.974 0.952 0.924

0.584 0.367 0.261
CI40.95(kn = 5) 0.902 0.892 0.888

0.523 0.335 0.240
CI40.95(kn = 20) 0.962 0.931 0.916

0.558 0.356 0.254
CI40.95(kn = 40) 0.958 0.960 0.942

0.589 0.361 0.259
CI40.95(kn = 70) 0.968 0.951 0.954

0.604 0.370 0.260
The top number in each cell is the coverage frequency. The bottom number is the length of the

CI.

4.3 Unknown asymptotic distribution

In this subsection we analyse the performance of the techniques proposed in two
situations where the LW estimator is consistent but its asymptotic distribution
is unknown: noninvertible ARFIMA and nonlinear transformations of long
memory series. In particular we generate 1000 replications of series generated
as:

• ARFIMA(0,−0.7, 0), (1− L)−0.7Xt = ϵt for ϵt standard normal.
• Xt = Y 2

t for (1− 0.3L)(1− L)0.4Xt = ϵt and ϵt standard normal.

The sample size and bandwidth parameters are those considered in Section
4.1. Note that the second model is just the squares of one the stationary
ARFIMA models analysed previously.

Table 4 shows the coverage frequencies for both cases. The noninvertible
case shows no significant differences with respect to the invertible case, with
good coverage close to the exact ones. The results for the squared transfor-
mation are also satisfactory, but a comparison with the results obtained for
the untransformed ARFIMA shows that a lower bandwidth m seems to be
necessary here to get better results.

5 Conclusion

We propose two bootstrap strategies for estimating the exact distribution of
the LW estimator that significantly outperform the approximation offered by
the asymptotic distribution in a wide range of situations. The proposals are
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Table 4. Coverage for ARFIMA(0,−0.7, 0) and squared ARFIMA(1, 0.4, 0) (n =
128)

ARFIMA (0,−0.7, 0) squared ARFIMA (1, 0.4, 0)

m=5 m=10 m=20 m=5 m=10 m=20

CI30.95(m
∗ = 3) 0.972 0.947 0.916 0.925 0.844 0.789

1.409 0.883 0.538 1.697 0.892 0.525
CI30.95(m

∗ = 5) 0.995 0.959 0.929 0.952 0.892 0.812
1.487 0.917 0.555 1.751 0.923 0.542

CI30.95(m
∗ = 7) 0.992 0.964 0.937 0.954 0.918 0.838

1.514 0.934 0.564 1.775 0.939 0.551
CI40.95(kn = 2) 0.806 0.820 0.782 0.845 0.770 0.716

1.163 0.748 0.476 1.221 0.739 0.462
CI40.95(kn = 5) 0.948 0.909 0.853 0.932 0.853 0.773

1.341 0.841 0.524 1.455 0.833 0.511
CI40.95(kn = 10) 0.988 0.955 0.901 0.972 0.910 0.823

1.535 0.886 0.548 1.722 0.877 0.532
CI40.95(kn = 20) 1.000 0.970 0.936 0.998 0.930 0.870

1.685 0.959 0.563 1.931 0.975 0.548
The top number in each cell is the coverage frequency. The bottom number is the length of the

CI.

based on resampling two different standardized periodograms in order to ob-
tain bootstrap replicates of the original periodogram. As a result the potential
applications of these techniques are far more general than shown here: they
can be used to obtain bootstrap replicates of the periodogram in similar esti-
mation strategies based on a Whittle criterion, as for example the modified LW
estimator of Hurvich et al.[11] and the local polynomial Whittle estimators of
Andrews and Sun[1] and Frederiksen et al.[7].
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Abstract. We consider the family of bivariate power series distributions. It is well
studied that the maximum likelihood estimator of its parameters is not robust to
outliers in the data. We consider the trimmed likelihood as a robust modification
of the classical maximum likelihood and find a lower bound of its breakdown point.
The distributions of this family serve well as offspring distributions in the two-type
discrete time branching processes. We construct the maximum likelihood estimators
of the process and show their relationship to the Harris type estimators of the mean
vector. On the basis of different sampling schemes we show construction methods for
the trimmed likelihood estimators.
Keywords: Bivariate power series distributions, Trimmed likelihood, Multitype
branching processes.

1 Introduction

Branching processes form an important class of stochastic processes with nu-
merous applications in different scientific and practical areas, many of them in-
volving multitype modeling. Generally speaking, there is a number of objects,
often called particles, cells, individuals, which, according to some probabilistic
law, reproduce (or ”branch”) and die out. They can be of multiple types and
may have different locations in space. Their evolution and generation may be
independent or according to certain probabilistic laws.
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One of the pioneering works on the formulation and handling of branch-
ing processes with several types of particles are the papers from 1947 by Kol-
mogorov and Dmitriev[12] and Kolmogorov and Sevastyanov[13] in the Markov
case. Since then there is an impressive number of work in the area of branching
processes theory and applications (see f.e. the books of Asmussen and Her-
ring[1], Athreya and Ney[3], Harris[9], Jagers[11], Sevastyanov[14], Yakovlev
and Yanev[27] and others).

Statistical estimation of the process’ characteristics like the mean number
of offspring, the criticality of the process, the offspring distribution and others,
is an important issue in their study. Some of the most resent approaches
devoted to the statistical inference for branching processes can be found in
González et al.[7]. The work of Jacob[10] gives a comprehensive overview of
the theoretical and statistical methods used in epidemiology. The importance
of simulation, computing and more flexible statistical procedures can also be
traced in González et al.[6].

As in other fields of statistics, there are different approaches for estimation
- parametric, nonparametric and semiparametric settings. One possible ap-
proach for estimation in a contaminated sample is to combine the asymptotic
distributions of the estimators with the method for constructing robust esti-
mators, based on the trimmed likelihood. Robust estimation of the offspring
distribution on the basis of the asymptotic behaviour of the (relative) frequen-
cies in a MGWR process are studied in Stoimenova and Atanasov[21],[4]. These
works are based on the papers on the asymptotics and applications in cell biol-
ogy in Yakovlev and Yanev[28],[29] and Yakovlev et al[26]. The other approach
is to use the exact offspring distribution in a specified parametric family like
the multivariate power series. The robust estimation in the multivariate power
series family is of inerest in itself. We consider numerical results for simulated
data samples of different types - samples over family trees and over genera-
tion sizes - and compare estimators and their robust versions. In the class of
the univariate power series offspring distributions some topics of the paramet-
ric estimation are considered in Stoimenova and Yanev[22] and of the robust
parametric estimation - in Stoimenova[20].

2 Multivariate power series estimation

Let us suppose that the discrete real-valued random variables X and Y have
the joint probability mass function of the form:

pij =
a(i, j)θi1θ

j
2

A(θ1, θ2)
, (1)

where (i, j) ∈ = is the set of possible values of the random vector (X,Y ),
(θ1, θ2) ∈ Θ ⊂ R+

2 is the vector of positive parameters from the parameter
space Θ, ak(i, j) > 0 is nonnegative real-valued function of the random vector
values, which may depend on some parameters, but does not depend on θ1 and
θ2, and

A(θ1, θ2) =
∞∑
i=0

∞∑
j=0

a(i, j)θi1θ
j
2. (2)
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We recall that the family of distributions having probability mass functions
of the form (1) is called bivariate power series distribution family. The function
A(θ1, θ2) is called the defining function of the distribution. Note that the form
(2) is the second-order Taylor expansion of the scalar-valued function of more
than one variable A(θ1, θ2) in a bivariate power series form. The coefficient
a(i, j) in the expansion is called the coefficient function.

The bivariate power series distribution family in (1) is a natural general-
ization of the univariate power series distribution family and a subclass of the
multivariate power series distribution family. There are many sources concern-
ing the properties and applications of the multivariate power series distribu-
tions. Among them we mention the pioneering papers of Katri[16], Patil[18],
Gerstenkorn[5] and the thorough books on discrete multivariate distributions
of Johnson et.al.[15] and discrete bivariate distributions of Kocherlakota[17]

The multivariate PSOD form a subclass of the multivariate discrete ex-
ponential family, hence inheriting its properties for the moments, cumulants,
covarances, additiveness and so on.

We remind that in the special cases when:

1. A(θ1, θ2) = (1+θ1+θ2)n, θi > 0, one has the trinomial distribution (positive
multinomial) in a reparametrized form with parameters pi = θi

1+θ1+θ2
∈

(0, 1):

pij =
a(ij)θi1θ

j
2

(1 + θ1 + θ2)n
=

n!
i!j!(n− i− j)!

(
θ1

1 + θ1 + θ2

)i(
θ2

1 + θ1 + θ2

)j
.

.

(
1− θ1

1 + θ1 + θ2
− θ2

1 + θ1 + θ2

)n−i−j
=

n!
i!j!(n− i− j)!

pi1p
j
2(1−p1−p2)n−i−j

Note that the multinomial distribution without reparametrization is not a
multivariate power series distribution in this sense since cannot be written
in the form (1).

2. A(θ1, θ2) = (1−θ1−θ2)−n, then one has the negative binomial distribution
(negative multinomial in the bivarate case) with the same parameter pi =
θi ∈ (0, 1), p1 + p2 < 1 and

pij =
a(ij)θi1θ

j
2

(1− θ1 − θ2)−n
=

(n+ i+ j − 1)!
i!j!(n− 1)!

pi1p
j
2(1− p1 − p2)n

3. A(θ1, θ2) = exp{θ1 +θ2}, θi > 0, then one has the bivarate Poisson (double
Poisson) with pi = θi > 0 and

pij =
a(ij)θi1θ

j
2

exp{θ1 + θ2}
=
θi1e
−θ1

i!
θj2e
−θ2

j!

4. A(θ1, θ2) = − log(1 − θ1 − θ2), θi > 0, θ1 + θ2 < 1, one has the bivariate
logarithmic series distribution

pij = − (i+ j − 1)!
i!j! log(1− θ1 − θ2)

θi1θ
j
2
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Given n independent bivariate random variablesNh = (Xh, Yh), h = 1, 2, . . . , n
each having the same multivariate power series distribution with probability
mass function (1), the maximum likelihood estimators of the expected values
EX, EY are simply the arithmetic means of the coordinates of the sample
values:

ÊX =
1
n

(X1 + · · ·+Xn) = Xn and ÊY =
1
n

(Y1 + · · ·+ Yn) = Y n. (3)

The likelihood function has the form

L(N1, . . . , Nn; θ1, θ2) = A(θ1, θ2)−n
{

n∏
h=1

a(Xh, Yh)

}
θ

nP
h=1

Xh

1 θ

nP
h=1

Yh

2 . (4)

Using the well known property of the multivariate power series

EX =
θ1

A(θ1, θ2)
∂A(θ1, θ2)

∂θ1
and EY =

θ2
A(θ1, θ2)

∂A(θ1, θ2)
∂θ2

(5)

and equating ∂L
∂θ1

= 0, i = 1, 2, one has (3). Hence the maximum likelihood
estimators of the parameters θ1 and θ2 can be obtained as solutions of the
equations

Xn =
θ1

A(θ1, θ2)
∂A(θ1, θ2)

∂θ1
and Y n =

θ2
A(θ1, θ2)

∂A(θ1, θ2)
∂θ2

. (6)

Note that the sample mean is not robust to outliers in the data.

Example 1. Let us consider a simulated sample of 120 observations with double
Poisson distibution. Let 100 of them be ”true” observations with parameters
θ1 = 15, θ2 = 20. Let 20 observations be outliers in the sample, again bivariate
poisson distributied, but with different parameters: θ1 = 5, θ2 = 15. A graph
of the sample can be seen on Figure 1 below:
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Figure 1: Simulated data sample from multivariate Poisson with 100 ”true”

observations (black) and 20 outliers (red).

We remind that in this case the maximum likelihood estimators (MLE) of
the parameters are the sample means itself. We obtain the following estimates:

MLE over the entire sample (120 observations): θ̂1 = 13.5167, θ̂2 = 19.3417
MLE for the ”true” observations (100 observations): θ̂1 =15.2200 θ̂2 =19.8700
MLE of the outliers (20 observations): θ̂1 =5.0000 θ̂2 =16.7000

2.1 Trimmed likelihood estimation

Example 1 shows that an estimator is needed, which allows for:

- a certain (high) percent of ’contaminated’ data: outliers
- an easy calculation of the breakdown point
- inheriting the consistency property of the maximum likelihood
- a direct application of the asymptotic and statistical theory for different

classes of branching processes

For the reasons above in our work we consider the trimmed likelihood es-
timators of order k (LTE(k)), a generalization of the maximum likelihood
estimators (MLE) and a subclass of the wighted and trimmed likelihood esti-
mators of order k (WLTE(k)), which are introduced and studied by Vandev
and Neykov[24],[25].

The WLTE(k) may be considered as a robust extension of the MLE that
possesses a high breakdown point. This modification considers the likelihood
of individual observations as residuals and applies the basic idea of the least
trimmed squares estimators (LTS) of Rousseeuw[19] using appropriate weights.

Vandev and Neykov[25] defined the WLTE(k) estimators θ̂, for the un-
known parameter θ ∈ Θ (θ may be a multivariate parameter, the only require-
ment imposed on Θ is to be a topological space) as

θ̂ = argmin
θ∈Θ

k∑
h=1

whfν(h) (θ) , (7)

where fν(1) (θ) ≤ fν(2) (θ) ≤ · · · ≤ fν(n) (θ) are the ordered values of fh =
− logϕ (xh, θ) at θ, ϕ (xh, θ) is the probability density (probability mass func-
tion) of the observation xh, θ is an unknown parameter and ν = (ν(1), · · · , ν(n))
is a corresponding permutation of the indices, which may depend on θ.

The weights wh ≥ 0, h = 1, · · · , k, are such that an index k = max {h : wh > 0}
exists. If all weights wh = 1, h = 1, . . . , n, then one has the least trimmed es-
timator LTE.

The idea behind formula (7) is that in the likelihood function are included
only the k ”most probable” observations (those with the largest value of the
probability density function) from the sample of sample size n. The other n−k
observations are regarded as outliers. The number k, [n/2] < k ≤ n, is called
trimming factor and is used to calculate the brakdown point of the robust
estimator. If k = n and wi = 1, i = 1, . . . , n, one has the classical MLE.
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Vandev and Neykov[25] proved that the finite sample breakdown point of
the WLTE(k) estimators is not less than (n− k)/n if n ≥ 3d, (n+ d)/2 ≤ k ≤
n − d, when Θ is a topological space and the set F = {fh(θ), h = 1, . . . , n} is
d-full.

A finite set F of n functions is called d-full, according to Vandev[23], if for
each subset of cardinality d of F , the supremum of this subset is a subcompact
function.

A real valued function g (θ) is called subcompact, if its Lesbegue sets
Lg (C) = {θ : g (θ) ≤ C} are compact for any constant C (Vandev and Neykov[24]).

A simpler and easier to apply criterion for subcompactness is given in
Atanasov[2], stating that a real valued continuous function g (θ), defined on
an open subset of Θ ∈ Rn, is subcompact if and only if for any sequence of
points θs → θ0 where θ0 belongs to the boundary of Θ, g (θs) → ∞ when
s→∞. On the figure below one can see the form of the subcompact function:

The likelihood function over 200 observations for different values of the trimming

factor based on subcompact likelihood curves.

We use the definition in Hampel et al.[8] of the finite sample breakdown
point of an estimator T , at the finite sample X = {xi; i = 1, · · · , n}, is defined
as the largest fraction m/n for which supX̃

∥∥∥T (X)− T
(
X̃
)∥∥∥ <∞, where X̃ is

a sample obtained from X by replacing any m of the points in X by arbitrary
values.

Thus, if one wants to study the breakdown point of the WLTE(k) estimates
for a particular distribution, one has to find out the index d of fullness of the
corresponding set of log-density functions.

2.2 The breakdownpoint of the trimmed estimator of the power
series parameters

In the case of bivariate power series distributed observations Nh = (Xh, Yh),
h = 1, 2, . . . , n, trimming factor k and equal weights wh = 1, h = 1, . . . , n
formula (7) for the LTE(k) has the form

̂(θ1, θ2) = argmin
(θ1,θ2)∈Θ

k∑
h=1

log

{
A(θ1, θ2)

a(Xν(h), Yν(h))θ
Xν(h)
1 θ

Yν(h)
2

}
, (8)

where (ν(1), · · · , ν(n)) is the permutation of the indices, for which{
A(θ1, θ2)

a(Xν(1), Yν(1))θ
Xν(1)
1 θ

Yν(1)
2

}
≤ · · · ≤

{
A(θ1, θ2)

a(Xν(n), Yν(n))θ
Xν(n)
1 θ

Yν(n)
2

}
.
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Let us inroduce the notations:

- = is the set of all posible values of the random vector (X,Y );
- =1 the set of all possible values of the random variable X, while =2 is the

set of all possible values of the random variable Y ;
- Υ is the convergence region of the series A(θ1, θ1), and ∂Υ is its boundary;
- MinV X ∈ =1 is the minimal value of the random variableX, andMinV Y ∈
=2 - the minimal value of the random variable Y ;

- MaxV X ∈ =1 is the maximal value of the random variable X (which may
be finite or infinity), and MaxV Y ∈ =2 - the maximal value of the random
variable Y ;

- If (MinV X,MinV Y ) ∈ =, then NMinV X,MinV Y is the observed number
vectors in the sample with minimal values of the coordinates;

- If MaxV X < ∞, MaxV Y < ∞ and (MaxV X,MaxV Y ) ∈ =, then
NMaxVX,MaxV Y is the observed number vectors in the sample with maxi-
mal values of the coordinates;

Lemma 1. Let us consider a sample of n bivariate power series distributed ob-
servations. For the breakdown point of the WLT (k) estimator (8) the following
statements hold:

1. If |=| = ∞, (θ1, θ2) ∈ Υ , limθ1,θ2→∂Υ
A(θ1,θ2)

θi1θ
j
2

= ∞ ∀(i, j) ∈ = except for

(i, j) = (MinV X,MinV Y ), then the WLT (K) estimator exists and its
breakdownpoint is not less than [n − k]/n if n ≥ 3(NMinV X,MinV Y + 1),
[n+NMinV X,MinV Y + 1]/2 ≤ k ≤ n−NMinV X,MinV Y − 1.

2. If |=| < ∞; θ1 ∈ (0,∞), θ2 ∈ (0,∞), then the WLT (K) estimator exists
and its breakdownpoint is not less than [n − k]/n, if
n ≥ 3(max{NMinV X,MinV Y , NMaxVX,MaxV Y } + 1), and
[n + max{NMinV X,MinV Y , NMaxVX,MaxV Y } + 1]/2 ≤ K ≤ n−
max{NMinV X,MinV Y , NMaxVX,MaxV Y } − 1.
If (MaxV X,MaxV Y ) /∈ =, then the statement in 1. hold.

3. If (θ1, θ2) ∈ Φ ⊂ Υ1, where Φ is a compact set, then the WLT (k) estimator
exists and its breakdownpoint is not less than [n−k]/n if n ≥ 3, [n+1]/2 ≤
k ≤ n− 1.

Proof. The proof is analogous to the proof in the case of univariate power series
(see Stoimenova[20]).

What we need to prove is that the function

Fij(θ1, θ2) =
A(θ1, θ2)
θi1θ

j
2

is subcompact or equivalently, that

lim
θ1,θ2→∂Υ

A(θ1, θ2)
θi1θ

j
2

=∞

for all (i, j) ∈ =. This is true under the conditions of Cases 1 and 2, except
for the values (MinV X,MinV Y ) and (MaxV X,MaxV Y ), when the limit
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equals a constant. But the supremum of m functions Fij is always bigger than
their average and a continuous function, bigger than a subcompact function, is
subcompact, which completes the proof.

Case 3 follows from the fact that any continous function defined on a com-
pact set is subcompact.

Example 2. For the negative binomial, double Poisson and bivariate logarith-
mic series the conditions 1 hold. The value of the trimming factor and therefore
- the breakdown point depends on the number of (0,0) observations.

Example 3. The trimmed estimates with trimming factor 120−25 = 95 for the
data from Example 1 are θ1 =15.1569, θ2 =19.8529. In the simulated example
due to the large values of the parameters there are no (0,0) observations and
the trimming factor may be an integer in the region [61,119]. The breakdown
point for the trimming factor of 95 is not less than 0.208.

3 Multitype discrete time branching processes with
MPSOD

Let us suppose that our model describes the evolution of a population with two
types of particles, which reproduce independently of each other. Each particle
of, say, type 1 may have a number of offspring of type 1 and of type 2 according
to some bivariate probabilistic law.

Let us denote by T = {1, 2} the set of particle types. Let Zi(t), i = 1, 2,
t = 0, 1, 2, . . . , be the number of particles of type i in generation t. Let ξjk(t, l) be
a r.v., representing the number of offspring of type j, j ∈ T , in the generation
t + 1, produced from the l-th particle of type k in the generation t. Each
particle, say the l-th particle of type k ∈ T living in the t−th generation (t=
0,1,2,. . . ), is associated with a random vector

−→
ξ k(t, l) = (ξ1k(t, l), ξ2k(t, l)). The

distribution of the random vector
−→
ξ k(t, l) does not depend on the generation,

where the parent particle lives, and on the index l. The offspring of the particles
in the generation t forms the next generation t+ 1. We denote by {pkij},

pkij = P (
−→
ξ k(t, l) = (i, j)) = P (ξ1k(t, l) = i, ξ2k(t, l) = j),

k = 1, 2; t = 0, 1, . . . , l = 1, 2, . . . , Z(t − 1), the bivariate joint distribution
(offspring distribution, offspring law) of the vector

−→
ξ k(t, l).

A multitype disctere time branching process (MBP) Z(t) is defined as a
sequence of random vectors

{Z(t) = (Z1(t), Z2(t))},

t ∈ N0 = {0, 1, 2, . . . }, where Zk(t), the number of particles of type k ∈ T in
generation t, satisfies the following recursive equations (the branching prop-
erty):

Zk(t+ 1) =
2∑
j=1

Zl(t)∑
l=1

ξkj (t, l).

70



The main properties of the MBP processes have been thoroughly studied in
many sources (see f.e. [1], [3], [9],[11] and others). One of the main problems
considered in the study of a given type of a branching process is to determine
the asymptotic behaviour of the process - whetheter it goes extinct or has an
unlimited growth. The MBP processes are divided in three classes: subcritical,
critical or supercritical, according to the magnitude of their real maximum-
modulus eigenvalue ρ of the mean matrix M = {mij}, whose elemens mij

are the mean numbers of offspring of type j of a descendant of type i. The
extinction occurs with probability 1 iff the process is subcritical (ρ < 1) or
critical (ρ = 1). Otherwise (in the supercritical case, when ρ > 1) it grows
exponentially. The estimation of the the subcritical or critical MBP faces
many difficulties because of the limited (small) amount of data which may be
observed especially in cases of a rapid extinction.

Example 4. Note that when one wants to simulate a two-type MBP, one has
to specify the probability of a couple of offsping for the two types of particles.
The third row of the matrix P in the table below states that the particle of
type 1 (first column) has 2 children of type 1 (third column) and no children
of type 2 (fourth column) with probability 0.4 (second column). The second
column gives the probabilities pkij that a particle of type k has i children of type
1 and j children of type 2. A simulation of the process with the probability
matrix P , starting with one particle of type 1 and three particles of type 2 can
be seen on the figure on the right hand side.

P = [1 0.2 1 0
1 0.2 0 1
1 0.4 2 0
1 0.2 0 2
2 0.2 1 0
2 0.2 1 1
2 0.3 2 0
2 0.3 0 2];

Figure 3. Generation of a MBP process given the distribution in matrix P.

3.1 Likelihood functions and robustness

As we have already noted, usually three sampling schemes are used for the
estimation of the MBP. Let us denote by

˜̃=(n) = {ξkj (t, l), k, j = 1, 2, t = 0, 1, . . . , n− 1, l = 1, 2, . . . , Zi(t)},

the observations over the entire family tree (one can observe the number of
offspring of each particle);

=̃(n) = {Zk(s, (i, j)), s = 0, 1, . . . , n− 1, k = 1, 2, (i, j) ∈ =k},
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where

Zk(s, (i, j)) =
Z1(s)∑
h=1

Z2(s)∑
l=1

I{(ξk1 (s, l), ξk2 (s, l)) = (i, j)}

is the number of particles of type k in generation s with i offspring of type
1 and j offspring of type 2, =k is the set of all possible values of the random
vector

−→
ξ k(s, l) = (ξk1 (s, l), ξk2 (s, l)); and

=(n) = {Z(0), . . . ,Z(n)}

is the sample over the generation sizes.
Let us suppose that the offspring distributions of the particles of type 1

and 2 are of the power series distribution family (1), (2), but with different
parameters which have to be estimated:

pkij =
ak(i, j)θi1kθ

j
2k

Ak(θ1k, θ2k)
, (9)

where k = 1, 2 is the particle type, (i, j) ∈ =k is in the set of possible number
of offspring of type 1 and 2, θ1k, θ2k ∈ Θk ⊂ R+ are unknown parameters,
ak(i, j) > 0 is the coefficient function of the series and

Ak(θ1k, θ2k) =
∞∑
i=0

∞∑
j=0

ak(i, j)θi1kθ
j
2k (10)

is the defining function. In (1) and (2) we have added the additional index k
for the type of the descendant, hence obtaining (9) and (10).

When the entire family tree is observed, the likelihood function has the
form

L( ˜̃=(n)|θ1k, θ2k, k = 1, 2) = L(=̃(n)|θ1k, θ2k, k = 1, 2) =

=
2∏
k=1

n−1∏
s=1

∏
(i,j)∈=k

pkij =
2∏
k=1

n−1∏
s=1

∏
(i,j)∈=k

[
ak(i, j)

Ak(θ1k, θ2k)
θi1kθ

j
2k

]Zk(s,(i,j))
Due to the properties of the power series moments (5), in the branching

context

Eξik(s, l) = mik =
θik

Ak(θ1k, θ2k)
∂Ak(θ1k, θ2k)

∂θik
,

one derives the following Harris type estimators for the mean number of off-
spring of a given type i from a father of type k:

m̂ik = Eξik(t, l) =

n∑
s=1

Zki (s)

n−1∑
n=0

Zk(n)
,
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where Zki (s) is the number of children of type i in generation s + 1, whose
father is of type k. Simulational results have shown, that this type of estimator
is not robust to outliers in the family tree.

Due to the independence of evolutions one can consider the likelihood func-

tion L( ˜̃=(n)|θ1k, θ2k, k = 1, 2) as a product of two likelihood functions, depend-
ing on different parameters:

L(˜̃=(n)|θ1k, θ2k, k = 1, 2) = L( ˜̃=(n)|θ11, θ11)L( ˜̃=(n)|θ12, θ22) (11)

and study the breakdownpoints for each of them separately.
For each part of the likelihood (11) Lemma 1 holds, except for the inter-

pretation of the notation. Let us consider the distribution of the, say, type 1
particles. Then = ≡ =1 is the set of all posible values of the vectors of offspring
numbers; Υ ≡ Υ1 is the convergence region of the series A1(θ11, θ21), and ∂Υ1 is
its boundary; (MinV 11,MinV 12) ∈ =1 is the minimal numbers of offspring of
type 1 and 2 respectively; (MaxV 11,MaxV 12) ∈ =1 is the maximal numbers
of offspring of type 1 and 2 respectively; NMinV 11,MinV 12 ∈ =1 - the observed
number of type 1 particles with minimal numbers of offspring of type 1 and
2, and NMaxV 11,MaxV 12 ∈ =1 - the observed number of type 1 particles with
maximal numbers of offspring of type 1 and 2.

Example 5. In the case of double Poisson offspring distribution for the particle
of, say, type 1, the value of the breakdownpoint of the WLT (K) estimator
depends on the observed number particles which do not give any offspring.

3.2 The generation sizes scheme

Let us suppose, that we are able to observe the generation sizes only. The
observations form the set

=(n) = {Z(0), . . . ,Z(n)}

The following statements are valid (see González et al.[6]):

P (˜̃=(n)|=(n), θ11, θ21) =
n−1∏
s=0

P (˜̃=(s)|Z(s),Z(s+ 1), θ11, θ21)

and

P (=̃(n)|=(n), θ11, θ21) =
n−1∏
s=0

P (=̃(s)|Z(s),Z(s+ 1), θ11, θ21).

Therefore in the situation of power series with finite support |=1|, |=2| <∞
one can use the multinomial distribution ([6]) to reconstruct the family tree:

P (=̃(s)|Z(s),Z(s+ 1), θ11, θ21) =

∏
k=1,2

[Zk(s)]!Q
(i,j)

[Zk(n,(i,j))]!

∏
(i,j)

[pkij ]
Zk(s,(i,j))

P (Z(s+ 1)|Z(s))
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When the support |=1|, |=2| =∞, for some distributions (f.e. double Pois-
son) one can compute directly from the expression

P (˜̃=(s)|Z(s),Z(s+ 1), θ11, θ21) =

∏
k=1,2

Zk(s)∏
l=1

pk
ξk1 (s,l),ξk2 (s,l)

P (Z(s+ 1)|Z(s))
.

We may sumarize the procedure for the WLT (k) estimation on the basis of
the generation sizes in the following way:

1. Estimating the vector θ, using the Harris estimators.
2. Generating a family tree, using the observed generation sizes and the

parameter value from 1.
3. Estimating the vector θ, using the WLT (K) estimator over the entire

family tree.
4. If the exit conditions are satisfied, then exit, otherwise go back to 2.
This procedure gives good results if there are a few ”impulse” outliers in

the generation sizes on the basis of a process with a sufficiently large number
of generations.
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Abstract. Many features of biological populations can be described in terms of their 

heterogeneity by taking into account variations among individuals and cohorts in the 

population. In demography, the heterogeneity of populations can explain various features 

of age-dependent demographic observations including those related to mortality 

dynamics. Mortality dynamics is underlined by the Gompertz law stating that the 

mortality rate increases exponentially between sexual maturity and considerably old ages 

(i.e. between 20 and 80 years old). Deviations from the exponential increase are observed 

at early- and late-life intervals. Different models (i.e Heligman-Pollard model) were 

developed over the past decades to describe and explain these deviations. These models 

postulate that a few different processes take place in the population and affect its 

mortality dynamics. In this study we present a model based on an assumption that 

mortality dynamics is indeed underlined by the exponential law and the irregularities at 

young and very old ages are due to the heterogeneity of human population. We 

demonstrate that the model is capable of reproducing the entire pattern of mortality and 

explaining the deviations from the exponential growth. The model fitted to Swedish age-

dependent mortality rates indicates that the population should be composed of four 

subpopulations each following the exponential law of mortality increase over age. We 

also expand the idea of heterogeneity to probability density and survival functions, that is 

we adjust the model to the number of Swedish deaths and survivors instead of mortality 

rates. 
Keywords: Gompertz law, Heterogeneity, Mathematical model, Model fitting, 

Probability density, Survival function. 
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1  Introduction 
 

Analysis of the human mortality dynamics over the life-course is of 

great importance for many reasons including understanding the mechanisms of 

ageing and developing ways to control and extend the duration of lifespan. The 

mathematical modelling of the dynamics of human mortality makes a significant 

contribution to these studies. A number of studies have been performed to 

model (Makeham[21]; Siler[20]; Heligman and Pollard[12]; Lee and Carter[15]) 

and analyse (Gavrilov and Gavrilova[13]; de Magalhaes et al.[7]) mortality data 

as a function of age. Age-dependent mortality data are tabulated in life tables 

that contain essential information for the age-structure of a population (Preston 

et al.[17]).    

 Two of the basic quantities of interest tabulated in a human life table 

are the probability of death and the mortality rate. Probability of death, ,iq  is 

the probability for an individual aged i  to die before reaching age 1i   and is 

expressed as the ratio of the number of deaths of people aged ,i  ,iN  divided 

by the number of individuals alive at exact age ,i iN . Death (or mortality) rate 

im  is defined as the number of deaths of people of age i  divided by the average 

number of individuals of age :i  

1

                                             (1) 
0.5( )

i
i

i i

N
m

N N 





 

where the number of deaths of people aged i  is represented as: 

1.                                              (2) i i iN N N     

The average number of survivors within one-year age interval approximately 

coincides with the number of survivors at the centre of the interval and therefore 

the mortality rate is commonly referred as central death rate. 

Data on mortality rates can be found in two different formats 

depending on the way the data are recorded. Data recording deaths of 

individuals born the same year and growing up together (in the sense that they 

will celebrate their i-th birthday exactly i  years after their birth) form the cohort 

data. Data recording deaths occurring during a specific year form the period 

data. In order to illustrate the difference between the period and cohort data, we 

briefly introduce the Lexis diagram. The Lexis diagram (Lexis[19]) outlines the 

stocks and flows of a population and the occurrence of demographic events 

(such as deaths) over age and time. It is a two-dimension graph (Fig. 1) in which 

the vertical axis represents the age and the horizontal axis the time, both 

measured in same units (e.g. years). Deaths occurring in a parallelogram formed 

by two 45-degree lines (red lines in Fig. 1) contribute to cohort mortality, while 

the deaths occurring in a rectangle outlined by two vertical lines (blue lines in 

Fig. 1) - to period mortality. 
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Fig. 1. Lexis diagram. The diagram illustrates demographic events as 

distributed over age and time. Cohort mortality rates refer to the deaths of a 

cohort that are occurring in a parallelogram formed by two 45
o
 lines (red lines). 

Period mortality rates refer to deaths occurring within a period outlined by two 

vertical lines (blue lines). 

 

The mortality rate of human populations (and other species as well) 

advances exponentially with age (i.e. follows the Gompertz law of mortality 

(Gompertz[1])) for a significant part of the age range starting from the period of 

reproductive maturity (age ~35) up to extreme old ages (age ~100). 

Mathematically, the Gompertzian dynamics of mortality is expressed as 

0 ,                                                    (3)i
im m e  

where 0m  is the initial mortality at age 0i   and parameter   defines the rate 

of change of mortality with age (usually called rate of ageing or Gompertz 

slope). 

Graphically, mortality data are most frequently plotted in semi-

logarithmic graphs (logarithm of mortality versus age) and therefore their 

exponential increase with age, as expressed by the Gompertz law of mortality 

(equation (3)), is represented with a straight line. Fig. 2 presents data (dots) on 

period mortality rates for the Swedish 2010 population together with the solid 

line representing the Gompertz function fitting the presented data. Even if the 

exponential growth accurately represents most of the ages, some peculiarities 

are observed in young (before 35) and extremely old (after 100) ages.  

A number of mathematical models have been developed and used to 

analyse the human mortality dynamics and to clarify the deviations from the 

79



exponential growth. Various explanations have been given to the peculiarities of 

mortality at young and old ages. For example, the proposed explanations for the 

late-life mortality plateau include an assumption that the Gompertz law 

(exponential function) is not valid at those ages and that the mortality dynamics 

should be described by logistic, quadratic or some other mathematical functions 

(Gavrilov and Gavrilova[14]; Kannisto et al.[18]; Pham[5]). Other explanations 

take into account the heterogeneity of a population and its impact on the 

dynamics of mortality (Vaupel et al.[11]; Vaupel and Yashin[8]). The 

heterogeneity can be explained in different ways and can be described by 

different models (Lebreton[6]; Steinsaltz and Wachter[3]).  

  

 
Fig. 2. Mortality rates of the 2010-period Swedish population set in a semi-

logarithmic scale. The data are taken from the Human Mortality Database 

(http://www.mortality.org). The Gompertz function with parameters 
6

0 8.7 10m    and 0.109   fits the data very well after the age of 35. 

Deviations from the exponential growth are observed at young (before 35) and 

considerably old (after 100) ages. 

 

In this work, we aim to analyse the dynamics of mortality in human 

populations using the mathematical model that associates the exponential law 

for mortality dynamics with the heterogeneity of populations. We also develop 

the model for continuous age, which complements the discrete model developed 

in Avraam et al.[2]. Both, the discrete and continuous models, can reproduce 

and explain the pattern formed by period or cohort mortality rates across the 

entire lifespan and are able to explain the deviations from the exponential 

growth. The model is fitted to Swedish period data and it is shown that a 
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theoretical heterogeneous population composed by four subpopulations can 

reproduce the actual data fairly well. The model proposed in Avraam et al.[2], is 

then reformulated for the analysis of the probability density and survival 

functions of the population.  

The remaining of this paper is structured as follows. In Section 2, the 

theoretical models in discrete and continuous age are introduced and their 

probability density and survival function for heterogeneous populations 

developed. Section 3 presents the fitting procedure we used. The models 

presented in Section 2 are applied to Swedish mortality rates in 2010 in Section 

4 and obtained results are discussed in Section 5. 

 

2  Mathematical model 
 
2.1. Discrete model of mortality in heterogeneous populations 

 

The main assumption of the model is that human populations are 

heterogeneous and composed of a number of subpopulations or individuals, 

which differ genetically and/or by life style factors (Vaupel et al.[10]; 

Vaupel[9]). The model that combines the heterogeneity with the Gompertz law 

of mortality (Avraam et al.[2]) has a further assumption that the mortality rate in 

each subpopulation grows exponentially (i.e. in the same way as in Gompertz 

law) with different mortality parameters ( 0 ,m  ) for each subpopulation, 

reflecting the variations in the genotype and life style. The notations 0 ,jN  0jm  

and j  are used for the initial size, initial mortality rate and rate of ageing of 

the j-th subpopulation respectively. The mortality or the central death rate of the 

j-th subpopulation at age i  is then expressed by the exponential function: 

0 .                                                  (4)ji

ji jm m e


  

Using the definition of mortality rate (equation (1)), the mortality of the entire 

heterogeneous population composed by n  subpopulations is given by: 

1

, 1

1 1

,                                         (5)
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n
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j

i
n n

ji j i

j j

N

m

N N





 




 
 
 
 



 

 

with jiN  and jiN  representing the number and the number of death of 

persons of age i  in subpopulation .j  By taking into account equations (1) and 

(4), equation (5) is rewritten as: 
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When dealing with period data the number of individuals aged i  is constant for 

a stationary population and therefore the mortality rate is defined as the number 

of deaths iN  divided by the actual size .iN  Thus, the model of mortality 

(equation (6)) for period data is simplified and can be expressed as a sum of 

weighted exponential terms: 
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1 1
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where each weight ji  represents the proportion of the j-th subpopulation in the 

whole population at age :i  

1

 with 1.

n
ji

ji ji
i j

N

N
 



   

 

2.2. Continuous model of mortality in heterogeneous populations 

 

In the continuous model the age is defined by a real number x  

(continuous age) rather than by the integer number .i  For continuous age, the 

instantaneous mortality, x  at age x  (force of mortality) of a homogeneous 

population is defined as: 

0

1
( ) lim .                                     (8)

( ) ( )x

N dN
x

N x x N x dx


 

 
 


 

Substituting the Gompertz law in the LHS of equation (8) and solving the 

differential equation results in: 

0

( ) ,                                              (9)

xe

N x Ae






  

where the constant of integration A  is equal to 0 /
0N e

 
 as estimated by the 

initial condition 0( 0) .N x N   This means that the expression for the 

population size N  at age x  depends on the initial mortality,  0 ,  and the 

mortality coefficient :  

 0 1

0( ) .                                         (10)

xe

N x N e
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With heterogeneous populations, formula (10) is used to describe the size of 

each subpopulation at age .x  Therefore, the subscript j  is added in each 

parameter. As a result, the mortality of the entire population in continuous age is 

formulated by: 

0

0

( / )(1 )

0 0

1 1

( / )(1 )

0

1 1

( ) ( )

( ) .                 (11)
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By solving equation (11) at integer values of age ( x i ), equation (6) is found, 

providing then a link between the dynamics of mortality in the continuous and 

discrete models. 

 

2.3. Probability density and survival function in heterogeneous population 

 

The consideration of heterogeneity in human population can be used 

for the derivation of models for other mortality-related variables that exist in 

human life tables. Such variables are the number of survivors and the number of 

deaths at age .x  In this section, the models of probability density and survival 

function for heterogeneous populations are developed in continuous time. 

In a homogeneous population, ( )S x x  denotes the probability of an 

individual to survive at age x x  (usually called survival function) and is 

calculated as the difference between the probability to survive at age x  and the 

probability to die between x  and x x : 

( ) ( ) ( ) ( )                                   (12)S x x S x S x x x     

( ) ( )
( ) ( ).                                 (13)

S x x S x
x S x

x


 
  


 

The limit of LHS of equation (13) when x  tends to 0, is the derivative of 

( )S x  with respect to x : 

0

( ) ( ) ( )
lim ,                                      (14)
x

S x x S x dS x

x dx 

 



 

and therefore equation (13) can be written as the differential equation 

( )
( ) ( ).                                              (15)

dS x
x S x

dx
   

The solution of the differential equation (15) when the force of mortality ( )x  

follows the Gompertz law, is 

0( ) exp ,                                       (16)xS x A e




 
  

 
 

where the constant of integration ,A  is given by the initial condition 

( 0) 1S x    and is equal to 0 /
.A e
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By multiplying the survival function with the initial size of the population 0N , 

we find the number of individuals alive at age x . Therefore, for the 

heterogeneous population, the theoretical number of survivors at age x  is given 

by: 

 0

0 0 0

1

( ) ( ) exp 1 .                     (17)j

n
xj

j
jj

N x N S x N e







 
   

 
 

  

 The probability density function ( ),f x  of a heterogeneous population 

is obtained similarly. The probability ( )q x  of an individual to die by age x  is 

the complement of the probability to survive at the same age (i.e ( ) 1 ( )q x S x 

) and therefore the probability density function is obtained by differentiating the 

cumulative distribution function ( )q x  with respect to x : 

 0
0( ) '( ) exp 1 .                     (18)xf x q x x e


 



 
    

 
 

By multiplying the probability density function with the size of the initial 

population, we have the theoretical distribution of deaths across the lifespan, 

0( ) ( ).N x N f x   

For the case of a heterogeneous population composed by n  

subpopulations, the distribution of deaths is given by the sum of the number of 

deaths of individuals from each subpopulation: 

 0

0 0 0 0

1 1

( ) ( ) exp 1 .          (19)j

n n
xj

j j j j j
jj j

N x N f x N x e


  


 

 
     

 
 

   

 

3  Fitting Procedure 
 

The practical and commonly-used Least Squares Method was 

performed for the estimation of the model parameters that minimize the sum of 

the squared residuals between the theoretical and observed values. Log-Linear 

regression was used for the comparison between the logarithm of actual 

mortality rates and the logarithm of the theoretical mortality rates (logarithm of 

equation (6) or (11)), while Linear-regression was used to compare the actual 

number of deaths and survivors with the theoretical number of deaths given by 

equation (19) and theoretical number of survivors given by equation (17) 

respectively. In order to select the model with the optimal number of 

subpopulations, we used the Bayesian Information Criterion (BIC) (Schwarz[4]) 

which is given by the formula 

   2ln ln ,                                     (20)d e dBIC n k n   

where dn is the number of data points, 
2
e  is the sum of squared residuals 

divided by the number of data points and k  is the number of free parameters. 

The model with the lowest BIC value represents the optimum. Note that each 
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subpopulation is characterised by three parameters (initial mortality, rate of 

ageing and its size or proportion with respect to the whole population) and also 

the sum of the subpopulations fractions is equal to unity. Therefore, the model 

of heterogeneous population composed by n  subpopulations contains 

3 1k n   unknown parameters. 

 

4  Results 
 

The theoretical heterogeneous population model is fitted to three 

different sets of mortality-related data (mortality rates, number of deaths and 

number of survivors) for the 2010 period Swedish data for the entire population 

including males and females. The data come from the website of Human 

Mortality Database, (http://www.mortality.org). We first fit the model to the 

mortality rates introduced in Fig. 2. 
 

 
Fig. 3. The model of heterogeneous population fitted to the 2010 Swedish 

mortality rates. The heterogeneous population composed by three (panel A), 

four (panel B) and five (panel C) subpopulations are presented. The observed 

mortality rates are denoted by the dot points, the mortality dynamics of the 

subpopulations are given by the dashed lines and the total mortality of the whole 

population by the solid red curve. 

 

Fig. 3 presents the data and the fitted model composed by three (Fig. 

3A), four (Fig. 3B) and five (Fig. 3C) subpopulations. The BIC values reveal 

that the population composed by four subpopulations ( 334.07BIC   ) fits the 
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2010 period Swedish data better than the model of three ( 302.06BIC   ) 

subpopulations and slightly better than the five-subpopulation model (

315.73BIC   ). In the four-subpopulation model (Fig. 3B), the first 

subpopulation considered as the frailest (the subpopulation with the highest 

initial mortality) explains the sharp decline of mortality pattern at infant ages. 

The second subpopulation (with initial mortality closed to 0.3) mainly forms the 

left part of the local minimum that is observed at young ages (ages 2-7). The 

third subpopulation with initial mortality around 0.001 forms the local hump 

that appears over the reproductive period (ages 20-30). This hump is frequently 

called the accidental hump since it reflects external death factors such as 

accidents (for both sexes) and maternal mortality (for females). The fourth 

subpopulation is the most robust (having the lowest initial mortality) and has the 

biggest initial fraction. It explains the exponential growth of mortality at the 

period of ageing. 

The fitting procedure is then applied to the numbers of deaths and 

survivors taken for the 2010 Swedish population, with equation (19) and 

equation (17) respectively. The BIC values indicate that the best fit to the 

observed numbers of deaths and survivors is obtained in both cases with a 

model composed by four subpopulations (Fig. 4).  

 

 
Fig. 4. The model of heterogeneous population fitted to the 2010 Swedish 

number of deaths and number of survivors. A: The density function of 

heterogeneous population composed by four subpopulations (red curve) is fitted 

to the actual numbers of deaths and B: The survival function of heterogeneous 

population composed by four subpopulations (red curve) is fitted to the actual 

numbers of survivors. 

 

Consequently, the analysis shows that the assumption of population 

heterogeneity provides mathematical models that fit the mortality-related data 

(Fig. 3 and 4) better than a model of homogeneous population. On the other 

hand, the three attempts of fitting mortality-related data for the same population 

do not give the same values for the mortality parameters. The model for 

mortality rates of heterogeneous population provides the parameters that shape 

the mortality pattern of the entire lifespan, since by using the logarithm of 

mortality rates during the fitting procedure we increase the weight of young 

ages. The other two models (equations (17) and (19)) provide parameters that 
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minimize the residuals mainly at adulthood span, since the differences between 

theoretical values and observations at young and extreme old ages are 

negligible. Besides, the theoretical relationships between equations (6), (11), 

(17) and (19) developed in Section 2 are valid only for cohort data with no 

migration where the number of persons alive at age 1i   ( 1iN  ) in year t  are 

equivalent to the number of persons alive at age i  in year 1t   minus the 

number of persons who died at age i  in year 1,t   .i iN N  However, since 

we do not fit cohort data but period data and since the Swedish population is 

subject to migration flows, this relation does not hold, explaining partly the 

observed differences between the values of the parameters of the three fitted 

models. The mortality rates of the entire population resulting from the model 

applied to the three different sets of Swedish data are shown in Fig. 5. The green 

and blue curves indicate that the parameters obtained by fitting the numbers of 

deaths and survivors, fail to accurately model the peculiarities of mortality 

pattern at early and extreme old ages. However they both create a smooth dip at 

around age 75 and thus better capture the mortality pattern at adult age than the 

curve of mortality obtained by fitting mortality rates (red curve in Fig. 5). 

  

 
Fig. 5. Different fits of four-subpopulation heterogeneous model to 2010 

Swedish mortality data. The red curve represents the mortality pattern 

resulting from the heterogeneous model fitted to the mortality rates (same 

pattern as in Fig. 3B) while the green and blue curves show the mortality pattern 

resulting from the model fitted to the numbers of deaths and the numbers of 

survivors respectively. 
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Conclusions 
 

Modelling the dynamics of human mortality has long been the focus of 

various studies aiming an understanding the ageing processes and the causes of 

mortality at different ages. A number of studies have assessed the impact of 

heterogeneity on the dynamics of mortality, in particular at young and extremely 

old ages. The assumption that the population is heterogeneous combined with 

the assumption that the mortality dynamics of each subpopulation follows the 

exponential law, have been used to model the observed mortality dynamics and 

particularly to explain the deviations of mortality dynamics from the 

exponential growth (Avraam et al.[2]). In this work, we extended the model 

developed in Avraam et al.[2], from discrete to continuous time and we use it to 

reproduce and analyse the mortality dynamics across the entire human lifespan. 

The model contains meaningful demographic parameters and is capable of 

reproducing the actual data of a human population fairly well. The heterogeneity 

of a population is also used to derive models reproducing the patterns formed by 

the numbers of deaths and survivors.  

The model reveals that we need to consider only four subpopulations to 

reproduce with sufficient accuracy the Swedish period mortality-related data 

(Fig. 3B and 4). The four-subpopulation model appears to be the optimum in all 

three fitted models we developed, that are 1) fitted model to mortality rates, 2) 

fitted model to the number of deaths and 3) fitted model to the number of 

survivors. Even though it probably underestimates the real heterogeneity of 

human populations, it shows how a simple mathematical model can well 

represent actual human mortality dynamics. Our analysis indicates that the 

contribution of heterogeneity differs across ages. The mortality model suggests 

that a small subpopulation with high initial mortality explains the decline in 

mortality at young ages as this subpopulation gradually disappears. Generally, 

the faster-ageing subpopulations are eliminated with increasing age and the 

entire population starts to act more-and-more homogeneously, as if it was 

composed by a single (with the lowest mortality) subpopulation. 

The model presented in this study allows many future developments, 

such as an analysis of the time evolution of the Gompertz parameters. Indeed, 

such study could help to better understand past mortality evolutions, such as the 

ageing process, and could provide a new approach to forecast mortality trends of 

human populations. By comparing these projections with traditional forecasting 

techniques currently used in practice, such as the Lee-Carter and the Heligman-

Pollard models (see for example Gaille[16]), the analysis of potential future 

mortality developments will be enhanced.   
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Abstract. The investigation of the earth’s internal structure is of great interest
in areas as diverse as civil engineering, water management and oil exploration. A
common technique looks to estimate the electrical conductivity of the subsurface,
a proxy for the internal structure, from a grid of surface voltage measurements —
an example of an ill-posed inverse problem. This paper uses a Bayesian modelling
approach to compare different prior model descriptions using Markov chain Monte
Carlo estimation. A range of simulation examples are considered.
Keywords: Bayesian modelling, Inverse problems, MCMC, Posterior estimation,
Regularization.

1 Introduction

Geophysical surveys seek information about the earth’s internal structure from
a few metres below the surface to as deep as several hundreds of kilometres.
Direct measurements can sometimes be obtained from boreholes, but this pro-
vides only local information. Instead, surface data can be collected, such as
electric, gravimetric, seismic and magnetic, which provide a cheap, safe and fast
alternative, but give indirect information about the internal structure. Here,
the data are measurements of electrical voltage taken at locations forming a
regular grid above the target region. The key to understanding the internal
structure is the estimation of the subsurface electrical conductivity distribu-
tion from these surface measurements — see Hidalgo-Silva and Gómez-Treviño
(2013b) for further details

In this paper a Bayesian modelling approach is adopted which defines the
error model as a likelihood and regularization in terms of prior distributions
with the resulting posterior distribution being the focus for estimation — see
for example Besag et al. (1995) and Gilks et al. (1995) — this is in contrast
to the use of deterministic algorithms as in Hidalgo-Silva and Gómez-Treviño
(2013a). Estimation of unknowns is performed using a Markov chain Monte

3rd SMTDA Conference Proceedings, 11-14 June 2014, Lisbon Portugal
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Carlo algorithm which also allows uncertainties to be quantified, as well as
conductivity distributions to be estimated.

2 Bayesian modeling

The overall aim of a generic inverse problem is to estimate an unknown function,
x(s), s ∈ Ω, within some region, from a finite set of measurements y = {yi :
i = 1, . . . , n} taken outside the region. In many examples the region will be
partitioned into disjoint pixels and the function correspondingly discretized to
give unknowns x = {xj : j = 1, . . . ,m}. An example of a Bayesian approach
in archaeology can be found in Aykroyd et al. (2001).

The data, y, depend on x though a deterministic relationship, as well as
stochastic noise. Often it is assumed that the relationship is linear and that
the noise is well modelled by a Gaussian distribution leading to the likelihood

f(y|x) =
1

(2πσ2)n/2
exp

{
− 1

2σ2
||y −Gx||2

}
, σ > 0. (1)

In the geosounding application considered here, although the exact relationship
is nonlinear, it will be assumed that a linear approximation is adequate — the
calculation of the corresponding kernel matrix G is described in Hidalgo-Silva
and Gómez-Treviño (2013b) and references therein.

For estimation, evidence from the data and from prior beliefs are brought
together by combining the likelihood and a prior distribution, denoted p(x),
using Bayes theorem, to form the posterior distribution, defined as

p(x|y) = f(y|x)p(x)/f(y). (2)

The denominator can be dropped, as it contains no information about the
unknown x and hence is not needed for estimation, leading to the key equation

p(x|y) ∝ f(y|x)p(x). (3)

This form highlights the common role of the likelihood and prior distribution.
The prior distribution describes detailed expert knowledge or general beliefs
about the unknown function by quantifying the relative plausibility of different
configurations of x. Two common families of prior distribution are

p0(x) =
1

Z(λ)
exp

(
−λq

∑
i

|xi|q
)
, λ > 0, q = 1, 2, (4)

which gives higher probability to values close to zero, and

p1(x) =
1

Z(λ)
exp

(
−λq

∑
i

|xi − x̄∂(i)|q
)
, λ > 0, q = 1, 2, (5)

which gives higher probability to smoother spatial patterns. In each the sum
is over all pixels, the parameter λ controls the overall variability in the pixel
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values, and x̄∂(i) is the mean of the neighbours of pixel i. The q = 1 case gives
Laplace distributions, whereas q = 2 gives Gaussian distributions.

It is interesting to note links with other approaches. The first prior distribu-
tion, with q = 2, has Tikhonov regularization as a special case and the second,
with q = 1, has total variation as a special case. Many of these distributions
lead to methods which are equivalent to approaches used in regression. A good
review is given in Hastie et al. (2009), who also go on to discuss generalizations.
Two such generalizations, which are interesting for use as prior distributions in
image reconstruction, are the elastic net which corresponds to the distribution

p3(x) =
1

Z(λ1, λ2)
exp

{
−λ1

∑
i

∣∣xi∣∣− λ22∑
i

x2i

}
, λ1, λ2 > 0 (6)

which thresholds and shrinks values, and the fused lasso with distribution

p4(x) =
1

Z(λ1, λ2)
exp

{
−λ1

∑
i

∣∣xi∣∣− λ2∑
i

∣∣xi − x̄∂(i∣∣
}
, λ1, λ2 > 0,

(7)
which is capable of both thresholding and spatial smoothing.

3 Estimation and the MCMC algorithm

The aim of the analysis is to estimate the value of the unknown parameters
from the measured data using the posterior distribution. Here a Markov chain
Monte Carlo (MCMC) algorithm is used to produce a correlated sample from
the target posterior distribution — for theoretical details see Gamerman and
Lopes (2006) and Brooks et al. (2011), and for practical examples see Gilks
et al. (1995). Specifically, the transitions in the Markov chain are designed so
that an equilibrium distribution exists and is equal to the target distribution.
Hence the sample will have the same statistical properties as a sample obtained
directly from the posterior distribution.

One of the simplest schemes is the random walk Metropolis-Hastings al-
gorithm — details of the algorithm are shown in figure 1. From an arbitrary
starting point, x0, the sample path of a discrete time Markov process is sim-
ulated to produce values x1, . . . ,xK . In particular, at each step only a single
variable is proposed and further the proposal is a Gaussian perturbation of the
previous value. To have the required posterior distribution as its equilibrium
distribution detailed balance must hold requiring each proposal to be accepted
with a carefully defined probability. Initial values will depend on the starting
value and hence are discarded with only the remaining values used for estima-
tion. Clearly, key issues are how many iterations to discard, and how big a
sample to collect.

This procedure can be converted into a simulated annealing algorithm (Ge-
man and Geman, 1984), to allow the maximum aposteriori (MAP) estimate
to be found, by changing the acceptance probability to α1/T where T , the
temperature, is a decreasing function of iteration number.
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Set an initial value for x, call this x0

Repeat the following steps for k = 1, . . . ,K
Repeat the following steps for i = 1, . . . ,m

Generate ε from a Gaussian distribution N(0, τ2)

Generate a proposed new value x∗i = xki + ε
Evaluate

α = min

{
1,
p(xk1 , . . . , x

k
i−1, x

∗
i , x

k−1
i+1 , . . . , x

k−1
m |y)

p(xk1 , . . . , x
k
i−1, x

k−1
i , xk−1

i+1 , . . . , x
k−1
m |y)

}
Generate u from a uniform distribution, U(0, 1)

If α > u then accept the proposal and set xki = x∗i , otherwise xki = xk−1
i

End repeat
End repeat
Discard initial values and use remainder to make inference

Fig. 1. A simple random walk Metropolis-Hastings algorithm.

4 Results

In this section selected algorithm output is presented using examples motivated
by field data from Las Auras, a potential water reservoir site near the city of
Tecate, México (Hidalgo-Silva and Gómez-Treviño, 2013b). Figure 2 shows the
true conductivity distribution used to generate synthetic data. In practice, to
collect real measurements, an alternating current in a transmitter coil is gener-
ated, creating an alternating magnetic field in the surrounding area which, in
turn, produces an electromotive force in a receiver coil. The measured voltages
depend on the exact subsurface conductivity distribution. Although the rela-
tionship between the subsurface conductivity and the surface measurements is
nonlinear, it can be well approximated by a linear model (Pérez-Flores et al.,
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Fig. 2. Conductivity distribution used to generate synthetic data.
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Fig. 3. Reconstruction using L1 thresholding prior with λ = 2.

2001) leading to a corresponding kernel matrix G as described in Hidalgo-Silva
and Gómez-Treviño (2013b).

Figure 3 shows the MAP estimate using a Laplace prior distribution with
λ = 2. Both high conductivity areas can be seen, but the bottom edges are
poorly resolved. In particular, the vertical extent would be judged to be too
small — there is little information in the data regarding the deeper locations
allowing the prior to have greater influence. The contrast against the back-
ground is good, although the piecewise constant conductivity is not evident.
The MAP estimate using a Gaussian smoothing prior with λ2 = 30 is shown
in figure 4. This has the classical appearance of over smoothing the conduc-
tivity jumps, but does give a clear background. Also, there is a slightly better
indication of the true vertical extent of the left-hand region than before, but
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Fig. 4. Reconstruction using L2 smoothing prior with λ2 = 30.
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now the right-hand region is too big — again this is due to the dominance of
the prior distribution at greater depths.
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Fig. 5. Reconstruction using hybrid L1 thresholding and L2 smoothing prior with
λ1 = 5 and λ2

2 = 30.

Figure 5 shows the MAP estimate using a hybrid of thresholding Laplace
prior with λ1 = 5 and smoothing Gaussian prior with λ22 = 30. These are close
to the values in the previous examples but in combination there is a useful
improvement in accuracy. The constant areas are smoother than in figure 3,
and there is reduced fuzziness around the object boundaries.

Figure 6 show the MAP estimate (top) and the posterior standard deviation
(bottom) for a hybrid thresholding Laplace prior with parameter λ1 = 2, as
in figure (3), and smoothing Laplace prior with λ2 = 0.1. There is very good
contrast between the high conductivity regions and the background and better
uniform conductivity within the regions, but again in each the vertical extent
is not reproduced well. The variability is lower near the surface and increases
with depth. This reinforces the difficulty of estimation far from the surface —
a characteristic of problems such as geosounding.

5 Discussion

This paper describes the Bayesian approach to image reconstruction and the
MCMC algorithm, and applies them to the problem of reconstructing the sub-
surface conductivity from surface data. In some cases the resulting procedures
are closely related to classical deterministic techniques, but the statistical ap-
proach is amenable to natural description and intuitive interpretation. The
Bayesian approach makes explicit use of statistical descriptions and probabil-
ity models and encourages a richer set of modelling options without any need
to follow a mathematically or computationally convenient path. There is sub-
stantial scope to extend the modelling, for example by including data from
multiple sources — Aykroyd and Al-Gezeri (2014) consider combining surface
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(a) MAP estimate.

−
40

0

−
35

0

−
30

0

−
25

0

−
20

0

−
15

0

−
10

0

−
50

0 50 10
0

15
0

20
0

25
0

30
0

35
0

40
0

200

180

160

140

120

100

80

60

40

20

0

D
is

ta
nc

e 
(m

)

0

0.1

0.2

0.3

0.4

0.5

C
on

du
ct

iv
ity

 (
s/

m
)

(b) Posterior standard deviation.

Fig. 6. Reconstruction using hybrid L1 thresholding and L1 smoothing prior with
λ1 = 2 and λ2 = 0.1.

and borehole data. Also, other styles of modelling can be considered, for ex-
ample Hidalgo et al. (1998) consider the use of piecewise constant functions. A
great benefit of the statistical approach when linked with MCMC estimation is
the great flexibility over the choice of prior distributions and output summaries.
The resulting statistical analysis is based around a probability distribution and
so a wide range of possible summaries are available which are far beyond a
single point estimate.
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Hidalgo, H., J. L. Marroqúın, and E. Gómez-Treviño (1998). Piecewise smooth
models for electromagnetic inverse problems. IEEE Transactions on Geo-
science and Remote Sensing, 36, 556–561.
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Therefore, one has a complex and/or heterogeneous data set under analysis. In that case 
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statistical data units are described by either a homogeneous or a heterogeneous set of 
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1 Introduction 
 

In complex and large data bases, we are very often concerned with matrices where 

data units are described by some heterogeneous set of variables. Therefore, the 

question arises of how we should measure the similarity between statistical data 

units in a coherent way, if different types of variables are involved. Traditionally, 

partial similarity coefficients for each type of variables are computed, and then a 

convex linear combination of those similarities gives a global similarity between 

data units. Such procedures should be performed in a consistent way, combining 

comparable similarity coefficients in a valid / robust global similarity. Clustering 

data sets where mixed variables types are involved has interested many 

researchers. In two-way data matrices a well known coefficient for comparing 

subjects described by different types of variables was already proposed in 1971 by 

Gower. Cluster analysis of symbolic data described by mixed variables types may 

be found, for instance, in Bacelar-Nicolau et al. (2009, 2010) and in De Carvalho 

and Souza (2010), while Chavent et al. (2003) concerns clustering of interval data, 

which plays a special role in this paper. A number of dissimilarity coefficients, like 

adaptive squared Euclidean, city-block, Hausdorff distances or generalized 

Minkowski metrics, among others, may be found in those papers, either in a 

hierarchical or in a non hierarchical clustering context. In this paper, we deal with a 

consistent global affinity coefficient as the basis of hierarchical clustering methods 

(Bacelar-Nicolau, 2002; Bacelar-Nicolau et al., 2009, 2010). The next section 

gives a brief description of our approach to three different types of variables 

commonly found out in real databases, the third section illustrates a case study that 

partially applies the methodology and the last section concerns conclusions and 

some developments.   

 

2 Complex and Heterogeneous Data 

 
Let D = {1,…,n} be a set of n statistical data units which are described by a set of p 

variables, Y = {Y1, ...,Yp}. Cluster analysis usually aims to obtain a classification of 

one of the two data sets, either D or Y, given the other one. Here we will be 

concerned with clustering models on the set of data units D. The data units can be 

either simple elements (e.g., subjects, individuals, cases) or subsets of objects in 

some population (e.g., subsamples of a sample, classes of a partition, subgroups of 

the population). Such kind of data might be represented in a generalized three-way 

data matrix where the k-th row, (k=1,… ,n),  gives the description of the k-th data 

unit by the p variables, and the (k,j)-th entry, (k=1,… ,n ; j=1,…,p), may contain 

for instance a finite number of real values, a frequency distribution, a probability 

distribution or an interval of the real data set R, instead of one single value.   

In most mixed or heterogeneous data sets we have been studying, those values 

concern discrete, binary or interval types of variables, either conjointly or in two 

by two type combinations. Hence in the set Y = Y1,...,Yj,..., Yj’,..., Yj’’,...,Yp of p 

variables, we will assume that Yj represents a discrete or a categorical (modal) 

variable with mj (  =1,...,mj) modalities, also called a histogram variable, Yj’ is a 
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mj’ –dimensional binary vector and Yj’’ is an interval variable, where j, j’ and j’’ 

belong to {1,…,p} (e.g., Bacelar-Nicolau, 2000; Bacelar-Nicolau et al., 2009, 

2010). Thus the corresponding generalized columns have n rows, and the k-th row 

(k=1,… ,n) contains: for Yj , a frequency distribution  
jkjmkj nn  ,...,1

, where kjn  is 

the number of subjects in the k-th data unit who share the  -th category of the j-th 

variable;  for Yj’ , an element   '1,0 jm

k
 of the power set   '1,0 jm , the whole binary 

sub-table being an element of   '1,0 jmn ; for Yj’’ , an interval Ikj’’  of the real axis. 

Thus the data set may be represented by the following generalized table: 

 

Table 1. Generalized three-way data matrix with heterogeneous variables 

 

  D\V … Yj … Yj’ … Yj’’ … 

 … ... …  …  … 

k …  
jkjmkj nn  ,...,1

    '1,0 jm

k
 … 

''kjI  … 

 … ... … … … … … 

k
’ 

…  
jjmkjk nn '1'  ,...,  …   '

'1,0 jm

k
 … 

''' jkI  … 

 … ... … … … … … 

 

Therefore, a consistent global similarity (or dissimilarity) coefficient should be 

used for such mixed types of data.  

 

2.1. Discrete and categorical variable  

 

Let Yj be a discrete or a categorical (modal) variable with mj (  =1,...,mj) 

modalities. Then, its general k-term (k=1,…,n) may be obtained by simply 

replacing kjx by the frequency kjn  of the  -th category or modality (  =1,...,mj). 

The relative frequencies
 kjkjkj nnp  ,  =1,...,mj, generate a discrete probability 

distribution, that is a profile, or else a histogram, ((m1, 1kjp ), …, (mj, 
jkjmp )).  

Therefore, in order to measure partial/local similarity between each pair (k, k’)  of 

data units, over a modal variable, one may choose a similarity (or a dissimilarity) 

coefficient for probability distributions (e.g., Bock and Diday, 2000; Bacelar-

Nicolau, 2000).  

 
2.2. Binary vector 

 

Let us now take variable Yj’, a mj’ – dimensional binary vector (see Table 1). Given 

the data units k and k’, let us represent by sj’ the cardinal of positive agreements 

( 'kjx = '' jkx =1), tj’  the cardinal of negative agreements ( 'kjx = '' jkx =0), and uj’ 
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and vj’ the cardinals of disagreements (respectively, 'kjx =1, '' jkx =0 and 'kjx =0, 

'' jkx =1). Then, we also have:  
'

1 ''''
jm

jkkjj xxs  
,   

'

1 '''' )1)(1(jm

jkkjj xxt  
, 

  
'

1 '''' )1(jm

jkkjj xxu  
 and   

'

1 '''' )1(jm

jkkjj xxv  
.  

One can find quite a large list of coefficients for binary data in the statistical 

literature, computed from those cardinals.  Thus, a local similarity coefficient for a  

pair of rows (k, k’), k, k’=1,…,n, over a binary vector, may be computed from the 

22 contingency table associated with the pair (k, k’) in the j’-th binary sub-table, 

as follows:  

Table 2. Table of agreements and disagreements for a binary vector  

 

k \ k’ Agreement (1) Disagreement (0) Total 
 

1  


'

1 ''''

jm

jkkjj xxs
 

  


'

1 '''' )1(
jm

jkkjj xxu
 

 ''' kjjj mus   

 

0  


'

1 '''' )1(
jm

jkkjj xxv
 

  


'

1 '''' )1)(1(
jm

jkkjj xxt
 

 '''' kjjjj mmtv   

Total 
'''' jkjj mvs   

''''' jkjjj mmtu   
'jm  

 

where 'kjm  ( '' jkm ) denotes the cardinal of presences in the data unit k 

(respectively, k’) for the binary vector Yj’.  

 

2.3. Interval-type variable 

 

A variable Yj’’ defined on the set D of statistical data units is an interval variable if 

for all kD the subset Yj’’ (k) is an interval of the real data set R. Let Yj’’ be an 

interval variable associated with a generalized column  j’’ (see Table 1), where 

each cell (k, j’’) contains an interval ''kjI  (k =1,…,n) . 

Let ''jI  be the union of the intervals '''''' : kjjkj III   (k =1,…,n). Thus, ''jI  is 

the domain of Yj’’. Let  
'''' ,...,1   : jj mI   be a set of mj’’ elementary intervals, 

such that the following properties hold, for :,...,1  ;'  ,,....,1', '' nkm j    

i)
'''' jj II  ; ii)  '''''  jj II ; iii)  '''''' jjkj III  , if  '''' jkj II , and  

 '''' jkj II ,  otherwise.  

Let ''kjx  be  '''''' jkjkj IIx  , where    represents the interval range. Then, 

 '''''''''' I    if    jjkjjkj IIIx  , and 0'' kjx ,  otherwise.  
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Therefore, one has for each pair ( ''kjI , ''' jkI ) of intervals: 
''kj'kj' Ix 

,   

''' jk'j'k' Ix 
 and  

''

1 ''''''''''
jm

jkkjjkkj IIxx  . Consequently, the (k,k’)-th 

pair of intervals in the j’’-th generalized column of Table 1, can be associated to a 

generalized 22 contingency table as follows: 

 

Table 3. Table of agreements and disagreements for interval variables 
 

k \ k’ Agreement Disagreement Total 
 

Agreement 
''''''' jkkjj IIs   

c

jkkjj IIu '''''''   '''''' kjjj Ius   

 

Disagreement 
''''''' jk

c

kjj IIv   
c

jk

c

kjj IIt '''''''   
c

kjjj Itv ''''''   

 

Total 
''''''' jkjj Ivs   

c

jkjj Itu '''''''   ''jI  

 

Into the cells of Table 3, agreements or disagreements are measured by the 

respective interval ranges, instead of the cardinals computed for a binary vector. 

Note that 
c

kjI ''  represents the complementary interval of ''kjI   in the domain ''jI .  

 

2.4. Global affinity coefficient 

 

The three approaches above for representing binary, modal and interval valued 

variables lead to a comprehensive approach for measuring global proximity 

between complex data units (k, k’) described by those heterogeneous kinds of 

variables. A special interesting case arises when only binary and interval valued 

variables are present in a database, since then all (the large list of) association 

coefficients for binary data defined from the 22 related contingency table can also 

be used in exactly the same way for interval data, from the corresponding 

generalized 22 contingency table. If modal variables are also present in the 

database, a global proximity coefficient between (k, k’)  has to consistently take in 

account proximity between histograms as well. The affinity coefficient responds to 

those requirements. 

The affinity coefficient was formerly introduced by the pioneer work of K. 

Matusita, started with Matusita (1951) for measuring proximity between two 

probability distribution functions. It is related to a special case of the Hellinger (or 

Bhattacharyya) distance. We have extensively studied the affinity coefficient and 

its properties, several affinity generalizations and some particular cases in cluster 

analysis context (e.g., Bacelar-Nicolau, 2000, 2002; Bacelar-Nicolau et al., 2009, 

2010). The weighted generalized affinity coefficient )',( kka , between a pair of 

statistical data units k, k’  D (k, k’=1,…,n), may be defined in a three-way 

context, as the weighted mean of  local / partial affinities between k and k’ over the 

j-th variable (j=1,…,p), as follows: 
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jm

jk

jk

kj

kjp

j j

p

j x

x

x

x
jkkaffkka

1
'

'

1
1

j ;',    )',(


                (1) 

where the sum named aff (k,k’;j) is the generalized local affinity between k and k’ 

over the j-th variable, mj representing the number of “modalities” of this variable; 

kjx  is a real non-negative value (a suitable adaptation of the formula above may 

be considered if real or frequency negative values appear) whose meaning depends 

on the type of j-th variable or equivalently on the nature of the j-th corresponding 

sub-table and  j are weights such that 0  j  1,   j = 1.  
Either the local affinities, or the whole weighted generalized affinity coefficient, 

take values in the interval [0,1] and satisfy the set of main proprieties of a 

similarity coefficient.  

A probabilistic affinity coefficient may very often be associated to )',( kka , 

giving place to a probabilistic clustering approach. In this work, some hierarchical 

clustering models used such approach (e.g., Lerman, 1970, 1981, 2000; Bacelar-

Nicolau, 1987, 2000; Bacelar-Nicolau et al., 2010; Nicolau and Bacelar-Nicolau, 

1982, 1998). 

It is easy to prove that the generalized local affinity coefficient aff (k,k’;j) in the 

mathematical expression (1) applies for each of the three types of variables 

described above (see Sections 2.1, 2.2 and 2.3).  

For a histogram, the local affinity between k and k’ is given by: 

 

 

 

 

In the cases of a binary vector and an interval variable, we respectively obtain: 

 

 

 

 

and 

 

 

 

 

Thus, we find the well known Ochiai coefficient for binary data, and a generalized 

Ochiai coefficient, for interval data. In both cases local affinities might 

consequently be computed through two different ways, either by using aff (k,k’;j’) 

and aff (k,k’;j’’), respectively (see expression (1)), or alternatively by using (see 

Tables 2 and 3) the 22 contingency and the 22 generalized contingency tables 

(Bacelar-Nicolau et al., 2009, 2010).  

The global weighted generalized affinity coefficient (1) holds for mixed data where 

histogram, binary and interval variables are simultaneously present. 
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3. Application to a Case Study: Horse data set 

 
Here, we briefly illustrate how the extended generalized affinity coefficient works 

over a real data set where histogram and interval variables are present. The dataset 

is issued from the literature of multivariate and symbolic data analysis. The horse 

data set (http://www.ceremade.dauphine.fr/~touati) consists of twelve (second 

order) statistical data units which represent groups of horse races from a sample of 

60 races. The groups are described by three histogram and seven interval valued 

variables.  
The twelve data units are named as follows: ES/R, MA/R, EN/R, AM/R, EN/L, 

AM/L, ES/L, ES/D, EN/D, EN/P, ES/P and AM/P, where labels ES, EN, AM and 

MA refer to Southern Europe, Northern Europe, America and Arab World, 

respectively, while R, L, D and P refer to Racehorse, Leisure Horse, Draft Horse 

and Poney, respectively (De Carvalho and Souza, 2010).  

The histogram variables are Country (15 countries), Robe (10 categories) and 

Aptitude (9 categories) and the interval variables are Height at the withers / Size 

(min), Height at the withers / Size (max), Weight (min), Weight (max), Mares, 

Stallions and Birth. 

A brief description of the variables, by type, partial description over the set of 

statistical data units and number of modalities of each histogram variable or 

number of computed elementary intervals of each interval variable may be seen in 

the following table:  

 
Table 4. Short description of Horse data set variables 

 

 
 

Thus each variable (generalized column) gave place to a sub-table with a suitable 

number of columns corresponding to a set of modalities (for the first three modal 

variables) or a set of elementary intervals (for the seven last interval valued 

variables).  
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According to the previous table, the generalized data matrix describing the 

statistical data units (groups of horses), was split into ten sub-tables with twelve 

rows and a different number of columns. Table 5 partially illustrates the first and 

last sub-tables of the resulting generalized data matrix. 
 

Table 5. Partial representation of the transformed data matrix for Horse data set 
 

 
 

The two sub-tables represent, respectively, the first histogram variable Country 

(where the data units are described by their corresponding profiles, as they were 

displayed at the site) and the last interval variable Birth. 

For the interval variable, Birth, each row of its sub-table contains the 16 ranges of 

the intersection intervals between each elementary interval and the interval 

assumed by Birth in the group of horses described by that row. 

The hierarchical clustering models we used for classifying the twelve complex data 

units were based on either the weighted generalized affinity coefficient 

)',( kka with equal weights,  /1 pj  , or an associated coefficient related to the 

probabilistic approach referred to above (see Section 2). Both coefficients were 

combined with several classical (single linkage-SL, complete linkage-CL, etc.) and 

probabilistic VL (V for Validity, L for Linkage) aggregation criteria in order to 

obtain hierarchical clustering models. Note that the VL methodology is a 

probabilistic clustering approach based on the cumulative distribution function of 

similarity coefficients under suitable reference hypothesis (e.g. Bacelar-Nicolau, 

1987; Bacelar-Nicolau et al., 2009; Lerman, 1970, 1981, 2000), which may be 

combined either with classical or VL aggregation criteria.  

Two kinds of clustering typologies arise, one into four clusters and the other one 

into three clusters and a few singletons (from the corresponding numerical tables of 

similarities and aggregation criteria, as well as from appropriate quality/validity 

indexes to choose de most significant partitions). The dendrograms are represented 

in the following figure, where probabilistic and empirical hierarchical clustering 

approaches were respectively used:  
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Fig. 1. Dendrograms for hierarchical clustering models based on  

the global generalized affinity coefficient  
 

The main four clusters, obtained with the hierarchical clustering models associated 
to the dendrogram shown on the left side of Figure 1, are {ES/R, ES/D, EN/R, 
ES/L, EN/D}, {MA/R, EN/L, AM/L}, {EN/P, AM/R}, and {ES/P, AM/P}. 
Alternatively, three main clusters emerge from the models giving the dendrogram 
on the right side, {ES/R, ES/D, EN/R, EN/D}, {ES/P, AM/P} and {MA/R, ES/L, 
EN/L, AM/L}; then EN/P and AM/R join, one after the other, the third cluster, 
instead of merging together. 
The clusters {ES/R, ES/D, EN/R, EN/D}, {EN/L, AM/L} and {ES/P, AM/P} show 
to be consistent in the way they are built into the hierarchical clustering models we 
have analyzed.  
The following a priori classification into four classes was proposed for this data 
set: Racehorse (R)={ES/R, MA/R, EN/R, AM/R}, Leisure Horse (L)= {EN/L, 
AM/L, ES/L}, Draft horse (D)={ES/D, EN/D} and Poney (P)={EN/P, ES/P, 
AM/P}. Therefore, looking at the consistent clusters indicated above, the first one 
merges together the a priori draft horse and half racehorse classes. The second one 
is the a priori leisure horse class, without ES/L. The third one is the a priori poney 
class, without EN/P. 
The horse data set was analyzed, among others, by De Carvalho and Souza (2010), 
with three non-hierarchical different algorithms. In their study, the clustering 
results also do not replicate the a priori classification. Besides, the authors obtain 
different partitions with different methods but they also find some consistent 
clusters, which in fact are the same consistent clusters we have listed above. Note 
that a hierarchical clustering model brings additional information on the way 
partitions are built.  
 

4. Conclusions. Future developments 
 

The three approaches described above for representing histograms, binary and 
interval valued variables lead to a comprehensive approach for measuring global 
proximity between complex data units (k, k’). The weighted generalized affinity 
coefficient holds for mixed data where those kinds of heterogeneous variables are 
present. In fact, it is a similarity coefficient defined for comparing distribution 
laws, gives the Ochiai and the generalized Ochiai coefficients for binary and 
interval variables, respectively, and may be represented by the same mathematical 
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expression for all three types of variables. Consequently, a unique algorithm works 
for those variable types. 
Future developments include analyzing adaptive families of probabilistic clustering 
models and computational upgrading. Applications to real databases have mainly 
been developed in health and social sciences, education, economy and 
management. 
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Abstract. This work investigates how Turbo Pascal Three Phase Discrete- Event 

Simulation Routines and its libraries can be used in optimizing the number of loaders and 

trucks in the aggregate production, at a minimum cost. 

A model is developed using the activity cycle diagram and the performance measures of 

the system are evaluated. Inefficiencies of the studied problem are identified and 

improvement is proposed for the quarry managers by determining the optimal strategy. 

Keywords: Modelling, Activity Cycle Diagram, Discrete-Event Simulation, Monte 

Carlo. 

 

1 Introduction 
 

Some operations in civil engineering are quite complex systems, such as 

operations in an operational aggregates quarry. These systems can be modelled 

and simulated using computers by the way simulation software. Indeed, the 

simulation in civil engineering has known a real development and many 

simulation software have emerged through computer science. Among these 

software we find a RESource based simulation system for building process 

planning (Resque) (Chang[1]), State and Resource Based Simulation of 

COnstruction Processes (Stroboscope) (Martinez[2]), Resource-Interacted 

SIMulation modelling in construction (RISim) (Chua and LI[3]).  The automated 

simulation in civil engineering involves the development of an imitation on 

computer of the system under study. It includes the modelling, the development 

of appropriate software, followed by an experimentation to understand and 

study the various possible improvements of the system. Currently, in civil 

engineering, Stroboscope language is one of the most used. So, in this paper we 

apply a different language on a civil engineering system which is PSim the three 

phase discrete event simulation and see how this software can deal with this 

type of system and if the results obtained will be reliable. The considered civil 

engineering system is an operational aggregate quarry situated in Bejaia Algeria, 

considering the random behaviour, the resource characteristics and dynamic 

interactions during operations. The behaviour of this case-study depends on 

input random variables with known probability density functions. A logical 

model for the quarry aggregates using an expanded Activity Cycle Diagram 

(ACD) is built from which we have simulated the quarry on a computer. The 

ACD expresses the logic of complex simulation models effectively and is used 

as a vehicle for experimentation. So, experiments are carried out on the model 
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built and unknown parameters of the output random variables of interest are 

estimated. Hence, Monte Carlo methods (Fishman [4], Robert and Casella [5]) are 

usually used for such problems. That is, in a simulation experiment, defined by 

M replicated runs, input random variables are replaced by random samples such 

that the unknown parameters can be estimated by the sample mean of the 

samples results obtained by the M runs. Then, our system is simulated and the 

purpose of the simulation is to improve the system being studied by determining 

the optimal strategy. The three phase simulation system is based on specific 

libraries of the three phase approach; these libraries are available in different 

programming languages, Turbo Pascal, C, C++ and Visual Basic v3. The Turbo 

Pascal Three Phase Simulation Routines and its libraries (PSim) (Pidd[6]) have 

been selected for a better simulation programming of the aggregates quarry 

problem. The selected three phase approach in discrete-event simulation fits 

well our requirements; nevertheless we can find other methods like the Activity 

based approach, the Event based approach and the Process interaction approach.  

Section 2 is devoted to the description of the studied problem. By then, a 

discrete-event simulation model is given in section 3. The performance 

measures of the aggregates quarry system are established by developing a 

simulator using PSim language. In the design of the simulator, we used the 

modified built in random number generator “Rnd”. Indeed, given the problem of 

the integrated “Rnd” function in Turbo Pascal, this function was improved to 

support the different replications. Finally, experiments and software interface 

are described in section 5 followed by a conclusion section.  

 

2 Description of the problem 
 

The manufacture of an amount of aggregates at Bejaia quarry must go through a 

sequence of operations that are:  

 Drilling of boreholes: A round is defined by 60 boreholes and its 

drilling is performed by a driller and a drilling team. The time for 

making a hole is estimated at 30 minutes (mn), so, for a round, we need 

1800 mn.  

 Mining: Introduction of primers in boreholes and connecting all the 

mines of the round shooting. The holes are about to be fired and for 

safety reasons, there will be the setting away of the drilling team, the 

driller and the loader 

 Firing: The successive explosions of drilled holes roughly break the 

rock and bring it down. 

 Inspection: The blaster performs the recognition site for a possible 

presence of a fire incident and gives the signal of the guard lifting; 

there will be then the return on site of the drilling team, the driller and 

the loader. 

 Loading the rock into the truck, this activity is done by the loader. 

 Transporting the rock by the truck. It is a process of paramount 

importance in the mining process because it provides the link between 
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the place of extraction of raw materials and the place of transformation 

where the distance between them is 03 kilometres. 

 Unloading the truck at the site of crushing. 

 Return of the truck to the quarry site for possible reloading. 

 Crushing of the rock which is made by the crusher reduces to small 

parts (up to a few millimetres) the obtained rock, hence, the production 

of aggregates. 

 

3 Modelling the quarry in discrete-event simulation 
 

Modelling is representing the important interactions in a model which has a 

form useful for simulation. To express the main concepts of our system, we built 

a model of the studied problem described in section 2 by drawing the Activity 

Cycle Diagram (ACD). To do so, we need to identify the classes of entities, the 

activities, the conditions under which these activities can occur and their results 

once these activities are executed. For this quarry aggregates, we have 

identified: 

 Five (5) classes of  entities  that  are,  Driller,  Crusher,  Drilling Team, 

Truck and Loader identified respectively by two characters Dr, Cr, DT, 

Tr and Lo. 

 Fifteen (15) activities that are, drilling,  mining,  drilling team  shelter, 

loader shelter, driller shelter, firing, inspection, drilling team return, 

loader return, driller return, loading, transport, unloading, truck return 

and crushing. 

 Conditions   to   start   the   different   activities and their results.  They 

are numerous and to not mention them all, we will give just those 

related to the truck entity, which are represented in a tabular form given 

in table 1 and the corresponding ACD is represented in figure 1. 

 The quarry aggregates defined in section 2 is then, represented by its 

ACD in figure 2.  

 

Activities Conditions  Results  

 

Loading 

-  Lo free 

-  Tr free(empty ready to be loaded) 

-  RC receipt (Rock available) 

- Lo free 

- Tr loaded( ready for 

transportation)  

Transport - Tr loaded( ready for 

transportation) 

- Tr arrived( ready for 

unloading) 

Unloading - Tr arrived( ready for unloading) - RC unloaded (ready for 

crushing) 

- Tr unloaded (empty 

ready for the return) 

Tr Return - Tr unloaded (empty ready for the 

return) 

- Tr free (empty ready to 

be loaded) 
Tab. 1. Activities, conditions and results related to the truck entity Tr  

in a quarry aggregates 
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 Fig. 1. The ACD representing the loop truck (Tr) 

 

 

  

 

Fig. 2. The ACD representing the ALGRAN Quarry of Bejaia 

112



3.1 The assumptions of the quarry 
 

Once the quarry system has been modelled, the following assumptions are used 

for the simulation of the system: 

 The quarry operates in two shifts of five hours each, one morning and 

one afternoon daily with a lunch break of one hour making the working 

day to 10 hours and the day to 11 hours. In this case, drilling a round is 

done in approximately 3 days which is the longest time of all activities. 

As long as the system performance is the aggregates production, the 

operations of loading and transporting that provide the rock to the 

crusher never stop during working hours except in the case of force 

majeure. Thus, the optimal strategy for the quarry’s operation is to 

carry out firing only during the lunch break when the operations of 

loading and transportation stop anyway. 
 The various activities that begin to approach the break are not allowed unless it 

remains at least 20 mn for the end of a shift, this offset adjusts operations in the 

breaks. 

 The various activities that begin to approach the break are not allowed 

unless it remains at least 20 mn for the end of a shift, this offset adjusts 

operations in the breaks. 

 For that firing can take place during the break, all conditions must be 

met 20 mn before the break.  

 The decision and the announcement of the firing cannot take place if 

there is not at least 30 mn before the break.  

 Firing during working hours can only occur when there is not enough 

rock to be loaded and transported, and there are 60 holes already loaded 

with explosives. In this case, it is unnecessary to await the next break to 

fire, because all operations are already stopped (with the exception of 

drilling extra holes). 
 

  

4 The three phase program structure 

 
In this section, we present the software ”Quarry Simulator” developed for the 

simulation of Bejaia quarry problem that evaluates the performance measures of 

the system in the three phase discrete event simulation. The “quarry Simulator” 

software is realized under Turbo Pascal 7 (TP7) and implemented under the 

Windows environment using the source code of the program Turbo Pascal PSim 

Three Phase Simulation Routines and its libraries. After building the ACD, this 

information, together with activity durations, attributes, branching conditions 

and any other additional data that might be necessary is fed into the PSim 

environment. Its implementation requires the generation of artificial samples of 

known distribution variables. 
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4.1 B and C activities 
 

Two types of activity are identified, B and C activities. B for Bound activities, 

are executed whenever the time at which they are scheduled is reached. C for 

Conditional activities whose initiation depends on either the co-operation of 

different entities or the satisfaction of certain specified conditions, or both. 

One or several activities of either type will be initiated whenever the system 

changes state, i. e. whenever an event occurs. The system of the quarry may 

change state at any of the following points: Beginning and end of drilling, 

mining, drilling team shelter, driller shelter, loader shelter, firing, inspection, 

drilling team return, driller return, loader return, loading, transport, unloading, 

truck return and crushing. 

 

4.2 Variables and estimates 
 

To simulate the quarry problem, we consider fifteen (15) input random variables 

which are, the different service times of loading, transport, unloading, crushing, 

truck return, drilling, mining, drilling team shelter, drilling team return, loader 

shelter, loader return, driller shelter, driller return, firing and inspection. We 

observe seven (7) output variables through simulation which are, the occupancy 

rates of different entities having all one parameter, the mean to be respectively 

estimated by DrRate, CrRate,; DTRate, TrRat, LoRate. The cost and the 

required time to produce a scheduled aggregates volume are both computed for 

choosing the best strategy. We suppose that the different input processes follow 

all Poisson distributions with different rates λi, i = 1, ...., 15. 

 

4.3 The three phase activity approach 
 

We first present the three phase approach which is the basic principle of this 

particular implementation. This is due to Tocher [7] and is as follows: 

Repeat:        
          A phase: Determine when the next event occurs and move simulated time to that 

                          point. 

          B phase: Execute any B activities due to occur at this time. 

          C phase: Execute any C activities whose conditions are now satisfied           

 

4.4 Simulation executive 
 

In a three phase simulation, we have an executive or control program to ensure 

that the entities are properly scheduled for future activities (known as Bs) and 

also to ensure that current activity (often known as Cs) are properly sequenced.  

In the actual case, this is managed by representing the entities in the following 

simple form like in PSim. Each entity forms a single row of a Control Array, 

known as Details. As provided in the libraries, the Details array contains some 

information needed to run a sensible three phases simulation. An extra field 
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named Lo used only for trucks is added to the Details array to make the system 

well simulated. Thus, the design of details is available in table 2. 

The Details array is examined during the A Phase, so as to find the time of the 

next event. This involves a simple search for the minimum TimeCell, 

disregarding any rows in which Avail is True. The row numbers, referred to as 

the entity ID, of entities with minimum Time Cells are placed in the 

CurrEntArray. 

During the B Phase, the focus is on the CurrEntArray. This is worked through, 

one element at a time and the B Phase procedure takes the entity ID and then 

executes the B indicated by the entity’s NextAct field in the Details array. 

 

1 Name A String ID that may be useful to identify an entity in a 

report of some kind. 

2 Avail A Boolean type that indicates whether the entity is available 

for committal to a B. 

True means the entity is available, False means it is not. 

3 TimeCell The time at which the entity is next due to change state. 

This is only meaningful if Avail = False for this entity 

4 NextAct The next activity in which the entity is due to engage at the 

time indicated by TimeCell. This activity must be a B. 

This field is only meaningful if Avail=False for this entity 

5 Util The total time that this entity has been active since the start 

of the simulation 

6 Lo It indicates the loader that deals with the loading of this 

truck. 
 

Tab. 2. Representation of an entity in the Details array 

 

 

4.5 The main units of the software 

 

 

4.5.1 The routines provided 
 

PSim or the main program “PasExec” contains the 3 phase executive and other 

procedures needed for the processing and is based around the following, each of 

which represents a Turbo Pascal unit. “GenLib” contains useful functions for 

frequently needed tasks such as input/output. ”ExecVars” contains global 

variables needed by “PasExec”, “ExecUtils” and “model”. “ExecUtils” contains 

functions that are used mainly by the simulation executive and the “model”. 

Finally, the “model” contains the simulation model. The run-time program is 

produced by compiling and linking these files within the Turbo Pascal 

Interactive Development Environment.  
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4.5.2 The routines proposed  
 

For better programming, some changes were made to “PasExec” unit. Stopping 

the simulation is not supported by the duration of simulation but by the 

produced volume of aggregates, this parameter is fixed by the user. Execution of 

“PasExec” was extended to N scenarios and M replicated simulation runs for 

each scenario. The number N and M are also fixed by the user. After the run-

time of all scenarios, a call to a new procedure entitled,”Finalisation2” is 

executed. 

The latter procedure defined in “Model” unit allows the computation of mean, 

variances and finding the best scenario according to averages of the production 

cost. To do this, two two-dimensional ResArray and A arrays and two one-

dimensional V and Vmin arrays were used and then added to the area of global 

variables of ”model”. The first two are arrays of real contain 9 rows and M 

columns. In the first five lines are stored the different occupancy of the five 

entities and in the last four, the time taken to produce the scheduled volume of 

aggregates, the total cost, the number of trucks and loaders. The A array 

contains the temporary results, while ResArray contains the results for the best 

scenario. The last two V and Vmin arrays contain respectively the jth scenario 

averages and averages for the best scenario. Finally, when V array is no longer 

useful for its purposes, it will be used for backup of variances for best scenario. 

Another “Entity” array has been added to the area of global variables “model” 

which is used for printing the results. 

The unit “Model” contains the constants, types and variables necessary for 

processing the program, as well as procedures such as, all B and C activities 

procedures, initialization, finalization and finalisation2. 

On the other hand, some changes to the unit “ExecVars” were also made. As 

already mentioned in 4.4 we added a field to the registration of array “Details”. 

Another array called “Etat” is added to handle the truck’s entity. This array has 

two fields “Ind” and “Tonn”. The field “Ind” is a character that will inform us if 

the truck can be loaded, transported, unloaded or returned. The “Tonn” field of 

real type will include the volume of the truck.  

 

5 Experiments and software interface  
 

We carried out N = 6 different scenarios of different number of trucks and 

loaders, for the production of 31520 m3 volume of aggregates, each scenario 

with M = 30 replicated simulation runs, using the same following simulation 

input parameters. 

 The cost of mining a round is assumed to 7372 DA. A round provides an 

average volume of rock, after firing, equal to 7920 m3. 

 The cost of the drilling team in activity is assumed to 400 DA/h. Indeed, we 

assumed a team of 4 people where each person is paid 1100 DA/ working 

day. Therefore, the awaiting cost of the team is estimated to 400 DA/ 

working day i. e. 36.36 DA/h. 
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 The cost of the driller in activity and awaiting is respectively assumed to 

9171 DA/h and 7492 DA/h 

 The cost of the crusher in activity and awaiting is respectively assumed to 

4087 DA/h 1000 DA/h 

 The cost of the truck in activity and waiting is respectively assumed to 1328 

DA/h and 548 DA / h. We assumed that all trucks have the same volume. 

 The cost of the loader in activity and awaiting is respectively assumed to 

4734 DA/h and 1000 DA/h 

All these parameters are given by the quarry of ALGRAN-Bejaia and any others 

could be used to predict the future behaviour of the system or to simulate 

another optimization quarry problem. 

For each simulation experiment defined by a scenario, the variables representing 

the return of Dr and DT entities are initialized to one (1) i. e both entities are 

ready for drilling.   

 

5.1 Data input 
 

For the first window, we kept the external appearance of the program Psim. So, 

when running the program PasExec, a first window appears prompting the user 

to enter system data, in the following order: The number of scenarios, replicated 

simulation runs, loaders and trucks, the smallest capacity of trucks, the capacity 

of the crusher, the average amount of rock spilled after firing, the volume of 

aggregates to produce, the mean time of the different input variables. See figure 

3. After that, a second window appears and invites the user to enter the costs per 

hour of activity and a waiting of different entities, the cost of mining, the delay 

for a possible stop of the simulation duration and an invitation to keep or not the 

trace of the execution. If yes, please give a name to the file. From the second 

scenario, the program will require just the number of loaders, trucks and display 

delay since the rest is unchanged. See figure 4. 

 

5.2 Results output 
 

For each scenario, the following results will be displayed: The number of 

loaders and trucks of the current scenario which does not change throughout the 

execution of the M replicated simulation runs, the volume (in cubic meter) of 

available rock. The simulation duration (in minutes); the number of the current 

simulation run; The use, the shelter and the return number of the driller; the 

mining, the shelter, the firing, the inspection and the return number made by the 

drilling team; the use, the shelter and the return number of loaders; the use 

number of the crusher; the transport, the unloading and the return number of the 

trucks; the volume (in m3) of the achieved aggregates. All these results change 

throughout the simulation experiments. Once, all M simulation runs are carried 

out, the cost of the current scenario is compared to the previous scenario’s cost 

and the one with a minimum cost is kept, after that, another scenario will start.  
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Once all simulation runs and all scenarios are carried out, the best strategy to 

produce the scheduled volume of aggregates is displayed indicating the mean 

cost, the mean time, the number of trucks and the number of loaders, and the 

mean and variance of the occupancy rates averages of different entities for the 

best strategy. According to the best scenario given in figure 5, the production of 

31520 m3 volume of aggregates is obtained at minimum cost of 4,390,268.51 

monetary units and a minimum time of 19613, 58 mn. 

 

6 Conclusions 
 

According to the different scenarios carried out, inefficiencies of the studied 

problem were identified and it has been shown through the three phase discrete- 

event simulation that the quarry system can be improved to 2 loaders and 6 

trucks for the production of 31,520 m3 of aggregates at a minimum cost. 

Finally, the best performance of the quarry is demonstrated using MC method 

through the mean occupancy rates of different entities and their variance values 

strongly support the efficiency of MC method on a civil engineering problem. 
 

 

 
 

Fig. 3. The 1st window summarizing the data input of the quarry simulation 
   

 

       

Fig. 4. The 2nd window summarizing the data input of the quarry simulation 
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Fig. 5. Simulation results related to the quarry problem using MC 
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Abstract: The current research focuses on different general modeling approaches to determine the 

presence or absence of multiple change points in each row of the 2-D data congregated at 

numerous time points on different subjects. Two approaches, Classical and Bayesian were 

implemented to estimate the change points in the per capita income change of 50 US states 

observed from 1948 to 2013. The Classical approach was applied following Random effects 

model with three terms in consideration viz., common term for all subjects, subject specific error 

term and individual error term. Estimation of change points were done by least square theory. The 

Bayesian approach was employed concerning three assumptions: (a) subjects follow normal 

distribution having a change in parameters after the change points, (b) a correlation exists among 

the parameters before and after the change point for each subject, (c) change points of different 

series follow a common distribution. In this approach, estimation was performed by Markov 

Chain Monte Carlo (MCMC) method. A comparison amid the two estimates was executed by 

determining the standard error. In conclusion, two change points were observed in many of the 

states, generally, in 1984 and 1988. Some of the states exhibited no evidence of structural changes 

implying diminished effect of Great Moderation. The Bayesian approach displayed better estimate 

over the Classical one.  

Keywords: Panel data, Change point, Classical approach, Least square theory, Bayesian 

approach, Markov Chain Monte Carlo method. 

 

            1  Introduction 

 

In various applications, the data obtained during an extensive time period has 

to be investigated representing that probable statistical model may alter once or several 

times during the period of surveillance. The alteration in statistical model signifies a 

change and the point of alteration occurrence is the change point. In a series of random 

variables              if             follows a common distribution F and  

                 have distribution G with F ≠ G, then, the index ‘ ’ is called the 

change point. The change-point problem was first introduced in the quality control 

context by Page [1]. The application of change point problems is found in statistical 

quality control theory, reliability, stochastic process, testing and estimation of change in 

the patterns of a regression models in statistics as well as in subjects like genetics, 

medicine, finance, stock market data and various others fields. Statistical exploration of 

change-point problems depend on the type of data to be examined. Time series data is 

usually of two types: one-dimensional and multi-dimensional or panel data. A 2-D data 

quite often, may be a panel data gathered at several time points on numeral subjects. 

Introduction of a shared involvement for all the themes (subjects) may lead to single or 

multiple change points occasionally called structural changes, in each row of panel data. 

Some prominent instances are evidence of structural breaks in volatility due to 

Great Moderation in each of the 50 US states, change in blood pressure of patients in 

data recorded weekly before and after application of a certain drug, monthly number of 

traffic deaths on rural interstate roads for all US states from the time period of April, 

1985 to April,1989 including the year in which the 55 miles per hour speed limit was 

lifted, etc. 
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Several literature have been reported on change point analysis of panel data. A 

common break model with breaks occurring at the same time point for all the subjects 

was developed by Joseph [2]. The assumption was that the pre-break data was sampled 

from a common single distribution and post break data from a common distribution. 

Joseph and Berger [3] have taken into account the fact that time of break may not be 

same for all the subjects and developed a model with the assumption that change points 

are not identical; rather they are samples from a common distribution function with 

parameter. Model with common break for all subjects and the break point being 

estimated by the theory of least squares was suggested by Bai and Perron [4] along with 

the consistency and asymptotic distribution of the estimate. The method was also 

extended for partial structural change model where not all the parameters but only a few 

are subject to shifts due to structural change. An efficient dynamic programming 

algorithm was proposed by Bai and Perron [5] to obtain global minimizers of the sum of 

squared residuals for both pure and partial structural change model. A simulation 

analysis was carried out by Bai and Perron [6] to access the adequacy of the previously 

proposed methods and compare between their relative merits, size and power of tests for 

structural change. Bai [7] studied the problem of common breaks in heterogeneous 

means and variances in panel data i.e., magnitude of change for the series depend on 

index, but assumed that breaks for all the subjects occur at the same time. 

However a more realistic model is that the break points in the panel data occur 

at different time points for each of the subjects and common break points would be a 

special case of the more realistic model. More practical assumptions are (i) the change 

points of different subjects do not occur at the same time and (ii) the magnitude of break 

depends on the subjects i.e., the amount of change may not be same for all the subjects. 

A model for US data on quarterly personal income in million dollars of states from 1st 

quarter of the year 1948 to the third quarter of the year 2012 during Great Moderation 

has been proposed by taking into account the above mentioned assumptions. But this 

model has an intrinsic assumption that  observations are independent in each row of the 

data i.e., the observations taken over regular time interval for the same subject are 

independent of each other. This assumption is not at all true, as the internal 

characteristic of the subject is the common internal aspect that is existent among all the 

observations recorded over time on a particular subject. The elimination of this common 

internal factor will end in independent observations along each row of the panel data. 

Analyzing these independent observations acquired after removal of the internal shared 

factor for each subject to estimate their change point will result in an improved and 

more precise estimation of change point for the panel data.  

In the present research article, a methodology to eliminate internal communal 

factor for each subject have been proposed and the change point analysis of the resulting 

independent data have been accomplished under the assumption of heterogeneity in the 

timings of structural changes. Assessment of change point is done in both Classical and 

Bayesian approach. The Classical method was applied following one way Random 

effects model with three terms in consideration viz., common term for all subjects 

signifying the common effect of the whole panel data, subject specific error term 

symbolizing the common internal effect of each subject and individual error term. 

Change points were calculated using the theory of least squares. The Bayesian tactic was 

hired concerning three assumptions: (a) subjects follow normal distribution having a 

change in parameters after the change points, (b) a correlation exists among the 

parameters before and after the change point for each subject which represents the 

internal common effect of each subject before and after the change point, (c) change 

points of different series follow a common distribution signifying common effect of the 

whole panel data. In this method, assessment was executed by Markov Chain Monte 

Carlo (MCMC) method. Comparison amid the two methods is also exhibited. 

The rest of the research article is organised as follows: Section 2 discusses the 

general structure of panel data in detail particularly that of the US state level data from 

1948 first quarter to 2012 third quarter on which the model of interest is based. Section 
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3 defines our model and Section 4 describes the methodology to eradicate internal 

communal factor for each subject of the panel data, whereas Section 5 and Section 6 

demonstrates the analysis by Classical methodology and Bayesian methodology 

respectively. Section 7 explains the results and the comparisons and section 8 concludes 

the paper. 

 

           2  Panel data 

 

The structure of the panel data has the form of an N x T matrix X as follows. 

Each sequence                 represents observations over time from the     subject, 

         . A change is said to have occurred at    in sequence or row   ,           , 

and         , if                
 are identically distributed with common 

distribution function     and                        are identically distributed with 

common distribution function     with         . If      , then there is no change in 

row ‘ ’. Thus            gives the change points which are generally unknown. The 

distributions of the points of change, ‘   ’, and the unknown parameters of the 

distributions                     are to be estimated from the data matrix (1). 

 

                               

(

 
 
 
 
 

                                                 

                                                 

                                                        
                                                        
                                                        
                                                        
                                                        

                                                 )

 
 
 
 
 

         ……. (1) 

 

Instance: During 1980s, the major United States macroeconomic time series of output 

growth and inflation have experienced a considerable decrease in volatility. This is 

generally talked about to as Great Moderation. The origin behind this reduction may be 

that better monetary policy steadied the economy or may be upgraded inventory control 

facilitated the stabilization. The data is published by the Bureau of Economic Analysis, 

USA. A structure of the data on 50 US state level quarterly personal incomes from 1st 

quarter of the year 1948 to 3rd quarter of the year 2012 is given in Table 1. 

  

Table 1. Structure of the data on US state level quarterly total personal income in 

US million dollars from 1
st
 quarter of 1948 to 3

rd
 quarter of 2012 

 

 1948 

Q1 

1948 

Q2 

1948 

Q3 

1948 

Q4 

1949 

Q1 
………. 

2012 

Q2 

2012 

Q3 

Alabama 2459 2582 2638 2681 2551 ……… 171631 172835 

Alaska 297 311 333 356 388 ……… 33918 34050 

Arizona 862 892 945 922 918 ……… 235331 236833 

Colorado 1752 1807 1858 1852 1804 ……… 233400 234776 

….. ……. ……… ……… ……… ……… ……… ……… ………. 

…. …….. ……… ……… ………. ……… ……… ……… ………. 

West Virginia 2033 1969 2200 2188 2092 ……… 64126 64271 

 

 

Observing Table 1, it can be straightforwardly understood that each cell value 

signifies quarterly income of each state of US, each row of the table represents each state 

of US and each of the time interval is denoted by each column of the panel data matrix.  

123



 

One way to track down the source of the Great Moderation is to analyze the data 

at state level. States are subjected to conjoint nation-wide and global shocks. A recent 

work by Owyang et al. [8] described the state-level facts of Great Moderation in growth 

rate of unemployment. However, the researchers conducted the structural change analysis 

by univariate method i.e., they estimated the change point series by series without taking 

into account the similarity among different states. Liao [9] in his unpublished manuscript 

fitted a multivariate model for change point detection at the state level for data on per 

capita income of the states. But the assumption of normal distribution for income was not 

quite reasonable. 

In the present research article, we at first, modelled the data on 50 US state level 

quarterly total personal incomes supposing the data to follow Pareto distribution. The 

reason behind using Pareto distribution is that it is generally taken as the typical income 

distribution. We assumed that per capita incomes of each state follow Pareto distribution 

and there is change in the parameter values of the distribution after the change point 

which requires to be estimated. Later on, we eliminated the common influence of a state 

from observations over time in each row of the panel data matrix and remodelled the data 

and estimated the data using Classical as well as Bayesian approach. The following 

Sections describe the detailed accomplishment of the work done. 

 

            3  The model 
 

Considering the data on per capita quarterly income of    US states from 1st 

quarter of the year      to 3rd quarter of the year      we have,      and      . 

 

The growth in log of income is computed for state i,           and time point 

t,             as,          

          (                 )     (                   )   
 

We made the following assumptions for our model: 

 

i. Series i experiences a single structural break at time τi , i=1,2.. N 

ii. τi ≠ τj, for some i ≠ j , that is, structural break does not occur at the same time for 

all the N series. 

iii. Magnitude of change occurred may vary for each series. 

iv. For series  , 
 

                                      (    )                        
                                            (    )                                         ……. (2) 

 

Therefore,           ,      ;          ;          are the unknown 

model parameters along with    (           ) , vector of change points assumed to 

follow normal distribution i.e., 

 

                                     (      
 )                    

                          

The model parameters   ⃗   ⃗   ⃗⃗ ⃗⃗ ⃗  need to be estimated. 

 

Initial values of   ’s are chosen from growth rate graph of the states. As for 

example, for the state Colorado, the graph in Fig. 1 is as follows: 
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Fig. 1. Income growth in terms of difference in logarithm for the state Colorado 

 

Hence, from the above graph, the initial estimate of     is taken to be     i.e., 3rd 

quarter of        The model parameters were estimated by Gibbs Sampling and Markov 

Chain Monte Carlo technique. The steps of estimation are as follows: 
 

Step 1: Given initial values (   
( )

   
( )

   
( )

   
( ))                     

Step 2: Update parameters             

             Given initial values (   
( )

   
( )

   
( )

   
( ))                     and data 

matrix X, the posterior conditional distribution of    
( )  is, 

   
( )

     
( )

   
( )

   
( )           (   

( )
   

( )     ∑
  

  

  
( )

   

) 

and that of    
( )  is,  

   
( )

     
( )

   
( )

   
( )           (   

( )      
( )

     ∑
  

  

 

   
 
( )

) 

Step 3: Update parameters              

             (           )     (       )  (        ) 

             Draw   
( )

 given    
( )

   
( )

   
( )

  

Step 4: Update parameters    and                  

             Draw (   
( )

   
( )

 ) given (   
( )

   
( )

   )  

(  
( )

   
( )

     
( ) )                         (

(    
 
       )

  
           

 

 
 

 
     

 

 
∑(        )

 

 

   

 
   (        )

 

 (    )
) 

 

 But the dependence between     and     in (2) for each            is not 

taken into account in this model. Hence we go for the next model which is a more 

generalized one. 

A generalised panel data model is given by, 

 

         
                                                           ……. (3) 

 

where,   denote subjects present in each row of the panel data e.g., households, 

individuals, countries, etc.;   denotes the time intervals at which observations are realised; 

  denotes the scalar that symbolises the common effect of panel data which is present in 

all observations,      denotes the vector of parameters are may have altered after the 

change point,     denotes the     observation on   explanatory variables (covariates) at 

time t and     denotes the error term corresponding to     observation on   explanatory 

variables at time t. 
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  Now as observations for each subject over time are interdependent, so the error 

term     can be splitted as,  

 

                                                                            …….. (4) 

 

 where,    denotes unobservable individual specific effect for each of the subjects 

that leads to correlation among observations in each row and     denotes the purely 

random disturbance term. 

Our problem is to eliminate the unknown    term which will result in 

independent observations across each row of the panel data. 

 

            4  Elimination of Communal effect 

 

As    ‘s are unknown and random quantities, it is reasonable to assume that   
   

are independent and identically distributed with     (    
 )  and also the random 

disturbance term    ’s are independent and identically distributed with  

            (    
 ). Another practical assumption is that   ’s are independent of     ’s 

and the covariate matrix     is independent of    and    . Hence the model is a one way 

random effects model. Inference pertains to large population from which the sample is 

drawn. Writing equation (3) as, 

                                      ………… (5) 

 

where,   is the      response vector,   is      covariate matrix,        is 

the augmented matrix of the form   [     ],    denotes the set of unknown parameters 
(    ) and     is vector of ones of dimension   . 

 

 Therefore   (                                            ) in (4) 

can be written in the form ,  

        …………… (6) 

 

where,   (                                            )  and 

   (           ) and         ,    being the identity matrix of order     and 

   is a vector of ones of dimension  . 

Thus we have the final equation as,  

 

           …………. (7) 

 

Now             where    is a matrix of ones of dimension    .  

 

Denoting   as variance-covariance matrix of   we have, 

   (   )     (   )    
     

With 

   (   )    
    

              

   (       )    
    

              

                   
              

                  

 

In order to obtain the generalized least squares estimator of the regression 

coefficients,   is required. But   is a huge matrix of dimension        
 

A suitable technique is replacing     by    ̅,    by      ̅. Hence          ̅   
So,      

 (     ̅)+   
 (     )    

 (     ̅) 
 

              Collecting terms with same matrices,   (   
    

 )(     ̅)    
 (     ) 
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where,   
     

    
                                                      

and    
                                                     (   ) 

 

            Now,     
 

  
   

 

  
   implying   

 

  
 

  
  

 

  
  implying    

 
 

  
  

  
    

 

Taking the transformation,       
 

 

  ,       
 

 

  , following equation is 

obtained, 

 

               
           

                                               ……….(8) 

  

  Hence the observations within each row are independent of each other as after 

the transformation the term μi  is removed from the model. But, there may be dependency 

among the rows (as there may be some common factor affecting all the subjects in the 

panel) e.g., how different patients suffering from the same disease respond to a new 

treatment; when the same treatment being given to all the patients. This dependency is 

taken care off during estimation of change points. 

 

            5  Classical method of estimation 
 

  In Classical strategy, change points were computed applying the theory of least 

squares. The dependency among the subjects was taken care off by the following two 

ways: 
 

i. Assuming common break for all the rows of the panel 

ii. Assuming each row has break points at different times. 
 

Under the assumption of common break and considering two breaks present in 

the data for each row, we have the model for each of the   subject,            as, 
 

   
        

       
              

    
        

       
                    

   
        

       
                   

 

  Then the sum of squared residuals for the equation in the     row is given by, 

   (     )  ∑(   
        

)
 
 

  

   

∑ (   
        

)
 
 

  

      

∑ (   
        

)
 

 

      

 

 

where,                                         

 

Total sum of squared residuals for all the   equations is as follows, 

   (     )  ∑   (     )

 

   

 

 

Thus the least square estimator for the break points in the common break model 

for the panel data is obtained as, 

                 (  ̂   ̂)                              (     )          ………(9) 

 

Under the assumption of break points at different times and considering two 

breaks present in the data for each row, we have the model for each of the   subject, 

           as, 
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  Then the sum of squared residuals for the equation in the     row is given by, 

   (       )  ∑(   
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∑ (   
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∑ (   
        

)
 

 

     
  

 

 

where,                                           

 

Thus the least square estimator for the break points in the     row for the panel 

data model is acquired as, 

                        (   
̂    

̂)             
           

       (       )          ………….(10) 

 

            6  Bayesian method of estimation 
 

In Bayesian strategy, change points were figured applying the Markov Chain 

Monte Carlo (MCMC) technique. The dependency among the subjects was taken care off 

by the following two ways: 
 

i. Assuming common break for all the rows of the panel 

ii. Assuming each row has break points at different times. 
 

Under the assumption of common break and considering two breaks present in 

the data for each row, we have the model for each of the   subject,            as, 

   
            (      

   
 )         

   
            (      

   
 )              

   
            (      

   
 )             

 

Likelihood for the series   is given by, 
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Hence, likelihood for the panel data is given by, 
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    ……… (11) 
 

From this likelihood, the common change points    and    and other unknown 

parameters were estimated by the MCMC technique. 

Under the assumption of break points at different times and considering two 

breaks present in the data for each row, we have the model for each of the   subject, 

           as, 

   
            (      

   
 )          
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Likelihood for the row   is given by, 
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……… (12) 
 

From the above likelihood, the common change points     and     and other 

unknown parameters for each row were estimated by the MCMC technique as before. 
 

7  Results and Discussion  
 

7.1 Estimation of parameters by Gibbs sampling method for the model in 

equation (2) 
 

The estimated values of the change points for each of the 50 states along with the 

standard errors are given in Table 2. 

From Table 2, it was observed that the panel data method resulted in 

concentrated pattern of breaks around 1984 and 1988. The standard errors of the estimates 

of change points for our model were significantly less than that of single series model for 

each state proposed by Owyang et al. [8]. Our model also comparatively gave better 

estimates than panel data model fitted by Liao [9]. The change point estimates of some 

states like Delaware, Minnesota and Tennessee had large standard errors. This indicated 

that they had no effect of Great Moderation. The states which had small standard errors 

like Arizona, Arkansas, Colorado, District of Columbia, Idaho, Kansas, Kentucky, Maine, 

Maryland, Massachusetts, Missouri, Montana, Nebraska, Nevada, New Hampshire, New 

York, North Carolina, North Dakota, Vermont, West Virginia etc, had very high effect in 

their income due to Great Moderation. Pennsylvania was an exception whose standard 

error of the estimated change point increased from 3.214 (single series model) to 27.768 

in our model. It was 38.626 in the model by Liao [9]. This may be due to the fact that 

there is more than one structural break present in these states. This necessitates the 

extension of our model for the investigation of multiple structural breaks.  
 

           Table 2: Estimated change points and the standard errors for each state 
 

Alabama  Alaska  Arizona  Arkanas  California  Colorado  Connecticut  

1984Q3  1988Q2  1985Q1  1984Q1  1988Q4  1982Q3  1988Q4  

9.8765  9.1293  2.6754  3.8321  6.4532  4.3215  5.6219  

Delaware 
District of 

Columbia 
Florida Georgia Hawaii Idaho Illinois 

1983Q1  1969Q3  1988Q3  1985Q3  1991Q3  1983Q1  1987Q2  

40.4532  2.5648  5.4278  5.1762  8.3651  4.8327  17.6432  

Indiana  Iowa  Kansas  Kentucky  Louisiana  Maine  Maryland  

1984Q4  2000Q3  1984Q1  1984Q3  1986Q4  1989Q2  1989Q1  

8.7634  25.4265  2.3567  1.9456  1.9274  2.6345  2.7362  

Massachusetts  Michigan  Minnesota  Mississippi  Missouri  Montana  Nebraska  

1989Q1  1983Q2  1994Q1  1957Q1  1984Q4  1983Q3  1984Q2  

2.8654  8.7369  14.7861  5.9327  2.8387  2.1758  1.5046  

Nevada 
New 

Hampshire 
New Jersey New Mexico New York 

North 

Carolina 
North Dakota 

1981Q3  1989Q1  1989Q1  1984Q2  1987Q3  1984Q4  1989Q1  

2.5476  3.3277  4.2163  5.1456  3.8605  1.4677  0.5659  

Ohio Oklahoma Oregon Pennsylvania 
Rhode 

Island 

South 

Carolina 
South Dakota 

1984Q4  1982Q3  1982Q1  1966Q4  1989Q1  1984Q3  1983Q3  

5.9457  3.397  3.2177  27.768  3.6058  4.1285  4.9626  

Tennessee Texas Utah Vermont Virginia Washington 
West 

Virginia 

1985Q4  1983Q2  1983Q1  1989Q2  1986Q2  2003Q4  1981Q4  

13.226  6.9788  5.3124  2.2341  7.6773  4.6378  1.6541  

129



As an illustration, we have again exhibited the estimated change point of 

Colorado graphically in Fig. 2. 
 

   

Fig. 2. Total Income (million US dollars) graph of Colorado showing the estimated 

change point (red dot) and the initial value taken for Gibbs Sampling (black 

dot) 
 

             7.2 Estimation of parameters for the model in equation (9) and (11) 
 

Estimated common structural break for all the states by Classical and Bayesian 

method and the standard errors are given in the following Table 3. 
 

Table 3. Estimated common change points and the standard errors  
 

  Common break for all states 

1
st

 break 
nd

 2
nd

 breakbreak 

Classical method 
1984Q4 1988Q3 

9.8765 8.7865 

Bayesian method 
1984Q4 1988Q3 

6.2564 5.7234 
 

From the Table 3, it is clear that most of the states of the panel data have two 

breaks, first break around the 4th quarter of 1984 and the second break around 3rd quarter 

of the year 1988. Bayesian estimators of the break points have lower standard errors than 

the Classical one, hence, Bayesian strategy gave better estimate than the classical one.  
 

             7.3 Estimation of parameters for the model in equation (10) and (12) 
 

 

The histogram in Fig. 3 of the estimated break points for all the states exhibit 

two peaks, one peak around 1984 and another around 1988 and is in accordance with the 

conclusion drawn from the common breaks model. 
 

         
Fig. 3. Histogram of the estimated break points for all the states 
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Estimated structural breaks for each of the states by Classical and Bayesian 

method for each of the states is given in Table 4. The upper value for each state gave the 

Classical estimate while the lower value depicted the Bayesian estimate. From Table 4, it 

is clear that Bayesian method gives better estimates as the standard errors are low. 
 

             Table 4. Estimated change points for different states 

 
Alabama Alaska Arizona Arkanas California Colorado Connecticut 

1981 

Q2 

1984 

Q3 
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Q3 

1988 

Q2 

1964 

Q3 

1985 

Q1 
1984 Q1 
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Q4 

1987 

Q1 
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Q2 
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Q2 
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Q2 
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Q1 
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Q2 
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Q3 
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Q3 
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Q2 

1964 

Q3 

1985 

Q1 
1984 Q1 
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Q4 
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Q1 

1982 

Q2 
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Q2 
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Q2 
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Q1 
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Florida Georgia Hawaii Idaho Illinois 
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Q3 
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Q1 
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Q1 
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Q3 

1971

Q1 
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Q1 
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Q4 
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Q1 
1984Q3 1984Q4 
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1984
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1953

Q3 
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Q1 
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Q1 
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Q1 
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Q4 
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North Dakota 
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As an illustration we again observe the graph of Colorado in Fig. 4, which 

shows that the graph stabilises after the first change point (red dot) and it has a structural 

shift during the second change point (green dot). 
 

 

                          
 

                

 

 

 

 

 

 

 

 

 

 

             Fig. 4. Graph of state Colorado with two break points 
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The graphs of posterior distribution of break dates for each of the states as 

shown in Fig. 5 shows the location of change points for each of the 50 states of US over 

the years. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Fig. 5. Histogram of the posterior distribution of the estimated break points for 

individual states 
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            Conclusions 
Most of the states have two change points with some exceptions. The graph of 

Colorado clearly depicted that structural breaks are more efficiently captured by our 

present model. The model takes into account the inter-dependency among the subjects 

i.e., interdependency among the data of each state which is a practical intrinsic 

assumption of every panel data. Bayesian model has low standard errors than the 

Classical model. States having single or no change points or change points much before 

1984 or change points much after 1989 can be analyzed individually to inspect the fact 

whether changes were due to Great moderation or due to any other reason.  

A two way random effects model can be implemented to eliminate the common 

factor present for all the subjects. 
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Abstract. The Distance-Based Generalized Linear Model (DB-GLM) is a general-
ization of the classical GLM to the DB framework. The DB-GLM is non-linear on
original predictors because its information is entered in the model by means of a
squared distances matrix. In a previous work, we defined influence coefficients for
original factors in the DB-GLM to measure its importance. Now, with the aim to
test the null hypothesis that each coefficient is equal to a fixed value, we define a
t-like test statistic, we estimate its null hypothesis distribution by a bootstrapping
pairs methodology and use it to obtain percentile confidence intervals. We make an
example with actuarial data, and we fit the models with the dbstats package for R.
Keywords: Distance-based generalized linear model, Influence coefficients, Wald
test, Confidence intervals, Actuarial science, R.

1 Introduction

The DB-GLM, defined in Boj et al.[2], extends the ordinary GLM (McCullagh
and Nelder[14] allowing information on predictors to be entered as interdis-
tances between observation pairs instead of as individual coordinates. In turn,
these interdistances may have been computed from arbitrary, non-numerical
observed predictors.

The estimation process of a DB-GLM is schematically as follows: a Eu-
clidean configuration is obtained by a metric multidimensional scaling-like pro-
cedure, then the linear predictor of the underlying GLM is a linear combination
of the resulting Euclidean coordinates, latent variables in the model. Therefore
influence coefficients of the original observed predictors cannot be computed as
in the ordinary GLM.

3rdSMTDA Conference Proceedings, 11-14 June 2014, Lisbon Portugal
C. H. Skiadas (Ed)
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In Boj et al.[4] we proposed a definition of local influence coefficients for
the DB-GLM depending on the nature of risk factors (numerical or categor-
ical/binary). These coefficients measure the relative importance of each ob-
served variable. In this paper, we study how to adapt the Wald test of predictor
significance to the DB-GLM environment.

To this end, firstly we apply the definition of influence coefficients and the
bootstrap by pairs methodology to estimate the distribution of coefficients, as
is given in Boj et al.[4]. In this way we are able to estimate the coefficients of
the DB-GLM and its associated standard errors. Then, we propose a procedure
to adapt the Wald statistic to the DB-GLM. We construct simple confidence
intervals by using a standard normal distribution, and percentile t confidence
intervals by using a bootstrap t∗ distribution, where both types of confidence
intervals are understood in the sense defined in MacKinnon[12]. The t∗ dis-
tribution of the percentile intervals follows the null hypothesis of the test in
the bootstrap data generation process. In this way, the percentile t confidence
intervals are useful to test the null hypothesis that a coefficient is equal to a
fixed real value.

We illustrate the calculation of percentile t confidence intervals with a
well known actuarial dataset. We estimate the related DB-GLM by using the
dbglm function of the dbstats R package (Boj et al.[3], R Development Core
Team[15]).

The paper is structured as follows. In Section 2 we describe the proposed
procedure for the Wald test in the DB-GLM. Firstly, in Sub-section 2.1, we
recall the definition of influence coefficients; secondly, in Sub-section 2.2, we
construct simple and percentile t confidence intervals. In Section 3 we make
an example. Finally, in Section 4, we conclude.

2 Hypothesis testing: the Wald test

The main objective of this work is to adapt the Wald test to the DB-GLM.
The Wald test contrasts the null hypothesis H0 : βj = β0. The statistic:

τj =
β̂j − β0
std
(
β̂j

) (1)

follows (in the classical GLM) an asymptotically t distribution. In (1) β̂j is

the unrestricted estimate of the parameter β̂j that is being tested and std(β̂j)
is its standard error.

In the next two subsections, we propose a procedure to estimate a boot-
strapped t∗ distribution for the DB-GLM that follows the null hypothesis,
H0 : βj = β0. First we recall the definition of influence coefficients and the
bootstrap by pairs methodology to estimate coefficient distribution explained in
Boj et al.[4]. Then, we show how to construct simple and percentile confidence
intervals, taking into account the bootstrapped t∗ distribution that follows the
null hypothesis of the test.
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2.1 Influence coefficients for the DB-GLM

Assume we have a response variable Y observed for n individuals, and a set
of p risk factors Fj for j = 1, . . . , p. In ordinary GLM the relation between
response and linear predictor is

ŷ = g−1 (η̂) = g−1
(
β̂0 + F1 · β̂1 + F2 · β̂2 + · · ·+ Fp · β̂p

)
,

where we can measure the influence of the predictor Fj by means of β̂j for
j = 1, . . . , p. But in DB-GLM the relation of each observable predictor Fj with
the prediction is not linear. The idea underlying our definition in Boj et al.[4]

of influence is to mimic that of the β̂j in GLM.
The influence of each Fj we want to quantify depends on a reference/virtual

individual f0 which we take as reference or origin. Let f0 =
(
f01 , f

0
2 , . . . , f

0
p

)
be

the vector with the p predictor values of a reference individual. For instance f0

consists of mean or median in numerical coordinates and the mode in binary
or qualitative coordinates.

For categorical (or binary) predictors we defined the influence coefficients

β̂j for j = 1, . . . , p as the increment in the estimated linear predictor η̂ when
the j -th predictor value of f0 changes to another level. As a short notation:

βj = ∆j η̂|f0 for j = 1, . . . , p

For quantitative predictors we define the influence coefficients β̂j for j =
1, . . . , p as:

βj = ∂η̂
∂Fj

∣∣∣
f0

for j = 1, . . . , p

the speed of the estimated linear predictor η̂ changes as f0 moves along the
curve:

f0 + t× sj
(

0, . . . , 0, 1
j−th

, 0, . . . , 0

)
, t ∈ (−ε,+ε)

where sj is the standard deviation of the j -th quantitative predictor.

2.2 Bootstrap confidence intervals

There is an extensive literature on the numerous ways to construct bootstrap
confidence intervals. MacKinnon[12] proposed that the simplest approach is
to calculate the bootstrap standard error and use it to construct confidence
intervals based on the normal distribution. A simple confidence interval for βj
at level 1− α is:[

β̂j − std∗
(
β̂j

)
× z

1−α/2
, β̂j + std∗

(
β̂j

)
× z

1−α/2

]
, (2)

where z
1−α/2

denotes the 1−α/2 quantile of the standard normal distribution.

If, e.g., α = 0.05 this is equal to 1.96. The simple bootstrap confidence interval
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can be modified so that it will be centred on a bias-corrected estimate of βj by

simply replacing β̂j in (2) by β̃j = β̂j −
(

¯̂
β∗
j − β̂j

)
= 2β̂j − ¯̂

β∗
j .

In Boj et al.[4] we proposed a bootstrap by pairs methodology to estimate

the distribution of βj and its standard deviation, std∗
(
β̂j

)
, where we refer for

a detailed description of the method.
The pairs bootstrap is easy to implement and it can be applied to a wide

range of models. The resampling technique consists of n response-predictor
pairs from the original data, see Boj et al.[1],[4], Davidson and Hinkley[5], Efron
and Tibshirani[6] or Hall[9] among other references. Then, one can generate B
bootstrap samples from which to estimate the statistic of interest. However, the
bootstrap data generation process in the bootstrap by pairs does not impose
any restrictions on βj .

If we are testing some restrictions, e.g. H0 : βj = β0, we need to modify
the bootstrap data generation process in such a way that the given restrictions
are enforced, yielding a valid bootstrap test statistic. A way to proceed is to
use the modified bootstrap test statistic:

τ̂ bj =
β̂bj − β̂j
std∗

(
β̂j

) (3)

where β̂bj is the estimate of βj from the b-th bootstrap sample, for b = 1, . . . , B

where B is the sample size, and the denominator std∗
(
β̂j

)
is the standard

error of the β̂j distribution. As the estimate of βj from the bootstrap samples

should, on average, be equal to β̂j , the null hypothesis tested by τ̂ bj is true in
the pairs bootstrap data generation process. In this way, we can compare the
statistic of the original sample,

τ̂j =
β̂j − β0
std∗

(
β̂j

) ,
with the bootstrap t∗ distribution given by (3), and calculate a p-value by:

p̂∗ (τ̂j) =
1

B

B∑
b=1

I
(∣∣τ̂ bj ∣∣ > |τ̂j |),

or by,

p̂∗ (τ̂j) = 2 min

(
1

B

B∑
b=1

I
(
τ̂ bj ≤ τ̂j

)
,
1

B

B∑
b=1

I
(
τ̂ bj > τ̂j

))
.

An interval that has better properties than the simple bootstrap confidence
interval is the percentile t confidence interval. A percentile t confidence interval
for βj at level 1− α is defined as:[

β̂j − std∗
(
β̂j

)
× t∗

1−α/2
, β̂j − std∗

(
β̂j

)
× t∗α/2

]
(4)
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where t∗δ is the δ quantile of the bootstrap distribution of the t∗ statistic defined
in (3). For example, if α = 0.05 then α/2 = 0.025 and 1−α/2 = 0.975 and t∗α/2

is

the 0.025 quantile of the bootstrap t∗ distribution and t∗
1−α/2

is the 0.975 one.

The t∗ distribution given by (3) follows the null hypothesis, then the percentile
t confidence interval (4) is usefully for the hypothesis testing H0 : βj = β0 with
β0 a fixed real value. With these type of confidence intervals it is not necessary
to repeat the calculations if we want to change the value of β0, unlike what
happens with p-values.

3 Application

We use a data set on Swedish third-party motor insurance in 1977 described in
Hallin and Ingenbleek[10] and also used in Boj et al.[2],[4]. Data are included
in the package faraway for R under the name motorins. The total number
of observations is n = 295 corresponding to different non-empty risk groups.
We analyze claim frequency, defined by the number of claims and the expo-
sure variable number of insured in policy-years. There are three risk factors:
Distance (kilometers travelled by year, with 5 levels), Bonus (level in the scale
of Bonus, with continuous numerical values from 1 to 7) and Make (with 9
nominal categories). We code Bonus and Distance (using its class mark) as
numerical variables and Make as categorical nominal. We assume a Poisson
error distribution and the logarithmic link.

We fit DB-GLM to the main effects of the three risk factors, using the dbglm
function in the dbstats package (see Boj et al.[3]. The similarity is computed
with Gower’s similarity index (metric = "gower"), taking into account all the
geometric variability (rel.gvar = 1), i.e., the model named dbglm1 in the Ap-
pendix A of Boj et al.[2], with a residual deviance of 454.1 on 276 degrees of
freedom:

Call:

dbglm(formula = yfactor(MakeC) + KmC + BonC , data = Motor1, family

= poisson(link = "log"), method = "rel.gvar", metric = "gower",

weights = w, rel.gvar = 1)

family: poisson

metric: gower

Degrees of Freedom: 294 Total (i.e. Null); 276 Residual 236

Null Deviance: 6978 237

Residual Deviance: 454.1

In Boj et al.[4] eleven coefficients were estimated: nine for the levels Make1
to Make9, and two for the numerical factors Distance and Bonus. The linear
predictor was:
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η = β0 + F1 · β1 + F2 · β2 + · · ·+ F10 · β10 + ε =
βMake1 + FMake2 · βMake2 + FMake3 · βMake3 + FMake4 · βMake4+
FMake5 · βMake5 + FMake6 · βMake6 + FMake7 · βMake7+
FMake8 · βMake8 + FMake9 · βMake9 + FKm · βKm + FBon · βBon + ε.

The reference individual chosen was:

f0 =
(
Make = 1,Km = Km,Bon = Bon

)
= (1, 9683.82, 5.58) ,

being the class Make = 1 the corresponding to the intercept term β0.
In Boj et al.[4] one can find, in Table 1, the results of the estimated influence

coefficients for this model, dbglm1, and the corresponding standard errors using
size B = 1000 for the bootstrap. Table 2 Table 2 contains simple bootstrap
confidence intervals, (2), at level 0.95.

Now, we complete the example with a quantitative measure for the sig-
nificance of predictors using the Wald test. We construct the corresponding
percentile t confidence intervals, (4), at level 0.95. In Figures from 1 to 11
we show the histograms of the bootstrap t∗ distributions given by (3) for the
different predictors of the dbglm1 model. In Table 1, one can find: in the
first column the estimated betas; in the second column the 97.5 quantile of
the bootstrapped null distribution given by the 1000 values of (3); in the third
column the 2.5 quantile of the same bootstrap distribution; and in the fourth
column the percentile t confidence intervals given by (4). As a result, we do
not have the 0 value in any of the percentile t confidence intervals of Table 1,
and it means that all the coefficients are significant in the dbglm1 model.

Fig. 1. Bootstrap t∗ distribution of
β̂Make1 for the dbglm1 model.

Fig. 2. Bootstrap t∗ distribution of
β̂Make2 for the dbglm1 model.

4 Conclusions

In Boj et al.[4] we define -local valid- influence coefficients for the DB-GLM.
Additionally, we propose a bootstrap methodology to estimate standard errors
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Fig. 3. Bootstrap t∗ distribution of
β̂Make3 for the dbglm1 model.

Fig. 4. Bootstrap t∗ distribution of
β̂Make4 for the dbglm1 model.

Fig. 5. Bootstrap t∗ distribution of
β̂Make5 for the dbglm1 model.

Fig. 6. Bootstrap t∗ distribution of
β̂Make6 for the dbglm1 model.

Fig. 7. Bootstrap t∗ distribution of
β̂Make7 for the dbglm1 model.

Fig. 8. Bootstrap t∗ distribution of
β̂Make8 for the dbglm1 model.
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Fig. 9. Bootstrap t∗ distribution of
β̂Make9 for the dbglm1 model.

Fig. 10. Bootstrap t∗ distribution of
β̂Km for the dbglm1 model.

Fig. 11. Bootstrap t∗ distribution of
β̂Bon for the dbglm1 model.

and to calculate simple bootstrap confidence intervals as an informative mea-
sure. The proposed bootstrap methodology is bootstrapping pairs which could
be adequate when we use DB regression models (see Boj et al.[1]).

The pairs bootstrap is very easy to implement and it can be applied to a
wide range of models. However it sufers from two major deficiencies (see MacK-
innon[11],[12],[13]). The first is that the bootstrap data generation process does
not impose any restriction on βj . Then, if we are testing restrictions on βj , as
opposed to estimating standard errors or forming simple confidence intervals,
we need to modify the bootstrap test statistic so that it will test something
that will be true in the bootstrap data generation process. Or, alternatively, we
can modify the resampling scheme so that the null hypothesis will be respected
in the bootstrap data generating process, see Boj et al.[1] and Flachaire[7],[8].
The other deficiency of the pairs bootstrap is that, compared with the residual
bootstrap (when it is valid) and with the wild bootstrap, the pairs bootstrap
generally does not yield very accurate results. But the pairs bootstrap is less
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β̂ t∗
1−α/2

t∗α/2
Percentile t confidence intervals

β̂Make1 −1.857e+ 0 1.962086 −1.908919 [−1.860e+ 0,−1.853e+ 0]

β̂Make2 1.312e− 01 1.882888 −1.849325 [1.251e− 01, 1.371e− 01]

β̂Make3 −2.142e− 01 1.828144 −1.976043 [−2.260e− 01,−2.014e− 01]

β̂Make4 −4.977e− 01 1.930592 −2.144194 [−5.028e− 01,−4.919e− 01]

β̂Make5 1.239e− 01 1.81118 −1.968902 [1.178e− 01, 1.305e− 01]

β̂Make6 −3.880e− 01 1.916472 −2.03158 [−3.926e− 01,−3.832e− 01]

β̂Make7 −1.304e− 01 1.968073 −1.909681 [−1.410e− 01,−1.200e− 01]

β̂Make8 1.363e− 01 1.872734 −1.998162 [1.081e− 01, 1.664e− 01]

β̂Make9 −2.361e− 02 1.799623 −2.038099 [−2.597 − 02,−2.093e− 02]

β̂Km 1.069e− 05 2.022189 −1.953856 [1.050e− 05, 1.087e− 05]

β̂Bon −3.733e− 02 2.113138 −1.685741 [−4.111e− 02,−3.431e− 02]

Table 1. Estimated coefficients; quantiles 97.5 and 2.5 of the t∗ distributions; and
percentile t confidence intervals assuming α = 0.05, for the dbglm1 model.

sensible to the hypotheses of the model than the residual bootstrap. And the
estimated standard error via the pairs bootstrap offers reasonable results when
some hypotheses of the model are not satisfied.

To complete the study of influence coefficients for the DB-GLM initiated in
Boj et al.[4], in this work we propose a procedure to obtain an estimation of the
Wald statistic. Our objective is to contrast the null hypothesis, H0 : βj = β0.
For this aim, we compute percentile t confidence intervals given by formula (4).
The bootstrapped t∗ distribution given by (3) follows the null hypothesis, then
the percentile t confidence interval (4) is adequate for the hypothesis testing
H0 : βj = β0 given β0 a fixed real value. With these type of confidence intervals
it is not necessary to repeat the calculations if we want to contrast the null
hypothesis for different values of β0, unlike what happens when using p-values.

In the example, we have calculated percentile t confidence intervals for the
coefficients of the motorins dataset related to the model with the main effects,
named dbglm1. And we have obtained that all risk factors could be entered as
a tariff variables in the final model.

The most important result of this work is that with the defined bootstrap
percentile t confidence intervals we can study in an statistical way the signifi-
cance of the influence coefficients defined in Boj et al.[4] for the DB-GLM. And
this is an important question in actuarial rate-making, where the selection of
risk factors is the basis of the problem.
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Abstract. We study a model of insurance company performance with dividends
payment and reinsurance. The claim process is supposed to be compound Poisson.
The company uses the barrier dividend strategy. In contrast to previous research the
non-proportional excess-of-loss reinsurance treaty with limited liability of reinsurer
is applied. The optimal dividend barrier, providing the maximal value of expected
discounted dividends paid until ruin, is obtained for exponential and uniform claim
distributions.
Keywords: Dividends, Reinsurance, Optimization.

1 Introduction

It is well known that the primary task of any insurance company is indemni-
fication of its policyholders losses. Hence, many researchers have investigated
the ruin probability of insurance company. In other words, a so-called reliability
approach has dominated for a long time.

However, being a corporation, the insurance company needs to pay divi-
dends to its shareholders. Thus, in 1957 De Finetti[2] proposed a new approach.
Namely, he initiated the study of expected discounted dividends until the com-
pany ruin. The aim was to choose a dividend strategy providing the maximal
value of the above mentioned dividends. Review of the results in this domain
one can find in the paper by Avanzi[1]. We mention also the investigations by
Gerber et al.[3] and [4] which are generalized in our work.

Nowadays reinsurance is widely used for stabilization of any insurance com-
pany performance. So we consider below a multi-component system taking into
account not only dividends payment but reinsurance as well. In contrast to the
paper Karapetyan[5] where excess of loss reinsurance with unlimited liability
of reinsurer was treated, we study the case of limited liability. The optimal
barrier strategy of dividends payment is established for the exponential and
uniform claim distributions.
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2 Model description

At first we present some results obtained previously for the classical Cramer-
Lundberg model by other researchers. In the framework of this model the
insurance company surplus at time t (without dividends payment) is as follows:

U(t) = U(0) + ct− S(t), t ≥ 0.

Here {S(t)} is a compound Poisson process with intensity λ. The claim amounts
are independent nonnegative identically distributed random variables with prob-
ability density p(y). Premiums are acquired continuously with the rate c =

(1 + θ)λp1 where θ > 0 and p1 =
∞∫
0

yp(y)dy is expected claim value.

To study the insurance company performance and dividends payment de-
note by D(t) the total dividends paid until t. Then

X(t) = U(t)−D(t)

is the company surplus at time t and

T = inf{t : X(t) < 0}

is the ruin time of the company.

Dividends are paid according to some strategy. There exist a lot of possible
dividends strategies. However we are going to consider only barrier strategies
with barrier level b. Such a strategy means that there is no dividends payment
if X(t) < b, whereas the payment intensity equals c, if X(t) = b (see Fig. 1).
We assume that X(0) = x ≤ b, hence, X(t) never exceeds b.

Fig. 1. Company surplus and dividends under barrier strategy

Let V (x, b) = E

[
T∫
0

e−δtdD(t)

]
be the expected discounted dividends under
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barrier strategy with parameter b, whereas x = U(0) denotes the initial com-
pany surplus, 0 ≤ x ≤ b. Then, according to Gerber et al.[3], V (x, b), as a
function of x, satisfies the following equation

cV ′(x, b)− (λ+ δ)V (x, b) + λ

x∫
0

V (y, b)p(x− y)dy = 0, 0 < x < b, (1)

with the boundary condition

V ′(b, b) = 1. (2)

The exponential distribution with parameter β was also treated in Gerber et
al.[3]. They have found the explicit form of V (x, b) for this distribution. For
this purpose the operator

(
d
dx + β

)
was applied to all the summands of equation

(1). (We are going to use such a method treating the case with reinsurance).
Thus,

V (x, b) = C0e
rx + C1e

sx, 0 ≤ x ≤ b.
Here the coefficients r > 0, s < 0 are the roots of the characteristic equation

(1 + θ)p1ξ
2 + (θ − α)ξ − αβ = 0,

where α = δ
λ . The coefficients C0 and C1 were obtained using the boundary

condition (2) and substitution of V (x, b) in the initial equation (1). Hence,

C0 =
r + β

ν(b)
, C1 = −s+ β

ν(b)

with
ν(b) = rerb (r + β)− sesb (s+ β) .

It was shown as well that the barrier strategy with parameter b∗ satisfying
ν′(b∗) = 0 is optimal, that is maximizes the expected dividends V (x, b) paid
until ruin. So, for exponential claim distribution it is not difficult to find the
optimal barrier

b∗(r, s) =
1

r − s
ln
s2(s+ β)

r2(r + β)
.

The aim of our investigation is obtaining of the solution of equation (1) for
various claim distributions in case of excess of loss reinsurance with limited
liability of reinsurer. Moreover, it is also interesting to get the optimal value
of parameter b, providing maximum of V (x, b).

3 Excess of loss reinsurance with limited liability of
reinsurer

In addition to usual excess-of-loss treaty with retention d we assume that
reinsurer has a liability limit l. Let X be the initial claim size of direct insurer
then his payment under the above mentioned treaty is

Xl = min(d,X) + max(X − l − d, 0),
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whereas the reinsurer’s payment is equal to

X ′l = min(max(X − d, 0), l).

Denote by Fl(t) the distribution function of insurer’s payment in the framework
of reinsurance treaty. Then Fl(t) has the form presented by Fig. 2 if the initial
claim had an absolutely continuous distribution. Here the initial claim distri-
bution function is depicted by the dash line and the boldface line represents
the corresponding distribution after reinsurance.

Fig. 2. Insurer’s distribution function

Let us suppose that direct insurer and reinsurer use for premiums calcula-
tion the expected value principle with loads θ and θ1 respectively. Then the
insurer’s premium net of reinsurance cl has the form

cl = λ(1 + θ)p1 − λ(1 + θ1)

d+l∫
d

(1− F (x)) dx.

The integro-differential equation under reinsurance treaty can be written as
follows

clV
′(x, b, d, l)− (λ+ δ)V (x, b, d, l)−

− λ
x∫

0

V (y, b, d, l) dFl(x− y) = 0, 0 < x < b. (3)
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We can transform the integral term in the left-hand side of equation (3) putting
x− y = t

− λ
x∫

0

V (y, b, d, l) dFl(x− y) = λ

x∫
0

V (x− t, b, d, l) dFl(t) =

=



λ
x∫
0

V (x− t, b, d, l) dF (t), for 0 < x < d

λ
d∫
0

V (x− t, b, d, l) dF (t) + λV (x− d, b, d, l)(Fl(d)− Fl(d− 0))+

+λ
x∫
d

V (x− t, b, d, l)dF (l + t), for d ≤ x < b.

(4)

We assume here that b > d. If b ≤ d, we are going to consider only x < b.
We begin by treating the case 0 < x < d. Since

λ

x∫
0

V (x− t, b, d, l)dF (t) = λ

x∫
0

V (y, b, d, l)p(x− y)dy,

one deduces that, for x < d, equation (3) is equivalent to

clV
′(x, b, d, l)− (λ+ δ)V (x, b, d, l) + λ

x∫
0

V (y, b, d, l)p(x− y) dy = 0.

Hence, the equation for V (x, b, d, l) is similar to (1), moreover, these two equa-
tions have only different intensities of premium acquirement. Further we con-
centrate on the case of exponential claim distribution with parameter β. Put
c̃l = cl

λ . Then V (x, b, d, l) satisfies the second order differential equation

c̃lV
′′(x, b, d, l) + V ′(x, b, d, l)(βc̃l − (1 + α)) + V (x, b, d, l)(−αβ) = 0 . (5)

Since for exponential distribution

c̃l = (1+θ)p1−(1+θ1)

d+l∫
d

e−βx dx =
1

β

(
(1 + θ) + (1 + θ1)e−βd(e−βl − 1)

)
,

we get

βc̃l − (1 + α) = (θ − α) + e−βd(1 + θ1)(e−βl − 1) .

Substituting this expression in (5), we get the final form of the differential
equation for V (x, b, d, l), namely,

1

β

(
(1 + θ) + (1 + θ1)e−βd(e−βl − 1)

)
V ′′(x, b, d, l)+

+ V ′(x, b, d, l)
(
(θ − α) + e−βd(1 + θ1)(e−βl − 1)

)
+ V (x, b, d, l)(−αβ) = 0.
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The solution of this equation has the form

V (x, b, d, l) = E0(b, d, l)erlx + E1(b, d, l)eslx, 0 ≤ x < d.

Here rl > 0, sl < 0 are the roots of the characteristic equation

c̃lξ
2 + (βc̃l − (1 + α)) ξ − αβ = 0.

As in case without reinsurance we establish that

E0(b, d, l) =
rl + β

νl(b, d, l)
, E1(b, d, l) = − sl + β

νl(b, d, l)
,

where

νl(b, d, l) = rle
rlb (rl + β)− sleslb (sl + β) .

We obtain also the optimal dividends barrier

b∗l = b∗(rl, sl) =
1

rl − sl
ln
s2l (sl + β)

r2l (rl + β)
.

Now turn to the case d ≤ x < b. First of all, we use the following
transformations of two terms in the right-hand side of (4) for d ≤ x < b:

λ

d∫
0

V (x− t, b, d, l)dF (t) = λ

x−d∫
x

V (y, b, d, l)dF (x− y) =

= −λ
x−d∫
x

V (y, b, d, l)p(x− y) dy = λ

x∫
x−d

V (y, b, d, l)p(x− y) dy (6)

and

λ

x∫
d

V (x− t, b, d, l) dF (l + t) = λ

x∫
d

V (x− t, b, d, l)p(l + t)dt =

= λ

x−d∫
0

V (y, b, d, l)p(l + x− y) dy. (7)

Note also that the following equality

Fl(d)− Fl(d− 0) = F (d+ l)− F (d)

is valid. Dividing both sides of (3) by λ we get the new equation

c̃lV
′(x, b, d, l)− (1 + α)V (x, b, d, l)−

x∫
0

V (y, b, d, l) dFl(x− y) = 0, d ≤ x < b,
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as in previous case. Due to equality (4), this equation takes the following form

c̃lV
′(x, b, d, l)− (1 + α)V (x, b, d, l) +

d∫
0

V (x− t, b, d, l)dF (t)+

+ V (x− d, b, d, l)(Fl(d)− Fl(d− 0)) +

x∫
d

V (x− t, b, d, l)dF (l + t) = 0.

Now we apply the operator
(
d
dx + β

)
to the new equation taking into account

the described above transformations.

Once more we consider the case of exponentially distributed claims with
parameter β. The operator is separately applied to each summand. For the
first one we get(

d

dx
+ β

)
[c̃lV

′(x, b, d, l)] = c̃lV
′′(x, b, d, l) + βc̃lV

′(x, b, d, l),

the second one yields(
d

dx
+ β

)
[−(1 + α)V (x, b, d, l)] = −(1 + α)V ′(x, b, d, l)− β(1 + α)V (x, b, d, l).

For the third term we take into account (6) getting

(
d

dx
+ β

) x∫
x−d

V (y, b, d, l)p(x− y) dy =

=

(
d

dx
+ β

) x∫
0

V (y, b, d, l)p(x−y) dy−
(
d

dx
+ β

) x−d∫
0

V (y, b, d, l)p(x−y) dy.

For the fourth term we have the following expression

(
d

dx
+ β

)
[V (x− d, b, d, l)(F (d+ l)− F (d))] =

= V ′(x− d, b, d, l)(F (d+ l)− F (d)) + βV (x− d, b, d, l)(F (d+ l)− F (d)).

Thus, applying the operator
(
d
dx + β

)
and simultaneously using the relation

p′(x) = −βp(x), we obtain

(
d

dx
+ β

) x∫
0

V (y, b, d, l)p(x− y)dy = βV (x, b, d, l).
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Hence(
d

dx
+ β

) x∫
x−d

V (y, b, d, l)p(x− y)dy =

= βV (x, b, d, l)−
(
d

dx
+ β

) x−d∫
0

V (y, b, d, l)p(x− y)dy.

Next, we transform the integral

(
d

dx
+ β

) x−d∫
0

V (y, b, d, l)p(x− y)dy = V (x− d, b, d, l)p(x− x+ d)+

+

x−d∫
0

V (y, b, d, l)p′(x−y)dy+β

x−d∫
0

V (y, b, d, l)p(x−y)dy = V (x−d, b, d, l)p(d),

getting

(
d

dx
+ β

) d∫
0

V (x− t, b, d, l)dF (t) = βV (x, b, d, l)− V (x− d, b, d, l)p(d).

The last term rewritten with help of (7) gives

(
d

dx
+ β

) x−d∫
0

V (y, b, d, l)p(l + x− y)dy = V (x− d, b, d, l)p(l + x− x+ d)+

+

x−d∫
0

V (y, b, d, l)p′(l + x− y)dy + β

x−d∫
0

V (y, b, d, l)p(l + x− y)dy =

= V (x− d, b, d, l)p(l + d).

After summation of all the obtained expressions we get

c̃lV
′′(x, b, d, l) + βc̃lV

′(x, b, d, l)− (1 +α)V ′(x, b, d, l)− β(1 +α)V (x, b, d, l)+

+ βV (x, b, d, l)− V (x− d, b, d, l)p(d) + V ′(x− d, b, d, l)(F (d+ l)− F (d))+

+ βV (x− d, b, d, l)(F (d+ l)− F (d)) + V (x− d, b, d, l)p(l + d) = 0.

Using the relations F (x) = 1 − e−βx and p(x) = βe−βx, after some transfor-
mations we finally establish the following equation

c̃lV
′′(x, b, d, l) + (βc̃l − (1 + α))V ′(x, b, d, l)− αβV (x, b, d, l) =

= −e−βdF (l)V ′(x− d, b, d, l). (8)
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Let us mention that we have already found above the expression of V (x, b, d, l)
for x ∈ [0, d). Denote by V k(x, b, d, l) the value of the function V (x, b, d, l) on
the semiinterval x ∈ [kd, (k + 1)d) where k ∈ N ∪ {0} : kd ≤ b. One can easily
derive the expression of V k+1(x, b, d, l) using V k(x, b, d, l) and equation (8). In-
deed, equality (8) is a heterogeneous linear differential equation with a certain
right-hand side. Therefore we obtain by means of mathematical induction the
following expression of V (x, b, d, l) for all 0 ≤ x ≤ b

V (x, b, d, l) =

∞∑
k=0

I(x ∈ [kd, (k + 1)d), x ≤ b)×

× [E0(b, d, l)erlx(1 + akk(rl)x
k + ak,k−1(rl)x

k−1 + ...+ ak1(rl)x)+

+ E1(b, d, l)eslx(1 + akk(sl)x
k + ak,k−1(sl)x

k−1 + . . .+ ak1(sl)x].

Coefficients aij(rl) and aij(sl) in this expression do not depend on b. We put
also aij(·) = 0 if i ≤ 0 or j ≤ 0. So, for all 0 ≤ x ≤ b the optimal dividend
barrier is equal to

b∗l = b∗(rl, sl) =
1

rl − sl
ln
s2l (sl + β)

r2l (rl + β)
.

Uniform distribution of claims

Assume the claims to be uniformly distributed on the interval [0;h]. It is
reasonable to suppose that d+ l < h. First of all, it is necessary to obtain the
form of (3) for 0 < x < b.

The first case is 0 < x < d. For such x, the application of operator d
dx to

equation (3) taking into account transformation (4) and equality F (t) = t
h for

t ∈ (0, d) yields

c̃lV
′′(x, b, d, l)− (1 + α)V ′(x, b, d, l) +

1

h
V (x, b, d, l) = 0.

For uniform distribution of claims we have

c̃l = (1 + θ)p1 − (1 + θ1)

d+l∫
d

(1− F (x))dx = (1 + θ)
h

2
− (1 + θ1)l(1− 2d+ l

2h
).

Hence, for 0 < x < d, the solution V (x, b, d, l) has the form

V (x, b, d, l) = U0(b, d, l)eplx + U1(b, d, l)eqlx =
ple

plx − qleqlx

p2l e
plb − q2l eqlb

,

where pl > ql > 0 are the roots of the characteristic equation (we assume
D > 0). Thus the optimal barrier is equal to

b∗l =
1

pl − ql
ln
q3l
p3l
. (9)
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The second case corresponds to d ≤ x < h−l. Inserting the uniform distribution
function F (t) in (3) and dividing by λ we get

c̃lV
′(x, b, d, l)− (1 + α)V (x, b, d, l) +

d∫
0

V (x− t, b, d, l)d t
h

+

+ V (x− d, b, d, l)
(
d+ l

h
− d

h

)
+

x∫
d

V (x− t, b, d, l)dl + t

h
= 0.

Application of operator d
dx provides

c̃lV
′′(x, b, d, l)−(1+α)V ′(x, b, d, l)+

1

h
V (x, b, d, l)+

l

h
V ′(x−d, b, d, l) = 0. (10)

The last case corresponds to h− l ≤ x < b. Here (3) has the form

c̃lV
′(x, b, d, l)− (1 + α)V (x, b, d, l) +

d∫
0

V (x− t, b, d, l)d t
h

+

+ V (x− d, b, d, l)
(
d+ l

h
− d

h

)
+

h−l∫
d

V (x− t, b, d, l)dl + t

h
= 0.

After application of d
dx we get

c̃lV
′′(x, b, d, l)− (1 + α)V ′(x, b, d, l) +

1

h
V (x, b, d, l)+

+
l

h
V ′(x− d, b, d, l)− 1

h
V (x− (h− l), b, d, l) = 0. (11)

To calculate V (x, b, d, l) for d ≤ x < b it is possible to use the following
algorithm

1. Find expression of V (x, b, d, l) on interval (0, d).
2. Let h − l ∈ (nd, (n + 1)d] for n = 1, 2, . . .. The form of the function on

semiinterval [kd, (k+ 1)d) for 1 ≤ k ≤ n− 1 can be obtained using its form
on semiinterval [(k − 1)d, kd) and equation (10), the same is true for the
last semiinterval [nd, h− l).

3. For x ∈ [h− l, (n+ 1)d) according to (11) the function V (x, b, d, l) depends
on V ′(x−d, b, d, l) and V (x−(h−l), b, d, l). The same is true for x ≥ (n+1)d.
Similarly, for h − l ≤ x < b we use the expression of the function on two
previous semiintervals.
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The method of mathematical induction enables us to show that for the whole
range d ≤ x < b the optimal barrier coincides with expression (9). It is not
difficult to establish that b∗l < 0. That means, the function V (x, b, d, l) has no
local maximum for b ∈ (0,∞).

4 Comments

We have considered the barrier dividends strategy and obtained the form of
optimal barrier level in the model with excess-of-loss reinsurance for the expo-
nential and uniform claim distributions.

The next step is investigation of the model sensitivity to parameters fluctu-
ations and distributions perturbations. The results will be published elsewhere.
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Abstract. Financial models have to reflect the characteristics of markets in which
they are developed to be able to predict the future behaviour of a financial system.
The nature of most trading environments is characterised by uncertainty that is ex-
pressed in mathematical models in terms of volatilities. In contrast to the classical
Black–Scholes model with constant volatility, our model of mean-reversion type in-
cludes two stochastic volatilities, a fast-changing and a slow-changing, which can be
interpreted as the effects of weekends and the effects of seasons of the year (summer
and winter) on the asset price.

We perform explicitly the transition from the real-world probability measure to
the risk-neutral one by introducing two market prices of risk and applying Girsanov
Theorem. To solve the boundary value problem for the partial differential equation
that corresponds to the case of a European option, we perform both regular and singu-
lar multi-scale expansions in fractional powers of the speed of mean-reversion factors.
We then construct an approximate solution given by the classical two-dimensional
Black–Scholes model plus some terms that expand the results obtained by Black and
Scholes. Concrete examples are presented.
Keywords: Financial market, Mean reversion volatility, Risk-neutral measure, Par-
tial differential equation, Regular perturbation, Singular perturbation, European op-
tion.

1 Introduction

European options are financial instruments that are signed today to be exe-
cuted at a predetermined future time, i.e the maturity, and at a predefined
price, i.e. the strike price. Divided in two types, call (put) option is a contract
that gives the buyer of the contract the right but not obligation to buy (sell)
an asset at the strike price at maturity. One has to pay to get rights without

3rd SMTDA Conference Proceedings, 11-14 June 2014, Lisbon Portugal
C. H. Skiadas (Ed)

c© 2014 ISAST

157



obligations, the question is how much will be paid to buy such type of contract.
The answer to this question is addressed in various mathematical options pric-
ing models. This type of models gives the relation between parameters involved
in the price evolution of an asset and the value of its contingent claims, for ex-
ample, a call option on the asset. Since the price process is not deterministic,
one has to consider stochastic changes of prices that will impose the presence of
volatility terms on mathematic modelling. Black and Scholes [1] has presented
the celebrated option pricing model considering volatility as constant. To over-
come the limitations of constant volatility many researchers have considered
models that incorporates stochastic volatility (Heston [2], Christoffersen et al
[11], Hull [9] and Grzelak and Oosterlee [10]). Further, Chiarella and Ziveyi
[3] has considered an option pricing model with two stochastic volatilities. In
the present paper we apply this approach to European option pricing and use
a perturbation method to compute the solution.

2 The model

Consider the price evolution of an asset (for example an equity stock) that is
governed by the following stochastic differential equation

dx1 = µx1 dt+
√
x2x1 dW1 +

√
x3x1 dW2, (1)

where µ is the mean return of the asset, x2 and x3 are two uncorrelated and
finite variance processes described by Heston [2] that also change stochastically
according to the following equations

dx2 =
1

ε
(θ1 − x2) dt+ ρ13

√
1

ε
x2 dW1 +

√
1

ε
(1− ρ213)x2 dW3,

dx3 = δ(θ2 − x3)dt+ ρ24
√
δx3 dW2 +

√
δ(1− ρ224)x3 dW4.

(2)

Here
1

ε
and δ are the speeds of mean reversion; θ1 and θ2 are the long run

means;

√
1

ε
and

√
δ the instantaneous volatilities of x2 and x3 respectively

and Wi, i = {1, 2, 3, 4} are Wiener processes. The correlations between the
asset price x1 and the variance processes x2 and x3 are given respectively by

ρ13

√
x2
ε

and ρ24
√
x3ε which are chosen as in Chiarella and Ziveyi [3] to avoid

the product term
√
x2x3.

In equation (2) choosing ε and δ to be small and to follow Feller [4] condi-
tions, we have a fast mean reversion speed for x2 and a slow mean reversion
speed for x3. Therefore in our model the underlying asset price x1 is influenced
by two volatility terms that behave completely differently. For example, one
may change each month whereas the other one may change twice a day.

The finiteness of the two variances gives guarantee that equation (1) has a
solution under the real-world probability measure. In addition it ensures that
there exists an equivalent risk neutral measure under which the same equation
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has a solution and the discounted stock price process under this measure is a
martingale.

2.1 Change of measure — application of Girsanov Theorem

According to Girsanov theorem (see for example Kijima [5]), under the equiv-
alent risk neutral measure the processes W ∗i , i = 1, . . . , 4, defined by dW ∗i =
λidt + dWi, where λi are the market prices of risk. Making use of this result,
we can write

dWi = −λi dt+ dW ∗i , i = 1, 2, 3, 4, (3)

where λ1 = µ−(r−q)
2
√
x2

; λ2 = µ−(r−q)
2
√
x3

; λ3 =
λ1
√
x2ε√

1−ρ213
and λ4 =

λ2
√
x3ε√

1−ρ224
. Sub-

stituting equation (3) in equations (1) and (2), collecting similar terms and
considering that under risk neutral measure µ is equal to r − q, we obtain the
following system of stochastic differential equations

dx1 = (r − q)x1 dt+
√
x2x1 dW ∗1 +

√
x3x1 dW ∗2 ,

dx2 =

(
1

ε
(θ1 − x2)− 1√

ε
λ3

√
x2(1− ρ213)

)
dt+

1√
ε

√
x2ρ13 dW ∗1

+
1√
ε

√
x2(1− ρ213) dW ∗3 ,

dx3 =

(
δ(θ2 − x3)−

√
δλ4

√
x3(1− ρ224)

)
dt+

√
δ
√
x3ρ24 dW ∗2

+
√
δ
√
x3(1− ρ224) ddW ∗4 .

(4)

Having our system given under risk neutral measure, the next step is to find
the option price U of the underlying asset. To do this we need to construct the
correlation matrix and perform some calculations.

σ =

 x1
√
x2 x1

√
x3 0 0√

x2

ε ρ13 0

√
(1−ρ213)x2

ε 0

0 ρ24
√
δx3 0

√
δ(1− ρ224)x3

 ,

and

σσ> =


x21(x2 + x3)

ρ13x1x2√
ε

ρ24x1x3
√
δ

ρ13x1x2√
ε

x2
ε

0

ρ24x1x3
√
δ 0 δx3

 .

Let us now consider U = U(t, x1, x2, x3) as a function that has continuous
second derivatives with respect to variables x1, x2, and x3 and first derivative
with respect to time. Using Feynman–Kac theorem (see for example Kijima
[5]), Andersen and Piterbarg [12] have proved that the solution of system of
differential equations (4) can also be expressed as the unique solution of the
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following parabolic partial differential equation

(r − q)x1
∂U

∂x1
+

[
1

ε
(θ1 − x2)− λ1x2

]
∂U

∂x2
+ [δ(θ2 − x3)− λ2x3]

∂U

∂x3

+
1

2

[
(x2 + x3)x21

∂2U

∂x21
+

1

ε
x2
∂2U

∂x22
+ δx3

∂2U

∂x23

]
+

1√
ε
ρ13x1x2

∂2U

∂x1∂x2

+
√
δρ24x1x3

∂2U

∂x1∂x3
= rU − ∂U

∂t
,

subject to the terminal value condition U(T, x1, x2, x3) = h(x1). Here the coef-
ficients of first order derivatives are coefficients of the dt terms in the stochastic
differential equations in (4) and the coefficients of second order derivatives come
from σσ>. Collecting terms with the same powers of ε and δ gives

1

ε

[
(θ1 − x2)

∂U

∂x2
+

1

2
x2
∂2U

∂x22

]
+

1√
ε
ρ13x1x2

∂2U

∂x1∂x2

+
∂U

∂t
+ (r − q)x1

∂U

∂x1
− λ1x2

∂U

∂x2
− λ2x3

∂U

∂x3
+

1

2
(x2 + x3)x21

∂2U

∂x21
− rU

+
√
δρ24x1x3

∂2U

∂x1∂x3
+ δ

[
(θ2 − x3)

∂U

∂x3
+

1

2
x3
∂2U

∂x23

]
= 0

or (
1

ε
L0 +

1√
ε
L1 + L2 +

√
δM1 + δM2

)
U = 0 (5)

for

L0 = (θ1 − x2)
∂

∂x2
+

1

2
x2

∂2

∂x22
, (6)

L1 = ρ13x1x2
∂2

∂x1∂x2
,

L2 =
∂

∂t
+ (r − q)x1

∂

∂x1
+

1

2
(x2 + x3)x21

∂2

∂x21
− r − λ1x2

∂

∂x2
− λ2x3

∂

∂x3
,

M1 = ρ24x1x3
∂2

∂x1∂x3
,

M2 = (θ2 − x3)
∂

∂x3
+

1

2
x3

∂2

∂x23
.

Our aim is to find the price of a European option with payoff function h(x1)
at maturity T . Taking into account the Markov property and the fact that our
system is considered under the risk neutral probability measure, we can apply
Feynman–Kac theorem to obtain the option price as

U(t, x1, x2, x3) = e−(T−t)E∗ [h(x1) | x1, x2, x3] .

Calculation of this expectation is very complicated because it involves many
parameters that have to be clearly measured and applied. To avoid this compli-
cation, we present a perturbation method that approximates the option price
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by a quantity that depends on much less parameters than those imposed by
Feynman–Kac theorem. From our system and also our partial differential equa-
tion, it is clear that U(t, x1, x2, x3) depends on ε and δ. From now on, to make
this dependence clear, we write Uε;δ(t, x1, x2, x3) instead of U(t, x1, x2, x3).
Our assumption is that if ε and δ are small, the associated operators will di-
verge and be also small. Therefore we use the approach of singular and regular
perturbations.

3 Regular and singular perturbation

We now make a formal asymptotical expansion as presented in Fouque et al
[6] and Fouque et al [7]. We start by performing a regular perturbation with
respect to δ, followed by a singular perturbation with respect to ε.

Assume that our solution can be expressed in the following form

Uε,δ = Uε0 +
√
δUε1 + δUε2 + δ

√
δUε3 + · · · (7)

and use this expansion in (5) we have(
1

ε
L0 +

1√
ε
L1 + L2 +

√
δM1 + δM2

)
(Uε0 +

√
δUε1 +δUε2 +δ

√
δUε3 + · · · ) = 0.

Collecting terms with the same power of
√
δ, the above equation can be rear-

ranged into(
1

ε
L0 +

1√
ε
L1 + L2

)
Uε0

+
√
δ

[(
1

ε
L0 +

1√
ε
L1 + L2

)
Uε1 +M1U

ε
0

]
+ δ

[(
1

ε
L0 +

1√
ε
L1 + L2

)
Uε2 +M1U

ε
1 +M2U

ε
0

]
+ δ
√
δ

[(
1

ε
L0 +

1√
ε
L1 + L2

)
Uε3 +M2U

ε
1 +M1U

ε
2

]
+ δ2

[(
1

ε
L0 +

1√
ε
L1 + L2

)
Uε4 +M1U

ε
3 +M2U

ε
2

]
+ · · · = 0.

(8)

Since δ > 0, the asymptotic equality (8) holds only if all coefficients of δ are
equal to zero under some appropriate final conditions. In particular we have(

1

ε
L0 +

1√
ε
L1 + L2

)
Uε0 = 0, Uε0 (T, x1, x2, x3) = h(x1). (9)

Solving the above partial differential equation with terminal condition h(x1)
gives Uε0 . To obtain Uε1 we solve the following nonhomogeneous partial differ-
ential equation with terminal condition equal to zero, which follows also from
the asymptotic equality (8),(

1

ε
L0 +

1√
ε
L1 + L2

)
Uε1 +M1U

ε
0 = 0, Uε1 (T, x1, x2, x3) = 0. (10)
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3.1 First order approximation

Expanding each Uεi , i = 0, 1, 2, . . . in terms of ε gives

Uε,δ =
∑
i≥0

∑
j≥0

(
√
δ)i(
√
ε)jUj,i.

In particular

Uε0 = U0,0 +
√
εU1,0 + εU2,0 + ε

√
εU3,0 + · · · . (11)

Therefore the first order approximation is given by

Uε,δ = U0,0 + Uε1,0 + Uδ0,1, where Uε1,0 =
√
εU1,0 and U δ0,1 =

√
δU0,1. (12)

Let us start by computing U0,0 = U0. Equation (9) and (11) implies

1

ε
L0U0 +

1√
ε

(L0U1,0 + L1U0) + (L0U2,0 + L1U1,0 + L2U0)

+
√
ε (L0U3,0 + L1U2,0 + L2U1,0) + · · · = 0.

Since ε > 0 all coefficients of ε in the above equation should be equal to zero,
which yields

L0U0 = 0,

L0U1,0 + L1U0 = 0,

L0U2,0 + L1U1,0 + L2U0 = 0,

L0U3,0 + L1U2,0 + L2U1,0 = 0.

(13)

The first equation in (13) has exponential form solutions and can also have a
constant with respect to x2 as its solution, which suggests that we can write U0

as U0 = U0(t, x1, x3). The motivation of this choice is given in Fouque et al
[7] by the fact that we want to have the leading-order price independent of the
current value of the fast factor. Note that U0 in this form does not depend on
x2 and the operator L1 contains only the mixed partial derivative with respect
to the cross term of x1 and x2. Taking consideration of this fact we obtain
from the second equation in (13) L1U0 = 0 and hence L0U1,0 = 0. This implies
that

U1,0 = U1,0(t, x1, x3)

for the same reasons as in the first equation of (13). It follows that

L1U1,0 = 0. (14)

The third equation in (13), together with equation (14), gives

L0U2,0 + L2U0 = 0, (15)

which is a Poisson equation for U2,0 with L2U0 as a source. The solvability
condition of Poisson equation (Fouque et al [7]) implies that

〈L2U0〉 = 0, (16)
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where

〈f〉 =

∫
f(s)π(s)ds

denotes averaging over the invariant distribution Π.
Since U0 does not depend on either x2 or on the terms in the differential

equation defined by operator L2, it follows that〈
∂U0

∂t
+ (r − q)x1

∂U0

∂x1
− λ2x3

∂U0

∂x3
+

1

2
(x2 + x3)x21

∂2U0

∂x21
− rU0

〉
= 0.

Thus we have the following partial differential equation

∂U0

∂t
+ (r − q)x1

∂U0

∂x1
+

1

2
σ2
1(x3)x21

∂2U0

∂x21
− rU0 − λ2x3

∂U0

∂x3
= 0,

where σ2
1(x3) =

∫
(x2 + x3)Π(dx2).

The above partial differential equation is the Black–Scholes two-dimensional
partial differential equation (Conze et al [8]) with volatility given by averaged
effective volatility. Therefore we can rewrite it as

LBS(σ1(x3))UBS = 0,

with the payoff function

UBS(T, x1, σ1(x3)) = h(x1),

where the notation UBS stands for the solution to the corresponding two-
dimensional Black–Scholes model. Therefore we have

U0 = UBS . (17)

3.2 Fast time scale correction

After having described U0 as the price given by the two-dimensional Black–
Scholes model, we proceed to calculate the price value given by U1,0. The last
equality in equation (13) is also the Poisson equation on U3,0 and to be solvable
it must also follow the central condition, specifically the average of source term
must be in the null set of the operator L0, or

〈L1U2,0 + L2U1,0〉 = 0. (18)

Since U1,0 does not depend no x2 the equation (18) can be written as

〈L1U2,0〉+ 〈L2〉U1,0 = 0.

From (15) and (16)

U2,0 = −L−10 (L2U0) = −L−10 [L2 − 〈L2〉]U0 + C(t, x1, x3).
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The term C(t, x1, x3) does not have any impact on the solution of our equation,
since, for differential operator L1 it is constant. It follows therefore that

〈L1U2,0〉 = −〈L1L−10 (L2 − 〈L2〉)〉U0.

Making √
ε〈L1L−10 (L2 − 〈L2〉)〉 = Bε

our problem can be expressed as

√
ε〈L2〉U1,0 = 〈L2〉Uε1,0 = BεU0

with final condition equal to zero.

3.3 Formula for Uε
1,0 with European Options

To be able to compute Uε1,0 we need to compute the operator Bε. We start by
defining

Dk = xki
∂k

∂xki
; i = 1, 2, (19)

so that

L2 − 〈L2〉 =
1

2

(
f(x2, x3)− σ2(x3)

)
x21

∂2

∂x21
=

1

2

(
f(x2, x3)− σ2(x3)

)
D2.

Now, suppose that φ(x2, x3) is the solution of

L0φ(x2, x3) = f2(x2, x3)− σ2(x3).

Then

L2 − 〈L2〉 =
1

2
L0φ(x2, x3)D2

which implies that

L−10 (L2 − 〈L2〉) =
1

2
φ(x2, x3)D2;

L1L−10 (L2 − 〈L2〉) = L1
1

2
φ(x2, x3)D2

and

〈L1L−10 (L2 − 〈L2〉)〉 =

〈
ρ13x1x2

∂2

∂x1∂x2

〉
1

2
φ(x2, x3)D2

=

〈
1

2
ρ13x2

∂φ(x2, x3)

∂x2
D1D2

〉
.

Due to the results above, the operator Bε can be written as

Bε =
√
ε

〈
1

2
ρ13x2

∂φ(x2, x3)

∂x2
D1D2

〉
=

√
ερ13
2

〈
x2
∂φ(x2, x3)

∂x2

〉
D1D2
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or

Bε = −V ε2 (x3)D1D2

where V ε2 (x3) = −
√
ερ13
2

〈
x2

∂φ(x2,x3)
∂x2

〉
.

Considering European options, our equation can be expressed as

LBS(σ(x3))U1,0(t, x1, x3)ε = BεUBS ; Uε1,0(T, x1, x3) = 0 (20)

and Uε1,0 will be equal to −(T − t)BεUBS(t, x1, σ(x3)). To prove this, we need
to show that it solves (20). Taking the left side of (20) and applying Uε1,0 gives

LBS(σ(x3))Uε1,0 = LBS(σ(x3))− (T − t)BεUBS(t, x1, σ(x3))

LBS(σ(x3))Uε1,0 = BεUBS − (T − t)LBS(σ(x3))BεUBS

LBS(σ(x3))Uε1,0 = BεUBS ,

which proves that

Uε1,0 = −(T − t)BεUBS . (21)

3.4 Slow time scale correction for Uδ
0,1

We consider now the second term in expansion (7) and perform expansion as
we did in (11) to construct the U0,1 term, as follows

Uε1 = U0,1 +
√
εU1,1 + εU2,1 + ε

√
εU3,1 + · · · .

Using this expansion of U1 in (10) gives(
1

ε
L0 +

1√
ε
L1 + L2

)
(U0,1 +

√
εU1,1 + εU2,1 + ε

√
εU3,1 + · · · )

= −M1(U0 +
√
εU1,0 + εU2,0 + ε

√
εU3,0 + · · · ).

Collecting terms with the same power of
1√
ε

in the above equation yields

1

ε
L0U0,1 +

1√
ε

(L0U1,1 + L1U0,1) + (L0U2,1 +M1U0 + L1U1,1 + L2U0,1)

+
√
ε (L0U3,1 + L1U2,1 + L2U1,1 +M1U1,0) + · · · = 0,

which implies that

L0U0,1 = 0,

L0U1,1 + L1U0,1 = 0,

L0U2,1 +M1U0 + L1U1,1 + L2U0,1 = 0,

L0U3,1 + L1U2,1 + L2U1,1 +M1U1,0 = 0.

(22)
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From equations (22) with the same reasons as in equations (13) and (14) we
consider U0,1 to be constant with respect to fast factor x2. Therefore U0,1 =
U0,1(t, x1, x3). As an immediate consequence of the above choice and the fact
that operator L1 contains only the mixed derivative with respect to the cross
term x1x2, we have L0U1,1 = 0. It follows then U1,1 = U1,1(t, x1, x3) implying
that L1U1,1 = 0 and the third equality in equation (22) can be transformed
into

L0U2,1 +M1U0 + L2U0,1 = 0.

The above is the Poisson equation in x2 and the solvability condition of the
Poisson equation implies that

〈L2U0,1 +M1U0〉 = 0.

Since the averaging procedure is done with respect to x2 and the fact that
U0,1, U0 do not depend on x2,, we can multiply both sides of the above equation

by
√
δ and obtain

〈L2〉U δ0,1 = −
√
δ〈M1〉U0

with 〈L2〉 defined in the same way as in (16). This means that we have a
non-homogeneous two-dimensional Black–Scholes partial differential equation
for Uδ0,1. We need now to compute the right hand side of our equation and we
do it by averaging M1 with respect to invariant distribution Π, i.e;

√
δ〈M1〉U0 =

√
δ

〈
ρ24x1x3

∂2

∂x1∂x3

〉
U0

=
√
δρ24 〈x3〉

∂

∂σ(x3)

∂σ(x3)

∂x3
D1U0 = 2AδUBS ;

where

Aδ = V δ1 (x3)D1
∂

∂σ(x3)
, V δ1 (x3) =

1

2

√
δρ24〈x3〉

∂σ(x3)

∂x3
. (23)

It follows then

LBSUδ0,1 = −2AδUBS ; Uδ0,1(T, x1, x3) = 0. (24)

3.5 Formula for Uδ
0,1 with European Options

For European options, if U satisfies the partial differential equation from the
two-dimensional Black-Scholes model with given terminal condition, using the
Greeks (sensitivities of the option price to a single-unit change in the value of

a state variable or a parameter), the relation ∂U
∂σ = (T − t)σx2 ∂

2U
∂x2 holds (see

Fouque et al [7]). Making use of this property the operator Aδ defined in (23)
can be expressed as

Aδ = V δ1 (x3)D1(T − t)σ(x3)x23
∂2

∂x23
= σ(x3)(T − t)(V δ1 (x3)D1D2).

Using the above formula, problem (24) can be solved by

U δ0,1 = (T − t)AδUBS , (25)

which can also be proved similarly as we did with Uε1,0.
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3.6 First Order Approximation

From formulas (12), (17), (21) and (25) the first order approximation is given
by

Uε,δ = UBS + (T − t)
(
Aδ + Bε

)
UBS .

4 Conclusions

In this paper we transformed the Chiarella and Ziveyi [3] model to a model
with two volatility parameters that influence the asset price with different fre-
quencies with one being fast-changing and the other slow-changing. Girsanov
theorem is applied to construct risk-neutral measures and Feynman–Kac theo-
rem is used to produce a partial differential equation that gives the option price
for the underlying asset. We introduce singular and regular perturbation in our
method. The obtained solution Uε,δ involves Greeks of the two-dimensional
Black–Scholes model evaluated at the average effective volatility. The contri-
bution of the fast-changing parameter and the slow-changing parameter to the
option price is contained in the average effective volatility and in the effects of
correlations factors ρ13 and ρ24 between Wiener processes that govern the asset
price, the fast variance process and the slow variance process. The presented
results generalise the corresponding results in Fouque et al. [9] to the setting
with two stochastic volatilities. In short, our solution gives the approximation
of European option price in a model with two stochastic volatilities. Specif-
ically our approximation contains a leading term which is the Black–Scholes
two-dimensional option price, in addition it contains influences of the fast-
changing and the slow-changing parameters that acts differently on the asset
price evolution.
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Abstract. In order to evaluate the impact of classes’ overlap and entropy on the 

performance of Random Forests we conduct some experiments based on synthetic data – 
360 data sets are generated. We set up the scenarios for our experiments by considering 

different classification problems with 2, 3 and 4 classes, diverse  degrees of classes’ 

entropy and overlap. According to the obtained results, the  average performance of 

random forests significantly decreases with the increase of the degree of classes’ overlap 
and this impact clearly surpasses the impact of the classes entropy. Statistical analysis 

conducted yield additional insights referring to diverse measures of classification 

performance. 

Keywords: Classification performance, Random Forests, Measures of performance. 

 

 

 

1  Introduction 
 

Most studies analyzing the performance of classifiers recur to numerical 

experiments based on well-known data sets, such as those originating from the 

UCI Machine Learning repository which has been continuously updated  1987,  

Bache & Lichman, [1].  

Weiss & Provost [22], for example, analyzed, for a fixed training-set size, the 

relationship between the class distribution of training data and classifier 

performance with respect to accuracy and AUC. They resorted to twenty-six 

naturally unbalanced data sets from the UCI repository and C4.5 as a 

classification tool.  

Prati, Batista and Monard, [17] conducted a systematic study, based on synthetic 

data sets, aiming to question whether classes unbalance hindrance classifier 

induction or whether these deficiencies might be explained in other ways. These 

authors used the distances between classes’ centroids as a measure of 

overlapping and concluded that one should consider the classes’ overlapping as 

a relevant determinant of classifiers’ performance. They suggested further 

research is this domain.  
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Banfield, Hall, Bowyer and Kegelmeyer [2] conducted statistical tests to 

evaluate the performance of several Trees’ ensemble classifiers based on 57 

publicly available data sets. They concluded that Random Forests, along with 

boosting and randomized trees performed significantly better than simple 

bagging.  

In general, empirical studies based on real-world problems may lead to a better 

understanding of the tradeoffs involved in real-world scenarios - Bauer and 

Kohavi [3]. However, these studies do not provide means to systematically 

evaluate the impact of different factors on classification performance. 

In the present study we conduct numerical experiments resorting to diverse 

simulated settings, thus enabling to control important data characteristics. We 

specifically  focus on the impact of unbalance and classes’ overlap on 

classification performance. We resort to a specific measure of overlapping  - 

Maitra and Melnykov, [13] - and quantify the degree of classes’ unbalance 

resorting to an entropy measure. In addition, we control for other factors that 

may influence the classifier’s performance, leveling their contribution by using 

a similar ratio between the “number of degrees of freedom” and the number of 

observations, within the various overlap-balance scenarios. 

We consider Random Forests (Breiman, [4]) as a useful reference tool to study 

the impact of data characteristics on classification performance. Random Forests 

are recognized for their competitive performance: “Random forests are one of 

the best performing methods for constructing Ensembles” Kotsiantis [11], 

p.278. They combine Bagging and Random Subspace Methods thus yielding 

very competitive results in classification. Random Forests fall under the 

category of generative ensembles, generating sets of base learners acting on the 

structure of the data set to try to actively improve diversity and accuracy of the 

base learners - Re and Valentini, [19].  

 

 

2  Methodological approach 

 

The Random Forests algorithm 
 

The  Random Forests algorithm  (Breiman, [4]) uses a set of many individual 

classifiers (trees) that are combined to perform classification by taking a 

(weighted or unweighted) vote of their predictions. It selects n training pairs 

        at random, with replacement, from the bag of all training pairs 

       …       , where   (      ) stands for the vector of predictors (  

predictors are considered) and   for the target classes.  This procedure is 

repeated for many independent draws of the bootstrap sample and the 

corresponding trees are built. Each training set  (called bag) is thus constituted 

by a sample with replacement. The observations not in the training set (out of 

bag or OOB observations) are used to test the corresponding classifiers’ 

precision. When considering a large number of training sets, the successive 

OOB (or test) sets end up including, in turn, all the original sample 
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observations. Finally the corresponding (OOB) classification is summarized in 

the OOB confusion matrix. 

Breiman’s technique blends elements of bagging and random subspaces – 

besides considering random samples of observations, a subset of predictors with 

a pre-defined size is also considered for branching each tree node and the best 

split available, within the features in each subset, is selected. 

The RF algorithm used is implemented in the randomForest package in R 

(version 3.0.2) by Liaw and Wiener, [12]. Parameterization used is the default 

one –  each random forest includes five hundred trees built on bootstrap samples 

with dimension equal to the original data set considered;  the subset of features 

used for branching has a number of features equal to the square root of the total 

number of predictors; and all nodes with more than five observations are split.  

 

The data sets scenarios 
 

To evaluate the impact of data characteristics in the performance of RF 

classifiers, we resort to simulated data and consider several scenarios. 

According to previous studies referring to machine learning classifiers, the 

classes’ unbalance as well as their degree of overlap  are determinants of 

classification performance – e. g. Prati et al. [17]. Therefore we consider these 

factors for experimental purposes. 

First, we focus on classification problems with two to four clusters and two to 

four continuous predictors. Then, we set the ratio between “degrees of freedom” 

(the number of observations minus the number of parameters) and the number 

of observations to be near one. Thus we try to prevent the small sample effect 

and feature space dimensionality, not reflecting the full complexity of the 

underlying problem, Ho [9]. 

Having set these factors, we vary the degree of separation and balance. Previous 

studies on classification performance quantified separation as the distance 

between classes’ centroids and  unbalance was referred to binary classification 

resorting to the proportion of the majority class. In this study we capitalize on 

the Maitra & Melnykov [13]  measure of the classes’ overlap between the k
th

 

and k’
th

 classes: 

                    

 

where       is the misclassification probability that the random variable 

originated from the k
th
 component is mistakenly assigned to the k’

th
 component 

and       is defined similarly. 

The R MixSim package – see  Maitra and Melnykov [13] and Melnykov, Chen, 

and Maitra [15] - is used to generate the datasets within the scenarios, according 

to the finite mixture model: 

      ∑             
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where             is a multivariate Gaussian density of the k
th
 component with 

mean vector   and covariance matrix   , then,  

 

       [    (          )     (       )       (     )] 

 

Three degrees of overlap considered using the following thresholds, according 

to Maitra and Melnykov [13]:      is around 0.6 for poorly separated classes, 

0.15 for moderately separated; and around 0.02 for well separated classes. We 

consider balanced classes with similar or equal weights and unbalanced classes 

with the following weights: a) 0.30 and 0.7 for two classes; b) 0.6, 0.3 and 0.1  

for three classes; c) 0.5, 0.25, 0.15 and 0.10 for four classes. For each of the 

referred scenarios (3 × 2) we generate 20 datasets. 

 

Evaluating the impact of entropy and overlap on performance 
 

There are multiple measures of classification performance but some can be 

viewed as inadequate. Steinley [21] points out the inadequacy of simple 

classification rates, also referred in Weiss and Provost [22], p.322: “using 

accuracy as a performance measure assumes that the target (marginal) class 

distribution is known and unchanging and, more importantly, that the error 

costs—the costs of a false positive and false negative—are equal. These 

assumptions are unrealistic in many domains (Provost et al., 1998)”. AUC is a 

common alternative measure of performance – e.g. Mazurowski et al. [14]. 

However, Hand [8], points out the limitations of this specific measure. 

Furthermore, the use different measures of performance can yield different 

conclusions – e.g. Paik [16]. 

In this study we resort to three alternative measures of RF performance sharing 

a common condition - they all exclude default classification precision: the 

Cohen's kappa (K) [5], the Huberty index  (HI) (e.g. see [20])  and the Hubert 

and Arabie adjusted Rand Index (aR), [10]. These measures are determined 

based on the OOB confusion matrix for each data set - [   ] standing for counts 

of observations which are from (actual) class    and are allocated to    by the 

RF algorithm. 

Kappa and HI are measures of simple agreement while aR is a measure of 

paired agreement offering different perspectives of agreement between 

predicted and actual classes, Ferreira & Cardoso [7]. 

Cohen's Kappa coefficient is a statistical measure of agreement between 

qualitative (categorical) items. It is generally thought to be a more robust 

measure than simple percent agreement,    ∑
   

 

 
   , since Kappa takes into 

account the agreement occurring by chance: 

 

  
∑

   

  ∑
      

  
 
   

 
   

  ∑
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In order to correct    for default classification precision, the Huberty index 

considers the weight of the majority class as the proportion of observations 

correctly classified by default (  ), being particularly adequate when 

unbalanced classes are considered: 

 

   
     

    
 

 

The Rand (R) index, [18], (perhaps, the most popular index of paired 

agreement) quantifies the proportion of pairs classified in the same way by two 

partitions – both partitions agree when joining a pair in the same class or when 

separating a pair in different classes: It ranges from 0 to 1, indicating null or 

perfect agreement between the two partitions (respectively). In order to discard 

agreement by chance between the actual and the predicted classes, we resort to 

the Rand adjusted version (aR), by Hubert and Arabie [10]: 
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The evaluation of the impact of  entropy and overlap on the performance of RF 

is based on the 360 synthetic datasets: regression models are estimated for the 

three different target performance measures.   

 

3  Numerical experiments 
 

Descriptive statistics 
 

In this section, descriptive statistics referred to the numerical experiments based 

on synthetic data are provided. Also, inferential analysis is conducted, the 

significance level for the hypothesis tests being set to 0.05. 

The average performance and the corresponding variation of the RF classifier 

are depicted in Table 1. For the sake of clarity we make a distinction between 

balanced and unbalanced classes cases.  

In general, the average performance of RF degrades with the decrease in 

separation – average differences between the three degrees of separation are 

significant, for all performance measures, according to ANOVA tests and 

Dunnet C for multiple comparisons.  

The three measures considered offer different perspectives regarding the 

performance of RF, the Huberty index leading to different conclusions, namely 

when classes are poorly separated - Figure 1. The performance measures 

dispersion is particularly evident in the moderately separated and balanced 

classes setting - Figure 1 and Figure 2 – suggesting that, in this particular 

setting, classification performance is less consistent. 
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Balance Separation Measure K HI aR 

Unbalanced 

Good 
Average 0.952 0.936 0.925 

Coef. of variation 0.035 0.047 0.055 

Moderate 
Average 0.820 0.758 0.736 

Coef. of variation 0.056 0.085 0.090 

Poor 
Average 0.332 0.148 0.211 

Coef. of variation 0.139 0.451 0.193 

Balanced 

Good 
Average 0.946 0.944 0.900 

Coef. of variation 0.034 0.034 0.064 

Moderate 
Average 0.788 0.725 0.580 

Coef. of variation 0.186 0.146 0.201 

Poor 
Average 0.242 0.206 0.071 

Coef. of variation 0.228 0.321 0.342 

 
Table 1–The performance measures of the RF classifier (OOB based results) 

 

 

 

 

  
Figure 1 - The performance measures of the Random Forest classifier (simple measures 

of agreement with true classes)     
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Figure 2 - The performance measures of the Random Forest classifier (paired measure of 

agreement with true classes) 

 

Comparisons between the unbalanced and balanced settings resort to an 

Independent Samples T Test - Table 2. According to the corresponding results, 

the aR index views unbalanced classification tasks as significantly easier than 

the balanced ones, while the HI and K indices tend to consider them as similar.  

 

Separation Performance measure 
Mean 

difference 
Sig. (2-tailed) 

Good K_u - K_b 
0.006 0.371 

HI_u - HI_b 
-0.008 0.254˚ 

aR_u - aR_b 0.026 0.021 

Moderate K_u - K_b 
0.032 0.097˚ 

HI_u - HI_b 
0.033 0.052˚ 

aR_u - aR_b 0.156 0.001˚ 

Poor K_u - K_b 0.090 0.001˚ 

HI_u - HI_b -0.059 0.001 

aR_u - aR_b 0.141 0.001˚ 

All scenarios K_u - K_b 0.042 0.175 ˚ 

HI_u - HI_b -0.011 0.745 

aR_u - aR_b 0.107 0.003˚ 

˚ Equal variances not assumed  

Table 2 - Bootstrap for Independent Samples T Test (balanced vs unbalanced) 
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Note, however, that within  the poor separation setting all indices identify 

significant differences between unbalanced vs. balanced scenarios performance, 

but the HI views unbalanced classification tasks as more difficult (having 

deducted the default classification precision). This is an interesting perspective 

from a practical point of view since, default allocation to the majority class can 

be viewed as more natural than completely random assignment. 

To clarify the results obtained we model the relationship between performance 

measures and the measures of entropy and overlap in the next section.  

 

The determinants of classification performance 
 

A regression model is used to further study the relationship between classes’ 

separation and balance and the RF classification performance. The first 

predictor considered is the measure of overlap between the target classes and the 

second is the normalized entropy of classes, used as a proxy of balance. The 

regression coefficients are all negative and significant (p-value <2e-16). The  

R-squared values are indicative of the models good fit to the 360 observations 

considered. 

 

Standard. regression coeff. K HI aR 

Entropy -0.044 0.045 -0.135 

Overlap -0.977 -0.988 -0.969 

R
2
 95.6% 97.9% 95.7% 

 
Table 3 - Regressions on Random Forest performance measures 

The standardized regression coefficients enable to clarify the results previously 

obtained: it is apparent that the RF performance decreases with increase in 

overlapping, as well as with increase in entropy. The relative impact of the 

classes’ overlap on performance clearly surpasses the impact of entropy. Since 

HI takes unbalance into account,   no negative impact of entropy was found in 

this case. 

 

4  Discussion and further research 

 
In this paper we analyze the performance of a standard classifier, Random 

Forests (RF), under different conditions – we specifically explore the 

relationship between the performance of the RF Breiman algorithm, [4], and 

classes’ overlap  and balance. 

We use synthetic data generated from multivariate Gaussian distribution and 

establish six diverse scenarios regarding the degrees of classes separation and 

(un)balance. Entropy (in bits) is used as a proxy of balance and an overlap 

measure based on misclassification probabilities is adopted - Maitra and 

Melnykov [13].  We assess the performance of the RF algorithm using three 

different measures – the Cohen Kappa coefficient [6], the Huberty index [20] 
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and the adjusted Rand index [10]. Statistical tests are conducted to analyze 

average performance in each scenario – a 0.05 significance level is pre-set. 

According to the results obtained: 

 all indices show a significant decrease in performance of RF when the 

overlap between classes increases (balanced and unbalances scenarios 

are viewed separately); 

 when comparing balanced vs unbalanced scenarios, different 

perspectives on performance are obtained: the Huberty index views 

unbalanced tasks as equally difficult to balanced (after having deducted 

the weight of the majority class); the aR always views balanced tasks 

as significantly more difficult; 

 when using the Huberty index, the entropy has no negative impact on 

performance. 

In future research we aim to understand the performance of classifiers within 

more diverse settings.  The measure of overlapping used applies only to 

numerical attributes, therefore alternative measures should be considered for 

dealing with categorical attributes.  

Also, in the present study, the measures of performance used are limited – future 

studies should consider additional measures – see Paik [16] and Ferreira and 

Cardoso [7], for example. 
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Abstract. The aim of this work was to develop an indicator for finding differences in 

the multichannel EEG of experienced and inexperienced subjects in the states of 

meditation and rest. As such an indicator, we have chosen the difference between the 

correlation dimensions of the EEG channels reconstructed attractors and the 

corresponding EMD-filtered correlation dimensions (we denote this difference as 

DifD2). Under the EMD- filtered EEG correlation dimension here we understand the 

correlation dimension calculated from EEG signal, in which the first two modes of 

empirical decomposition (EMD) are dropped. The authors previously showed that the 

sum of the first two EMD-modes of EEG are stochastic components (both physical and 

physiological noise). Thus, the smaller the difference DifD2, the less noise in the EEG 

signals. Calculations were performed for 5 experienced and 5 inexperienced subjects in 

the states of meditation and rest. Unfiltered correlation dimensions were calculated in the 

embedding dimension equal to 5. EMD-filtered correlation dimensions are calculated in 

the embedding dimension equal to 4. Then obtained results of calculations were 

processed by standard statistical method “Repeated ANOVA”. It turned out that DifD2 in 

a state of meditation for experienced subjects was significantly lower than that of the 

inexperienced subjects. This distinction is achieved mainly due to the frontal and parietal 

channels. For experienced subjects the difference DifD2 in the meditation state turned 

out to be significantly lower than that in the rest state. This difference is achieved by the 

parietal and occipital channels. Neurophysiologic explanations of the obtained results 

will be presented in this paper. 

Keywords: correlation dimension, empirical mode decomposition (EMD), EMD-

filtered correlation dimensions, meditation, indicator DifD2. 
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1  Introduction 
 

In this paper we investigate the multichannel electroencephalograms (EEG) in 

an altered state of consciousness of subjects, namely, in meditation. Description 

of this state of consciousness is presented below. The main objective of the 

work is the following. Based on nonlinear dynamics methods to find sustainable 

quantitative characteristics that distinguishes the EEG in meditation and the 

normal state of the human brain (in the rest). To achieve this goal we applied 

multifractal analysis and study of the reconstructed attractors properties 

corresponding to the time series of multi-channel EEG. In particular we 

assessed and analyzed the correlation dimensions of the reconstructed attractors 

depending on the embedding dimension in the lag space. The basis of our 

method is based on calculation of the difference between the usual correlation 

dimension and the so-called filtered correlation dimension. This difference was 

considered as a quantitative indicator which allows to discriminate between 

different states of consciousness (meditation and rest). The main hypothesis of 

the study is that this indicator is robust and sensitive to the different states of 

consciousness and different experience of meditation practice of subjects. It 

should be noted that over the past 50 years, various meditative states are in the 

interests of physiologists, psychologists and clinicians. There is a considerable 

amount of work devoted to the study of meditation using EEG (see for example 

Cahn and Polich
 
[1]). At the same time, in most studies the main method for 

studying EEG in meditation is the Fourier spectral analysis, which, is known to 

be the linear method. However, it is well known that the EEG time series are 

nonlinear. Therefore, the linear method of Fourier analysis is not able to extract 

from the EEG records some complex nonlinear properties. There are only few 

amount of studies of states of meditation with the use of nonlinear dynamics, as 

the author knows, though recently such methods become increasingly popular in 

the study of EEG, for example for people suffering from epilepsy. Examples of 

works in which the nonlinear dynamics methods were used to study meditation 

are Aftanas and Golocheikine [2], Natarajan at al.[3], Goshvarpour [4]. The 

most interesting work is Goshvarpour
 
[4], where the correlation dimensions of 

the EEG series were calculated. However, unlike the present work, the resulting 

estimates are not explicitly compared for various conditions and subjects, and 

only fed to the input of a variety of classifiers. 

If we consider the classification given in Lutz at al. [10], where there are two 

main directions in meditation techniques - meditation with the focus of attention 

(focused attention, FA-meditation) and meditation free perception (open 

monitoring, OM-meditation). Technique that was used to create a database of 

EEG in the present paper can be attributed to OM-meditation. 

 

2  Description of the multifractal methods  
This section provides a brief overview of the theory of methods of nonlinear 

dynamics used in this paper. More information about the theoretical foundations 

can be found in the books Mandelbrot [5], Bozhokin and Parshin [6], Shuster 

[7]. 
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First, we give the definition of a fractal and multifractal. As fractals one call 

geometric objects: line, surface, spatial body with highly rugged shape and have 

the property of self-similarity under scaling transformation. In a broader sense, 

fractals can be understood as a set of points in Euclidean space with fractional 

Hausdorff dimension which is strictly less than the topological dimension of the 

embedding space for fractal (Mandelbrot [5]). Multifractal is a heterogeneous 

fractal that can be determined not by a single construction algorithm but by 

several successive algorithms. Each of them generates a pattern with its own 

fractal dimension.  

For discrete time series the concept of the reconstructed attractor (Shuster [7]) is 

introduced. Namely, suppose we have a time series   1

N
xt t

, which appears as 

observed realization of one of the variables describing the dynamic system. We 

construct a set of vectors,     , , ...,
1

z t x x xm t t t m 
     

, where the 

parameter   is called the lag, and m is embedding dimension. The resulting set 

of vectors will define a certain set of points in m -dimensional space, which is 

called the lag space. If the points are concentrated near some hypersurface of 

codimension 1, 2,   , m-1 then this hypersurface is called reconstructed attractor. 

An important fact in the study of the reconstructed attractor is the Takens 

theorem (Shuster [7]) which states that the real attractor in d - dimensional 

phase space of the dynamical system and the reconstructed attractor in m - 

dimensional lag space are related by reversible differentiable mapping. Thus 

both attractors are topologically equivalent and, in particular, have identical 

fractal characteristics. The Takens theorem thus allows us to study the 

properties of attractors of dynamical system even in the case where a dynamic 

system that produced the analyzed time series is unknown. 

To describe the multifractal quantitatively one usually calculates the 

multifractal spectrum (Legendre spectrum), which includes a number of fractal 

dimensions which are inherent elements of any multifractal (Bozhokin and 

Parshin [6]). To determine the correlation dimension of the multifractal 

reconstructed attractor we define coverage of studied set by m-dimensional 

cubes with edges of size  . Then, for each cube of coverage, we calculate the 

probability ( )pi  of falling multifractal points in the cube with the number i . 

Further, for any integer q  one can define the generalized Renyi dimensions by 

the following relation: 
( )

ln
1 1

lim
0 1 ln

N q
pi

i
Dq

q



 





       (1)
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Obviously, certain defined Renyi dimensions ( , )mDq   depend not only on q , 

but also on the reconstruction parameters   and m .Dimension 
2

D  is called 

correlation dimension, since it is determined by the correlation between points 

in one cell of the partition. From (1) we obtain an expression for the correlation 

dimension: 
( ) 2

ln
1

( , ) lim2 0 ln

N
pi

i
D m




 





      (2)

 

 

There are various algorithms to select the optimal lag . The simplest is the 

construction of the autocorrelation function for the time series  N

ttx
1
. Then, 

according to Shuster [7] the optimal value for   is the smallest lag 

corresponding to the first zero of the autocorrelation function. Thus, we can fix 

one parameter  and consider the dependence of ( )2D m  for the reconstructed 

attractor of the time series  N

ttx
1
. One of the methods for determining ( )2D m  

is calculation of the so-called correlation integral (sum) (Shuster [7]): 

   1
lim

2 ,
C x xi jN i jN

    


    (3)

 

where ( )   is the Heaviside theta function. 

For the correlation integral we have the following power-law behavior,  

  2
D

C  
       (4)

 

which allows practically calculate ( )2D m . Thus, we can construct dependence 

of ( )2D m on the embedding dimension m  for a particular reconstructed 

attractor. It turns out (Shuster [7]) that for a random time series and time series 

generated by a deterministic dynamical system the behavior of ( )2D m is 

significantly different. For a random series one has relation  2D m m
 
(for 

example for white noise see Fig. 1b). For the time series of deterministic 

dynamical system the correlation dimension ( )2D m starting from a certain value 

of m  saturates, i.e.  2D m const
 
(example for the harmonic oscillator and its 

solutions see on Fig. 1a) 
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Fig. 1. Examples of dependencies. The abscissa value is the embedding 

dimension, the vertical axis value is the value of the correlation dimension. Red 

color marked line is  2D m m . Black color dash line (b) shows dependence 

 2D m for white noise, blue color dash line (a) shows dependence  2D m for 

the harmonic oscillator and its solutions. 

 

3  Algorithm of Empirical Mode Decomposition (EMD) 
 

The EMD method is an iterative computational procedure in which the original 

data (continuous or discrete signal) is decomposed into empirical modes or 

internal vibrations (intrinsic mode functions, IMF). Decomposition into 

empirical modes allows to analyze local phenomena, so this method can be used 

effectively in the processing the non-stationary time series (Huang at al.[8]). 

Let X( t )  is the analyzed signal. The essence of the EMD method lies in the 

sequential calculation and empirical modes c j  and residues r r cj jj 1   

where j = 1,2,3, ..., n and r X ( t )0  . As a result, we obtain an expansion of the 

signal below  
n

X ( t ) c rnj
j 1
 


      (5) 

Here n is number of empirical modes, which are obtained during the 

calculations (Huang at al.[8]). Empirical mode c j  is a function that has the 

following properties: 
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 Number of extremes of the function (maxima and minima) and the 

number of zero crossings must not differ by more than one; 

 At any point, the mean value of the envelope function defined by the 

local maxima and local minima must be zero. 

EMD algorithm method can be realized as follows: 

1. Find the signal extremes. They should be located between every two 

successive sign changes of the time series. 

2. Construct two signal envelopes: lower (ν) and upper (μ). It is possible to use 

splines (e.g., cubic). 

3. Calculate the average value m1  and the difference h1  between the signal and 

its average value: 

X( t ) m h1 1         (6) 

If the difference obtained satisfies the definition of an empirical mode, the 

process stops. In this case, the obtained average value is an empirical fashion. 

4. Otherwise, repeat the previous steps already for this difference h1  (search 

extremes, building envelope, calculation of the mean and its subtraction): 

h m h1 11 11         (7) 

5. As a result of performing a sequence of iterations of the form 

h m h1( k 1) 1k 1k 
      (8) 

it is necessary to obtain the function 

c h1 1k        (9) 

which satisfies the definition of an empirical mode. Once an empirical mode, 

denoted as c1  extracted, iterations are terminated (Huang at al.[8]). 

6. Residue r X c1 1   is calculated and the whole algorithm is repeated again, 

but for the function r1 . Getting residues occurs as long as newly computed 

residue will be a monotonic function for which will be impossible to allocate 

empirical mode. 

As noted above for the EEG signals sum of the first two EMD modes is the 

noise (physical and physiological). The EMD method allows to remove the sum 

of the first two modes of the original signal: 
n

X ( t ) c rnj
j 3

f
 


      (10) 

and get a filtered from the noise signal 
f

X ( t ) . 
 

4  Description of the electroencephalograms database  
 

In the present study we investigated the database of 19-channel EEG 

(arrangement of electrodes see on Fig. 2), which was provided by the Research 
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Centre "Exyclub" and includes 2 records for 10 subjects. First record 

(hereinafter -rest) corresponds to the usual state test with eyes closed, and no 

movements. Second record (hereinafter - meditation) was preceded by 2-minute 

"instruction-guided", whose meaning lies in the fact that the subject was asked 

to minimize "wandering mind", and is not involved in the usual automatic 

cascade of semantic associations. 

 

 
Fig. 2. The channels arrangement 

 

We call the subject as “experienced meditator” if he practiced meditation in the 

past at least 500 hours. The subjects who was exposed to meditation training 

100 hours or less will be referred as "inexperienced meditators". Below are 

given some parameters EEG recordings: 

1. The sampling frequency is 500Hz; 

2. Length for a single record is 120 ÷ 140 sec (60,000 ÷ 70,000 samples);  

3. Maximum amplitude is up to 60 mV. 

 

5  Analysis of the correlation dimension 
 

Below we investigate the multifractal properties of the reconstructed attractor, 

namely dependence  2D m . The main instrument we used (the program d2 ) 

was developed by the authors on the basis of package TISEAN (Hegger at al. 

[9]). The d2 program designed to calculate the approximate correlation sum, 

correlation dimension and correlation entropy for a set of multi-dimensional 

data. The program d2 allows to pass from the value  ,
2

D m to  2
D m , 

which depends only on the embedding dimension. Such a transition is 

performed by averaging over   in the range from the value specified by “Left 

epsilon” to the value specified by “Right epsilon”. That is, values  ,
2

D m  and 

 2
D m are related as follows: 
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   ,2 2D m D m
Left

Right

  

 

 


    (11)

 

Here, the angle brackets denotes averaging over the specified interval. Accuracy 

of  2D m is defined as the standard deviation of the sample of  ,2D m  values 

with   values taken from the interval 
Left Right

     . 

Further analysis for dependencies  2
D m  was carried out for all EEG time 

series in both states of brain (rest and meditation). Empirically the range   for 

averaging over   , namely  0.6, 3  , has been established. 

In this paper, we monitor not only the dependencies  2
D m  of the original 

series, but also for the analogous dependences  2
f

D m  for EMD-filtered EEG 

time series. This difference is denoted as follows: 

2 2 2
f

DifD D D 
      (12)

 

 

Under the EMD-filtered EEG correlation dimension we understand the 

correlation dimension calculated from EEG channels from which we have 

dropped the first two modes of EMD-decomposition (see Eq.(10)). Thus, the 

smaller this difference 2DifD , the less "noise" contains in the EEG signal. 

Calculations were performed by 5 experienced and 5 inexperienced subjects in a 

state of meditation and rest. For each subject the evaluation of these differences 

was carried out on the 10 fragments of each EEG channel. Each fragment 

consisted from 10,000 samples (record to last 20 seconds). Unfiltered 

correlation dimensions have been calculated at the embedding dimension m=5. 

After dropping the first two modes, EMD-filtered correlation dimensions have 

been calculated at the embedding dimension m=4. Such choice of embedding 

dimensions m in both cases was determined by points on the axis of abscissa, at 

which the correlation dimensions began to saturate. 

 

6  Statistical analysis 
 

The main hypotheses, which statistically will be checked in the present section 

are the following. The difference between the usual and EMD-filtered 

correlation dimensions is less in the state of meditation than in the rest state. 

One can anticipate that for experienced subjects the meditation and rest states 

according to above introduced indicator 2DifD differes statistically significant. 

At the same time for inexperienced subjects the above distinction between states 

could be not significant. We would also check if there is any distinction in our 
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indicator 2DifD  for the left and the right hemisphere in the meditation and rest 

states. Remind that smaller the difference 2DifD , the less "noise" contains in 

the EEG signal. 

Standard method of multifactor analysis of variance with repeated measures 

(Repeated ANOVA) and t-test for means for dependent samples were chosen as 

methods of analysis and test of suggested hypotheses (the program 

STATISTICA has been used). 

The Figure 3 below gives the grafical and statistical results of Repeated 

ANOVA for the factors “Type” (experienced (Exper) or inexperienced (Inexp) 

subjects) and “STATE” (meditation (Dif_med) or rest (Dif_fon)). 

 

 
Fig. 3.Comparison of the average values of DifD2 

 

The Fig. 3 above leads to the following conclusion. Interaction between factor 

"Type" and the factor "STATE" is significant (p<0.01). That is DifD2 for 

experienced subjects in meditation is lower than that in the rest. For 

inexperienced subjects the tendency is the same but distinction between states is 

smaller. The following table reveals, whether these differences are significant. 
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Cell 

No.  

Scheffe test; variable DV_1 (Cordim_1тип)  

Probabilities for Post Hoc Tests  

Error: Between; Within; Pooled MS = ,05871, df = 3375,3  

Type  STATE  1  

0,65299  

2  

0,71733  

3  

0,73952  

4  

0,76412  

1  Exper  Dif_med   0,000000  0,000000  0,000000  

2  Exper  Dif_fon  0,00000   0,263439  0,000515  

3  Inexp  Dif_med  0,00000  0,263439   0,065693  

4  Inexp  Dif_fon  0,00000  0,000515  0,065693   

Table. 1.Probabilities for Post Hoc Tests 

 

 

In the Table 1 the results of post hoc test for pairewise comparison are given for 

4 pairs: experienced subjects in meditation, experienced subjects in rest, 

inexperienced subjects in meditation, inexperienced subjects in rest In the table 

cells one can find the corresponding "pairwise" p-levels. The values of p-levels 

greater than 0.05 means that distinction between averaged values of idicator 

DifD2 in the corresponding pair is not statisticslly significant. Thus, accoding to 

indiator DifD2 for experienced subjects meditation state differes from rest state 

on very high level of significance. For inexperienced subjects this is not true. In 

meditation state the distinction between experienced and ineperienced subjects 

is also highly significant. So meditation is characterized by significantly less 

noise in EEG only for experienced subjects but not for inexperienced. Another 

effect is that experienced subjects “manage to significantly reduce the noise in 

brain” during meditation in comparison with rest state. Inexperienced subjects 

do not posess such ability. One more interesting fact is that the average value of 

the difference of correlation dimensions (DifD2) over all channels in the rest 

state for experienced meditators is significantly lower than that of inexperienced 

meditators. The physiological explanation of this fact is offered in conclusions. 
 

The Figure 4 below grafically allows to see that for experienced subjects the 

distinction between meditation and rest states is achieved mainly due to the 

parietal and occipital channels. 

The Figure 5 below grafically allows to see that in meditation state the 

difference DifD2 for experienced and inexperienced subjects is achieved mainly 

due to the frontal and parietal channels 
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Fig. 4. The difference DifD2 for experienced subjects in the parietal and 

occipital channels 

 

 
Fig. 5. The difference DifD2 in meditation state in the frontal and parietal 

channels 
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Finally, we have checked if there is any distinction in our indicator DifD2 for 

the left and the right hemisphere in the meditation and rest states. It turned out 

that the experienced meditators average difference of correlation dimension 

(DifD2) in the left hemisphere is significantly smaller than for the right one. 

Here we have applied one-tailed t-test for means for dependent samples. It gave 

p < 0.001 as the significance level. At the same time for inexperienced subjects 

the difference is statistically insignificant (p = 0.33). The physiological 

explanation of this fact is offered in conclusions. 
 

Conclusions 
 

In this paper we developed a new method for discriminating between rest and 

meditation, as well as between experienced and inexperienced subjects. 

Constructed method is based on multifractal analysis and EMD decomposition 

of multichannel EEG. More specifically, in the framework of these approaches 

to the analysis of EEG, a new indicator DifD2 has been constructed. With this 

indicator main results were obtained as listed below. 

1. It turned out that the DifD2 in a state of meditation for experienced subjects is 

significantly lower than that of the inexperienced subjects. It should be noted 

that this distinction is achieved mainly due to the frontal and parietal channels.  

2. For experienced subjects the difference DifD2 in the meditation state turned 

out to be significantly lower than that in the rest state. It should be noted that 

this difference is achieved mainly by the parietal and occipital channels.  

3. It turned out that  the experienced meditators average difference of correlation 

dimension (DifD2) in the left hemisphere is significantly smaller than for the 

right one. At the same time for inexperienced subjects the difference is 

statistically insignificant. This allows us to associate this fact with the presence 

of positive emotions in the left hemisphere during meditation. 

4. The average value of the difference of correlation dimension (DifD2) over all 

channels in the rest state for experienced meditators was significantly lower than 

that of inexperienced meditators. This could be explained by the presence of the 

neuroplastic brain reorganization for experienced meditators. 

In addition it should be noted that for the above studies has been developed and 

used specialized software in the MATLAB environment. It can be used in 

further studies, for example, to identify individual differences in groups of 

subjects, both experienced and inexperienced. 
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on N-partite graphs
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Abstract. In this article we will look at a variation of the PageRank algorithm
originally used by L. Page and S. Brin to rank home pages on the Web. We will look
at a non-normalized variation of PageRank and show how this version of PageRank
relates to a random walk on a graph. The article has its main focus in understanding
the behavior of the ranking depending on the structure of the graph and how the
ranking changes as the graph change. More specific we will look at N-partite graphs
and see that by considering a random walk on the graph we can find explicit formulas
for PageRank of the vertices in the graph. Both the case with uniform and non-
uniform personalization vector are considered.
Keywords: PageRank, N-partite graph, random walk.

1 Introduction

Originally PageRank was introduced by L. Page and S. Brin 1996 in order
to rank homepages in order of relevance Brin and Page[4]. PageRank can be
computed as the stationary distribution of a random walk on a directed graph
using a slightly modified adjacency matrix and a low probability to move to a
new random vertex of the graph not depending on the outgoing edges of the
current vertex.

While PageRank was originally used to rank homepages, similar methods
have been used in other areas such as Eigentrust to combat malicious peers in
P2P networks Kamvar et al.[10] or evaluating the importance of certain actors
in financial networks Battiston et al.[2].

Much of the theory behind PageRank is well known from the results in linear
algebra and the study of non-negative matrices and Markov chains Berman and
Plemmons[3] Gantmacher[7] Rydén and Lindgren[11]. Apart from that some
more properties of PageRank have been studied such as the convergence speed
and its dependence on c Haveliwala and Kamvar [8] and condition number
Kamvar and Haveliwala [9].

In this article we will see that using a non-normalized version of PageRank
using it is possible to find explicit expressions for PageRank for certain simple
graphs. Some types of graphs have been previously studied such as a line of
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vertices, complete graph or a combination of both Engström and Silvestrov [6],
here we will take a look at another common type of graph, namely N-partite
graphs. We will also consider both the case where the initial weight of vertices
can differ and see how that influences the rank.

2 Notation and definitions

Traditionally PageRank is defined as in Def. 1.

Definition 1. PageRank R(1) for vertices in system S consisting of n vertices
is defined as the (right) eigenvector with eigenvalue one to the matrix:

M = c(A + gu>)> + (1− c)ue> (1)

where A is the adjacency matrix weighted such that the sum over every non-
zero row is equal to one (size n× n), g is a n× 1 vector with zeros for vertices
with outgoing edges and 1 for all vertices with no outgoing edges (dangling
nodes), u is a n× 1 non-negative vector with ||u||1 = 1, e is a one-vector with
size n× 1 and 0 < c < 1 is a scalar.

Usually R(1) is also normalized such that ||R(1)||1 = 1 in which case PageRank
can be seen as the stationary distribution of the Markov chain described by
M> However we will use a slightly different version of PageRank (denoted R(3)

to keep consistent with previous work) as seen in def. 2.

Definition 2. Consider a random walk on a graph with n vertices described
by A. We walk to a new vertex from our current with probability 0 < c < 1
and stop the random walk with probability 1 − c. Then PageRank R(3) for a
single vertex can be written as:

R
(3)
j =

vj +
∑

ei∈S,ei 6=ej

viP (ei → ej)

( ∞∑
k=0

(P (ej → ej))
k

)
. (2)

where P (ei → ej) is the probability to hit node ej in a random walk starting
in node ei. This can be seen as the expected number of visits to ej if we do
multiple random walks, starting in every vertex a number of times desribed by
V = [v1 v2 . . . vn]>.

We note that V corresponds to u in the original definition, except that it
does not need to have a unit norm. While the definition might look very
different it is worth to note that the two versions of PageRank are proportional
(R(3) ∝ R(1)), as can be seen for a very similar definition used in Engström et
al.[5] and in a similar proof here for R(3).

Theorem 1. PageRank as defined in Definition 2 is equivalent to:

R(3) =
R(1)||v||1

d
, d = 1−

∑
cA>R(1) (3)

where v is a non-negative weight vector such that u ∝ v. Hence R(3) ∝ R(1)

since they only differ by some scaling factor.
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Proof. Starting with Def. 2:

R
(3)
j =

 ∑
ei∈S,ei 6=ej

viP (ei → ej) + vj

( ∞∑
k=0

(P (ej → ej))
k

)
. (4)

(cA>)kij is the probability to be in vertex ei starting in vertex ej after k steps.
Multiplying with the vector v therefore gives the sum of all the probabilities
to be in node ei after k steps starting in every node once weighted by v. The
expected total number of visits is the sum of all probabilities to be in node ei
for every step starting in every node:

R
(3)
j =

(( ∞∑
k=0

(cA>)k

)
v

)
j

.

∞∑
k=0

(cA>)k is the Neumann series of (I− cA>)−1 which is guaranteed to con-

verge since cA> is non-negative and have column sum < 1. This gives:

R(3) =

(( ∞∑
k=0

(cA>)k

)
v

)
= (I− cA>)−1v .

We continue by rewriting R(1):

R(1) = MR(1) ⇔ (I− cA>)R(1) = (cug> + (1− c)ue>)R(1) .

Looking at the right hand side we get:

(cug> + (1− c)ue>)R(1) =
(

1− c + c
∑

R(1)
a

)
u =

(
1− c

∑
A>R(1)

)
u

where R(1)
a is the PageRank of all vertices with no outgoing edges. This gives:

R(1) = (I− cA>)−1
(

1− c
∑

A>R(1)
)
u . (5)

From (4) we have

R(3) =
R(1)||v||1

d
⇒ R(1) =

R(3)d

||v||1
. (6)

Substituting (6) into (5) gives:

R(3) = (I− cA>)−1
||v||1
d

(
1− c

∑
A>R(1)

)
u .

Since d = 1−
∑

cA>R(1) and v = ||v||1u we end up with

R(3) = (I− cA>)−1v .

Which is the same as what we got using Def. 2. ut
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By considering PageRank as defined in Def. 2 we can quite easily find the rank
for some different simple types of graph structures we would not as easily be
able to using Def. 1. This comes mainly from the fact that using PageRank
R(3) as defined in 2, it is obvious that a vertex can only influence the rank of
other vertices to which there is a path and that the number of overall vertices
does not have any influence on the rank of individual vertices. Neither of which
is true for R(1).

3 Bipartite graph

n



e∗n

...
...



m

Fig. 1. Bipartite graph with n vertices on one side and m vertices on the other.

Theorem 2. Consider a Bipartite graph with n vertices Gn on one side and m
vertices Gm on the other. Let weight vector V be the one vector, then PageRank

for one vertex e∗n ∈ Gn on the side with n vertices R
(3)
e∗n

can be written:

R
(3)
e∗n

=
n + mc

n− nc2
. (7)

To get the rank of a vertex on the other side, simply swap n and m with ea-
chother.

Proof. We will use the definition of PageRank as defined in Def. 2. Let en ∈ Gn

and em ∈ Gm. We then have

P (em → e∗n) =
c

n
+

(n− 1)c

n
cP (em → e∗n) . (8)

Where the probability to reach e∗n is written recursively as the probability to
reach e∗n in one step plus the probability that we reach e∗n times the probability
that we are back in any other state in Gn than the one we want to reach. Using
this to rewrite (8) we get:(

1− (n− 1)c2

n

)
P (em → e∗n) =

c

n
.
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⇔ P (em → e∗n) =
c

n

1(
n−(n−1)c2

n

) =
c

(n− (n− 1)c2)
. (9)

If we instead start on the same side as the target vertex we get the probability
as by first stepping once to the other side and use the previous results.

P (en → e∗n) = cP (em → e∗n) =
c2

(n− (n− 1)c2)
. (10)

The probability to get to e∗n starting in e∗n is the same as if we start in any
other vertex on the same side.

P (e∗n → e∗n) = P (en → e∗n) . (11)

From 2 we can write the pageRank as:

R
(3)
e∗n

= (1 + mP (em → e∗n) + (n− 1)P (en → e∗n))

( ∞∑
k=0

P (e∗n → e∗n)

)
.

Using (9) (10) and (11) we get:

R
(3)
e∗n

=

(
1 +

mc

(n− (n− 1)c2)
+

(n− 1)c2

(n− (n− 1)c2)

)(
n− (n− 1)c2

n− (n− 1)c2 − c2

)
=

n− (n− 1)c2 + mc + (n− 1)c2

n− (n− 1)c2 − c2
=

n + mc

n− nc2
.

ut

It is obvious that increasing the number of vertices on one side, decreases
the rank of all the vertices on that side, while at the same time it increases
the rank of those on the other side. We also note that in the symmetric case
n = m, then this can be simplified to

n + nc

n− nc2
=

1 + c

1− c2
=

1 + c

(1 + c)(1− c)
=

1

1− c
.

This is the same as for a complete graph, and what we would expect for any
strongly connected symmetric graph with no edges leading out of the graph.

3.1 Weighted bipartite graph

Theorem 3. Consider a Bipartite graph with n vertices Gn on one side and
m vertices Gm on the other. Then PageRank for one vertex e∗n ∈ Gn vertices

R
(3)
e∗n

can be written:

R
(3)
e∗n

=

ve∗n
(
n− (n− 1)c2

)
+

∑
eim∈Gm

veimc +
∑

ein∈en
ein 6=e∗n

veinc
2

 1

n− nc2
(12)

To get the rank of a vertex e∗m on the other side, simply swap n and m with
eachother.
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Proof. Using (2) and taking the sum of the weights over vertices in Gn and Gm

separately we get:

R
(3)
e∗n

=

ve∗n +
∑

eim∈Gm

veimP (em → e∗n)+

( ∞∑
k=0

P (e∗n → e∗n)

)

+

 ∑
ein∈Gn

ein 6=e∗n

veinP (en → e∗n)


( ∞∑

k=0

P (e∗n → e∗n)

)
.

Adding different weights obviously does not change the probabilities
P (e∗n → e∗n), P (u∗n → e∗n). Using (9), (10) and (11) we get:

R
(3)
e∗n

=

ve∗n +
∑

eim∈Gm

veimc

(n− (n− 1)c2)

( n− (n− 1)c2

n− (n− 1)c2 − c2

)

+

 ∑
ein∈Gn

ein 6=e∗n

veinc
2

(n− (n− 1)c2)


(

n− (n− 1)c2

n− (n− 1)c2 − c2

)
.

=

ve∗n
(
n− (n− 1)c2

)
+

∑
eim∈Gm

veimc +
∑

ein∈Gn

ein 6=e∗n

veinc
2

 1

n− nc2
.

ut

We note that Theorem 3 can also be used to find the rank of the vertices
in a bipartite graph even if it is part of a larger graph with potentially some
other edges from vertices outside the N-partite graph pointing at some of the
vertices in the N-partite graph. This since assuming the bipartite graph itself

does not have any edges to the outside, the return probability

∞∑
k=0

P (ei → ei)
k

will remain unchanged for vertices within the bipartite graph. If we know R(3)

for the vertices outside the bipartite graph we can find new weights vei by
calculating

vei = vei +
∑
j→i
j /∈GP

c

nj
R(3)

ej .

Here j → i denotes that there is an edge from vertex ej to vertex ei and nj is
the number of edges from ej . This is similar to how it is done when removing
’dangling nodes’ in the usual PageRank algorithm as in for example Andersson
and Silvestrov[1] and how we can find formulas for many other types of graphs
made up of more than one component Engström and Silvestrov[6].
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Using Theorem 3 we notice a couple of things, first of all increasing one’s
own weight (through links from the outside or by itself) will always give a more
or less linear increase in rank (more if n is small). Apart from that, we can also
see that increasing the weight of said vertex gives a higher increase in rank for
those on the other side than those on the same side (assuming n ≈ m). We can
also see that the number of vertices on the other side have no influence on the
rank, only their combined weight. On the other hand the number of vertices
on the same side is very important for the rank, the fewer vertices on the same
side the higher the rank.

3.2 N-partite graph

Theorem 4. Consider a N-partite graph with n vertices in every group of ver-
tices and N groups of vertices G1, G2, . . . , GN . Let V be the one vector, then

PageRank R
(3)
e∗n

for one vertex e∗n ∈ Gn can be written:

R
(3)
e∗n

=
1

1− c
. (13)

For N ≥ 2 and n ≥ 1.

Proof. First we note that if N = 1 there would be no edges between any pair
of vertices, hence we require N ≥ 2. We let eij ∈ Gj and let

eiu ∈ Gu =
⋃

r=1...N
r 6=j

Gr .

Using the definition in Def. 2 we find the probability to reach e∗j by writing it
recursively.

P (eu → e∗j ) =
c

(N − 1)n
+

c(N − 2)

N − 1
P (eu → e∗j ) +

c(n− 1)

(N − 1)n
cP (eu → e∗j ) .

(14)
Here the first term is the probability to end up in e∗j in one step, the second
is found by first going to any other vertex in Gu and the last by first going to
any other vertex except e∗j in Gj and back to Gu. Rewriting (14) we get:(

1− c(N − 2)

N − 1
− c2(n− 1)

(N − 1)n

)
P (eu → e∗j ) =

c

(N − 1)n

⇔ P (eu → e∗j ) =
c

(N − 1)n− c(N − 2)n− c2(n− 1)
. (15)

The probability to reach e∗j is obviously the same regardless of which vertex in
Gj we start in. This probability can easily be found as the first step from there
alwys takes us to Gu:

P (e∗j → e∗j ) = P (ej → e∗j ) = cP (eu → e∗j )

=
c2

(N − 1)n− c(N − 2)n− c2(n− 1)
.

(16)
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We assign
k = (N − 1)n− (N − 2)nc− c2(n− 1) . (17)

We write the PageRank R
(3)
e∗j

using (2) grouping the vertices in Gj and Gu

separately giving:

R
(3)
e∗j

=
(
1 + (n− 1)P (ej → e∗j ) + (N − 1)nP (eu → e∗j )

)( ∞∑
k=0

P (e∗j → e∗j )k

)
.

Using (15), (16) and (17) we end up with:

R
(3)
e∗j

=

(
k

k
+

(n− 1)c2

k
+

(N − 1)nc

k

)(
k

k − c2

)

=
k + (n− 1)c2 + (N − 1)nc

k − c2
.

Replacing k according to (15) once again and simplifying yields:

R
(3)
e∗j

=
(N − 1)n− c(N − 2)n− c2(n− 1) + (n− 1)c2 + (N − 1)nc

(N − 1)n− c(N − 2)n− c2(n− 1)− c2
.

=
(N − 1)n + nc

(N − 1)n− (N − 2)nc− nc2
=

(N − 1) + c

(N − 1)− (N − 2)c− c2
.

R
(3)
e∗j

=
(N − 1) + c

((N − 1) + c) (1− c)
=

1

1− c
.

Where we in the last step factorize and simplify since the nominator is a factor
of the denominator. ut

3.3 Weighted N-partite graph

Theorem 5. Consider a N-partite graph with n vertices in every group of ver-
tices and N > 1 groups of vertices G1, G2, . . . , GN and weight vector V then

PageRank R
(3)
e∗n

for one vertex e∗j ∈ Gj can be written:

R
(3)
e∗j

=
ve∗j
(
(N − 1)n− (N − 2)nc− c2(n− 1)

)
(N − 1)n− (N − 2)nc− nc2

+

∑
eij∈Gj

eij 6=e∗j

veijc
2 +

∑
eiu∈Gu

veiuc

(N − 1)n− (N − 2)nc− nc2
,

(18)

where eij ∈ Gj and

eiu ∈ Gu =
⋃

r=1...N
r 6=j

Gr .

For N ≥ 2 and n ≥ 1.

200



Proof. Like for the bipartite case changing the weights does not change any of
P (ej → e∗j ), P (eu → e∗j ). From (2) and using the results in (15) and (16) gives:

R
(3)
e∗j

=

ve∗j +
∑

eij∈Gj

eij 6=e∗j

veijP (ej → e∗j )


( ∞∑

k=0

P (e∗j → e∗j )k

)

+

 ∑
eiu∈Gu

veiuP (eu → e∗j )

( ∞∑
k=0

P (e∗j → e∗j )k

)

=

ve∗j k

k
+
∑

eij∈Gj

ein 6=e∗j

veij
c2

k
+
∑

eiu∈Gu

veiu
c

k


(

k

k − c2

)
,

where k is as defined in (17). After some simple rewriting we end up with:

R
(3)
e∗j

=
ve∗j
(
(N − 1)n− (N − 2)nc− c2(n− 1)

)
(N − 1)n− (N − 2)nc− nc2

+

∑
eij∈Gj

eij 6=e∗j

veijc
2 +

∑
eiu∈Gu

veiuc

(N − 1)n− (N − 2)nc− nc2
,

ut
Similar to the weighted bipartite graph, Theorem 5 can also be used to find

the rank of vertices not only for different weight configurations V but also if
there are some other outside vertices linking to the N-partite graph. We can
see that with an increased weight vei we get more or less a constant increase in
rank of vertex ei. As before the weight of vertices in other groups give a higher
increase in rank to vertices in other groups than the other vertices in the same
group.

We note that this also gives the PageRank of vertices in a complete graph
(graph where every vertex link to every other) with weighted vertices. By
setting n = 1 we get the complete graph with PageRank:

R
(3)
e∗j

=
ve∗j ((N − 1)− (N − 2)c) +

∑
eiu∈Gu

veiuc

(N − 1)− (N − 2)c− c2
. (19)

It is worth to note that if we assume V is the one vector we end up with:

R
(3)
e∗j

=
((N − 1)− (N − 2)c) + (N − 1)c

(N − 1)− (N − 2)c− c2
=

(N − 1) + c

((N − 1) + c)(1− c)
=

1

1− c
.

We note that while N does not affect PageRank in the unweighted complete
graph, if we allow weights for vertices to be different it does. We see that
increasing ones own initial weight vi with w increases rank by a factor w/(1−c)
while it increases the rank of everyone else by a lower amount wc/((N − 1)−
(N − 2)c− c2), typically much lower unless N is very small.
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4 Conclusions

We have seen that using a non-normalized version of PageRank and a prob-
abilistic view we can find explicit expressions for some simple type of graphs
such as N-partite graphs. This could be done in both the case with unweighted
vertices as well as when they have different weights vi. For the unweighted case
we get very simple expressions, while for the weighted case we need to include
a couple of sums of weights over different types of vertices.

Using the found expressions for the rank in our examples we could also see
that it is easy to make some conclusions about the rate of change in rank if for
example the number of vertices or their weights change as well as the influence
of an outside vertex linking to one of the vertices in the N-partite graph.
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Abstract. Text mining in scientific and technical fields requires terminological re-
sources to access the knowledge of the domain, but such resources suffer of low cov-
erage. Approaches based on linguistic rules have been proposed to automatically
extract terms to help the terminology building from corpora. However, the quality
of the term extraction results is not sufficient and existing term ranking metrics fail
to offer convicting results. We propose to improve the C-Value ranking metrics by
considering the syntactic role of the nested terms and by optimising the parame-
ters with a genetic algorithm. Evaluation performed on a biomedical text collection
demonstrates the C-Value parametrisation better rank the extracted terms: the av-
erage precision increases by 9% when compared to the frequency based ranking and
by 12% when compared to the C-Value based ranking.
Keywords: C-Value, Genetic algorithm, Terminology, Text Mining, Natural lan-
guage processing.

1 Introduction

Text mining in scientific and technical fields such as medicine, legal domain,
energy production, requires terminological resources to access the vocabulary
and the knowledge of the domain Meystre et al. [19]. While this knowledge is
usually recorded in terminologies, such resources suffer of low coverage when
they identify terms in corpora Bodenreider et al. [2], McCray et al. [18].

Approaches mainly based on linguistic rules, have been proposed to auto-
matically identify noun phrases which are potential terminological entities, i.e.
candidate terms Cabré et al. [5]. But it remains difficult to catch the specialisa-
tion level of the extracted noun phrases, and to recognise terms of the domain.
In a text mining perspective, candidate terms have to be first ranked according
to their termhood and then the term list is cut off to reduce the number of
irrelevant noun phrases with linguistic characteristics similar to terms. Several
term ranking metrics as the C-Value used the frequency or the length of the

3rdSMTDA Conference Proceedings, 11-14 June 2014, Lisbon Portugal
C. H. Skiadas (Ed)

c© 2014 ISAST
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terms Frantzi et al. [11], but also lexical or contextual information Drouin [9].
However, these metrics fail to offer corpus-independent methods for filtering or
ranking the extracted terms. We assume this is due to the lack of use of syn-
tactic information in the ranking metrics and also that the termhood requires
to take into account terminological practice of each domain. Thus, we propose
to improve the integration of information as term length, nestedness and fre-
quency, by (i) parametrising the C-Value according to the syntactic role of the
terms and (ii) by optimising the parameter values with a genetic algorithm to
reflect the terminological practice.

We first present related work (section 2). Then we describe the corpus and
the term extraction method we used (section 3) and the parametrised C-Value
and the optimisation method (section 4). The section 5 discusses the results
and the impact of the proposed measure on the term ranking.

2 Background

The identification of the termhood usually takes place after the candidate term
extraction. It can be helped by using statistical information and metrics or the
contexts of the noun phrase. Frequency of the noun phrase has been commonly
used as ranking metric Daille [6], Justeson and Katz [14], Drouin [9]. But such
statistical information is not sufficient to fully capture the termhood Velardi
et al. [21] and especially decreases either the recall as many candidate terms
occur only once in the corpus Justeson and Katz [14], Drouin [8], Dowdall et al.
[7] or the precision Frantzi et al. [11]. The length of the noun phrases, i.e. the
number of words, may also be a clue to distinguish terms among the noun
phrases extracted from texts. Thus, Drouin [8] proposes to consider that the
inverted length of the terms: longer is a term, less important is the term. Such
information combined to the frequency slightly increases the precision: single
word candidate terms or short noun phrases are preferred. On the contrary, C-
Value Frantzi et al. [10] intends to promote the longer candidate terms. Even
if its impact has not been clearly evaluated, the increase of the precision seems
to remain low. Given these results, the contribution of the term length seems
corpus-dependent.

But the main contribution of the C-Value is to take into account the nest-
edness of the candidate terms, i.e. the string inclusion of a term in another,
and thus their independence compared to the other terms. The C-Value as-
sumes the frequency and the length of the noun phrase reflect its termhood.
However, when the candidate term is nested in longer candidate terms, the
termhood negatively depends on the frequency of the longer candidate terms,
which is positively moderated by the number of candidate terms including the
current noun phrase (equation 1). The measure takes into account statistical
information associates to the terms and leads to measure the independence of
terms Frantzi et al. [10], Maynard and Ananiadou [17]. Long multi-word terms
which are not components of other terms are favoured. In order to considered
the single word term in the same manner than the multi-words terms, Drouin
[8] adds 1 to the length of the terms |t|.
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C − V alue(t) =

{
log2(|t|+ 1) · f(t) if t is not nested in a term
log2(|t|+ 1) · (f(t)− 1

P (Tt)

∑
t′∈Tt f(t′)) otherwise

(1)

where f(t) is the frequency of the term t in the document collection, |t| is the
number of words of the term t, f(t′) is the frequency of the term t as component
of a longest term, Tt is the set of terms that nest the term t, P (Tt) is the number
of longer terms that nest the term t. The logarithm of the term length aims at
attenuating the effect of the length of the candidate term. When compared to
the frequency, the impact of the C-Value has been demonstrated, especially on
nested terms. The precision increases by about 31% for the candidate terms
only appearing as nested, but only by 1% for all the candidate term Frantzi
et al. [11]; Drouin [8] also observes that the C-Value concentrates the relevant
candidate terms at the top of the list.

The context of the candidate terms may be also helpful to identify the
termhood of the extracted noun phrases. The NC-Value attempts to combine
contextual information with the C-Value Frantzi et al. [11]. It assumes the top-
ranked candidate terms are relevant and their context may reflect the termhood.
The list of candidate terms ranked by the C-Value is re-ranked according to the
frequency of the words in the context of the top-ranked candidate terms. While
Frantzi et al. [11] reports improvements, the impact of the context is variable or
may depend on the corpora: Korkontzelos et al. [16] observes that the C-Value
and the NC-value give equivalent results on two biomedical corpora. Termhood
can also be defined as the semantic relatedness to a domain, represented as a
vector of generic words occurring in the corpus Bordea et al. [3]. Such a model
outperform the NC-Value on a biomedical corpus while the both are equivalent
for a keyphrase extraction.

While a specialised lexicon defined by contrast with a non-technical corpus
can be used as starting point for focusing the term extraction on noun phrases
containing specific words Drouin [9], ranking and filtering the candidate term
list may also rely on the lexicon. Velardi et al. [21] proposes a combination
of contrastive and consensus metrics to model the relevance and the lexical
cohesion of the candidate terms in regard to the domain. The evaluation of the
metrics on a tourism corpus, after the pruning of the term list, and comparison
with frequency, show a increase of the precision but at the expense of the recall.
However, the same approach used on three other corpora underperforms the
NC-value in most of the case Bordea et al. [3].

These works show that identifying the termhood remains difficult and re-
sults depend on the corpus. The C-Value appears to outperform frequency
and, in most of the case, is equivalent to metrics using the context of candi-
date terms. However we argue that there is still room for improvement as the
C-Value equally considers all the candidate terms without taking into account
the syntactic role of the candidate terms in the longer terms.
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3 Corpus and term extraction

3.1 Corpus description and pre-processing

In the following experiments, we use the Genia corpus Kim et al. [15]. The
topic of this collection of 1,999 Medline abstracts is the transcription fac-
tors in human bloods cells. The corpus contains 18,545 sentences and 436,967
words. Each abstract is annotated with terms (mostly noun phrases) referring
to physical biological entities (organisms, proteins, cells, genes) and biologically
meaningful terms (e.g. molecular functions). We consider the 36,607 annotated
terms (97,829 occurrences) as our reference on this corpus.

The corpus has been pre-processed in the Ogmios platform Hamon et al.
[12]. The platform has been configured to perform a word and sentence seg-
mentation, and then associates to each word its part-of-speech category and
its lemma with the Genia Tagger Tsuruoka et al. [20]. 49,249 candidate terms
have been extracted by YATEA (section 3.2).

3.2 Term extraction

The extraction of the candidate terms is performed by the term extractor YATEA
Aubin and Hamon [1]. Each noun phrase which seems to be relevant in the
targeted domain, is represented by a syntactic binary tree describing the syn-
tactic role of the two term component. For instance the head component of
the candidate term full maturation of erythrocytes is full maturation and the
modifier component is erythrocytes. Recursively, maturation is the head com-
ponent of full maturation and full its modifier component. At this step, each
component can be a multi-word or a single-word term and is considered as a
candidate term. The parsing of the terms provides the syntactic role of the
terms but also the information on their nestedness. Statistical measures as the
frequency or the C-Value are also associated to each term.

4 Parametrised C-Value and optimisation method

In this section, we describe the parametrisation of the C-Value in order to
better take into account the terminological practice, the syntactic role and the
distribution of the nested terms.

4.1 C-Value parametrisation

The original C-Value gives strong influence to the length of the terms (|t|):
C-Value ranks a very long term found only once above a shorter term. How-
ever, this choice may depend on the terminological practice of each domain.
The ranking metrics has to be more flexible instead of always preferring long

version 3.02, http://www.nactem.ac.uk/genia/genia-corpus/event-corpus
http://www.ncbi.nlm.nih.gov/pubmed

http://search.cpan.org/~thhamon/Lingua-YaTeA/
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high frequency terms and the weight of the candidate term length may be
parametrised. To keep the effect of the term length on the frequencies (log2(|t|))
and to give more effect to the shorter terms if required, we change the length

weight as the log2

(
|t|+1
|t|

)
. We also consider the exponential parameter α ≥ 0

on the term length for taking into account the terminological practice which

would prefer short or long terms: log2( |t|+1
|t|α ). A large α will give a penalty to

long terms, while a low α < 1 will instead penalise short terms. The figure 1
illustrates the variation of log2(|t| + 1) − αlog2(|t|) on the Genia corpus when
α = 0.5, 1 or 1.5.

Fig. 1. Example of log2(|t|+ 1)− αlog2(|t|) variation for several α values.

C − V alue′(t) =



log2

(
|t|+1
|t|αR

)
· f(t), if t is not nested in a term (Root)

log2

(
|t|+1
|t|αH

)
· (f(t)− 1

P (Tt)

∑
t′∈Tt f(t′)),

if t is a Head term

log2

(
|t|+1
|t|αM

)
· (f(t)− 1

P (Tt)

∑
t′∈Tt f(t′)),

if t is a Modifier term
(2)

This modification of the modified length weight do not take into the syn-
tactic role of the terms and their nestedness. However, we have three different
types of terms: (i) root terms which are not nested in any other term, (ii) head
terms which have been defined as the head of another term and (iii) modifier
terms which have been defined as the modifier of another term. To reflect these
three syntactic role, we defined three distinct parameters α: αR for the root
terms, αH for the head terms, αM for the modifier terms (equation (2). We do
note that a term can be both a Head term and Modifier term, but if it is a Root
term it can not be any other type as well. Moreover, if a term is both Head
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and Modifier we will calculate both metrics and take the average of the values.
With this modified C-Value, candidate terms appearing in modifier position
are differently ranked from those appearing in head position.

The longer candidate terms including a nested term are equally considered
in the C-Value. The nested term is then penalised with mean of the nesting
term frequencies independently of their distribution. For instance, it gives the
same penalty to a term included in three terms with frequencies 10, 1 and 1, as
a term included in three terms with the equal frequencies 4, 4, and 4. In that
respect, instead of using the mean of the frequency, we use a β-norm to give
more penalty to a term nested in several terms with unbalanced distribution
of the frequencies (see equation (3)). Indeed, when β > 1, the more equally
distributed the term is among the including terms, lower is penalty given by the
C − V alue∗(t). While when β < 1, it gives a higher penalty the more equally
distributed the term is. If β is close to 1 the distribution is not taken into
account. If β ≥ 1 the largest possible penalty to a term is equal to

∑
t′∈Tt f(t′)

and occurs when the term is only included in another (|Tt| = 1).
Moreover keeping either the nested terms or the nesting terms, or even

both may be influenced by the terminological practice. We add a parameter c
to define the influence of nesting terms: higher c gives a higher penalty if the
term is included in other terms. As it can not be assumed the parameters β and
c have the same values with the Head terms and Modifier terms, we distinguish
them: βH and cH for the Head terms, and βM and cM for the Modifier terms.
The equation 3 summarises our proposition of improvement on the C-Value,
namely the C-Value∗.

C − V alue∗ =



log2

(
|t|+1
|t|αR

)
· f(t), if t is not nested in a term (Root)

log2

(
|t|+1
|t|αH

)
·
(
f(t)− cH

(∑
t′∈Tt f(t′)βH

)1/βH)
,

if t is a Head term

log2

(
|t|+1
|t|αM

)
·
(
f(t)− cM

(∑
t′∈Tt f(t′)βM

)1/βM)
,

if t is a Modifier term

(3)

4.2 Genetic algorithm-based optimisation model

In order to better reflect the terminological practice, we use a genetic algorithm
to optimise the parameters (αR, αH , αM , β and c) according to the corpus. The
parameters are estimated using a real-coded genetic algorithm Wright [22] with
fitness function: f =

∑
i∈I r(i) where I = {N/6, 2N/6, 3N/6, 4N/6, 5N/6},

N is the total number of terms, and r(i) is the number of annotated terms
among the i highest ranked terms. For the genetic algorithm we use a pop-
ulation of 200 individuals. Parents are selected using a tournament selection
scheme and a BLX-0.5 blend crossover scheme to create new samples Herrera
et al. [13]. We use a 20% mutation rate where we replace an old parameter
with a new randomly generated one.

We define several model configurations to increasingly evaluate the impact
of the parameters and the role of the genetic algorithm (table 1). The model
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M1 does not use the genetic algorithm and the parameters are set to 1. Each
parameter is then set to 1, the genetic algorithm has to estimate the optimal
value of the others (models Mβc, Mα3c, Mα3β) given examples issued from the
corpus. We then estimate three parameters α equally and β and c separately
(model Mαβc). The syntactic role of the terms is also distinguished by esti-
mating separately the three parameters α only (model Mα3βc) and then also
the two parameters β and c (model Mα3β2c2).

Model Parameters Model Parameters

M1 α = β = c = 1 Mαβc αR = αH = αM , βH = βM , cH = cM
Mβc α = 1, βH = βM , cH = cM Mα3βc αR, αH , αM , βH = βM , cH = cM
Mα3c αR, αH , αM , β = 1, cH = cM Mα3β2c2 αR, αH , αM , βH , βM , cH , cM
Mα3β αR, αH , αM , βH = βM , c = 1

Table 1. Model definition and parameter settings

5 Results and discussion

We performed experiments on the Genia corpus (section 3.1) to evaluate the
behaviour of the parameters and identify the best configurations. We use sev-
eral measures to evaluate the results against the reference: precision, recall,
F-measure and the average precision Buckley and Voorhees [4]. We also con-
sider the R-precision Buckley and Voorhees [4], i.e. the precision at the rank
R corresponding to the number of terms to recognise in the given corpus. This
evaluation measure can also be viewed as the point where the precision and
the recall are equals, and in that respect, as the rank for which the precision
should be optimal and more suitable for terminology building. The obtained
results are compared to two baselines: the ranking with the frequency and with
the C-Value (equation (1)).

Model R-prectrain R-prectest avg Prectrain avg Prectest
frequency 0.4590 0.4671 0.4338 0.4441
C-Value 0.3344 0.3594 0.3935 0.4147

M1 0.5091 0.5090 0.5088 0.5124
Mβc 0.4974 0.5084 0.4910 0.5002
Mα3c 0.5259 0.5285 0.5416 0.5407
Mα3β 0.5293 0.5272 0.5387 0.5363
Mαβc 0.5144 0.5139 0.5266 0.5269
Mα3βc 0.5197 0.5207 0.5386 0.5360
Mα3β2c2 0.5222 0.5233 0.5330 0.5262

Table 2. R-precision and average precision on the Genia corpus (60% for training,
40% for test).

First, the corpus has been randomly split in two parts: 60% for the training,
40% for the test. The genetic algorithm estimates the parameter values on the
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training part and we evaluate the defined values on the test part. Parameters
estimation are stopped after 50 iterations using a population size of 200 (as
described at the section 4.2). Although the result is likely to get a little better
with more time, we observed in preliminary experiments the improvement is
expected to be very small. The table 2 presents the R-precision and the average
precision on the training and test set. We observe that the training and test
sets give very similar results. Also regarding the baselines, the ranking based
on the original C-Value has lower R-precision and average precision than the
ranking using the frequency. However, all the models based on the C-Value∗

outperform the baselines: when comparing results with frequency on the test
set, the average precision increases from 4,5 to 9% depending on the models,
and between 8.5% and 12% regarding the C-Value; similar improvements are
observed with the R-precision.

(a) Precision (b) Recall

(c) F-measure (d) Average Precision

Fig. 2. Evolution of the precision, the recall, the F-measure and the average precision
on the ranked list of candidate terms extracted from the test part of Genia.

The evolution of the precision, the recall, the F-measure and the average
precision according to the ranking of the terms extracted from the test set can
be seen in figure 2. We only present the models M1, the best model regarding
the average precision (Mα3c) and the models where all the parameters are

210



defined by the genetic algorithm. For the very first terms, the precision and
the average precision are better with frequency and the C-Value while the recall
and the F-measure are similar for all the ranking models. In particular, the
evolution of the average precision (figure 2(d)) shows that the model Mα3β2c2

approaches the curve shape of the frequency and the C-Value ranking, and
then tend to be similar for the first ranked terms. But we can observe that the
models based on the C-Value∗ improved the ranking after one hundred terms
and until 70% of the list of candidate terms, regarding the precision as well
as the recall. Moreover, the average precision of these models remains higher
than results obtained with the frequency and the C-Value. The models based
on the C-Value∗ rank similarly the candidate terms even if the results obtained
with the model M1 appears to be a little lower than the others mainly with
the recall and the F-measure. We also perform a 10-fold cross-validation on
the corpus to study how the model can adapt the parameters of the C-Value∗

and evaluate the stability of the parameter values. Table 4 presents the results
of the cross-validation. As previously, C-Value∗ based models consistently give
better R-precision and average precision than using only the frequency or the C-
Value. The variation of the results on the ten sets is very low and demonstrates
the stability of the evaluation measure.

Model αR αH αM βH βM cH cM
M1 1 1 1 1 1 1 1
Mβc 1 1 1 0.997 0.997 0.7095 0.7095
Mα3c 1.1014 1.0344 0 1 1 0.91 0.91
Mα3β 1.1622 1.1445 0.075 1.0132 1.0132 1 1
Mαβc 1.1604 1.1604 1.1604 1.0140 1.014 0.9953 0.9953
Mα3βc 1.1067 1.0961 0.0857 0.9538 0.9538 0.8316 0.8316
Mα3β2c2 1.3005 0.6093 0.7381 1.5085 1.1307 1.5224 1.17

Table 3. Values of the parameters estimated by the genetic algorithm on the Genia
training part.

Model R-prec R-prec variation Mean avg Prec

Frequency 0.3882 6.7096 · 10−5 0.3589
C-Value 0.3055 9.9977 · 10−5 0.3509

M1 0.4208 9.4632 · 10−5 0.3956
Mα3c 0.4318 1.5695 · 10−4 0.4212
Mα3β 0.4324 1.3770 · 10−4 0.4098
Mα3βc 0.4317 1.5274 · 10−4 0.4165
Mα3β2c2 0.4337 1.4017 · 10−4 0.4191

Table 4. Evaluation with a 10-fold cross-validation on the models.

Table 3 presents the parameter values estimated by the genetic algorithm
on the 60% training part of the Genia corpus. The mean value and the variance
of the parameters estimated for the 10-fold cross validation is given in table 5.

211



The low variances of the values for the 10-fold cross-validation shows that the
random definition of the sub-corpus has no influence on the ranking. Compar-
ison of models and the parameters values lead to several observations. Even
if the genetic algorithm has a positive impact on the results, the M1 is useful
for ranking the terms when there are no annotated terms for training. The pa-
rameters α strongly influence the results: equally setting them has a negative
effect (model Mαβc) and leads to the worst model (Mβc) when they are set
to 1. The weight of the Modifier terms is significantly smaller than the other
two α, with a value close to 0. It means that the shorter Modifier candidate
terms are penalised. On the contrary, as αR and αH have values higher than
1, we can note that shorter Head or Root candidate terms are preferred. The
parameter β is usually very close to 1, which means the distribution among
included terms is not taken into account, and more, when we set it to 1, we
obtain the best R-precision and average precision (model Mα3c). The value of
the parameter c varies between 0 and 1 and we also observed that setting it to
1 does not have a large impact on the average precision and the term ranking
even if the R-precision is a little bit lower (model Mα3β compared to Mα3βc).
Unsurprisingly, more parameters generally leads to better results. But defining
all the parameters thanks to the genetic algorithm (model Mα3β2c2) does not
lead to the best results. We can also observe that the values set in this model
are rather different from the others models. We assume that the genetic algo-
rithm sets local optimal values for the parameters without being able to find
global ones.

Model αR αH αM βH βM cH cM

Mα3c
mean 1.1040 1.0743 0 (1) 0.9115

variance 5.2 · 10−6 0.0015 0 (0) 1.3 · 10−5

Mα3β
mean 1.2058 1.1262 0.3400 1.0078 (1)

variance 0.0011 0.0005 0.0116 2.2 · 10−5 (0)

Mα3βc
mean 1.1389 1.0905 0.1216 0.9891 0.9255

variance 0.0002 0.0022 0.0102 0.0003 0.0035

Mα3β2c2
mean 1.1661 0.9059 0.3046 1.2843 1.0581 1.0705 0.8991

variance 0.0042 0.0452 0.0405 0.2780 0.0024 0.0481 0.0154

Table 5. Parameter estimation with a 10-fold cross-validation on the models.

6 Conclusion

We work on the ranking of candidate terms extracted from specialised corpora.
We propose an improved and parametrised C-Value, the C-Value∗, to better
take into account the syntactic role of the nested terms when considering the
length of the term to rank, but also the distribution of the terms including
it. Parameters are optimised with a standard genetic algorithm. With this
new ranking measure, R-precision and average precision increase respectively
by 9 and by 12% on the text collection used for the evaluation. Study of
the evolution of the precision, the recall and the F-measure shows a notable
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improvement on 70% of the ranked list of candidate terms. As future works,
we plan to study the behaviour of the C-Value∗ and the parameter estimation
method on smaller training set. This point is crucial as it is unusual to have
corpora with annotated terms. Besides, we would like to evaluate how the
method may depend on the corpora and the used term extractor.
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Abstract. Stable population theory provides a broadly useful mathematical frame-
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1 Introduction

The future and sustainability of social security systems is a matter of concern in
modern economies. Generally, there are two main different funding streams for
insurance within the security systems: the contributive regime relies on wage
contributions and the subsidized regime receives financing from other sources,
generally the governments. As with all social insurance programs, the provision
of old age pensions involves the actual and future population that contributes
to (and earns from) the system. Therefore, some background knowledge about
population dynamics and demography are needed in order to project the future
and the sustainability of the social security systems. Mainstream theories of
population projections are more focused on econometrical links rather than on
the complexity underlying the variable of the problem.

Agent-based models Wooldridge[17] Ferber [5], constitute an alternative to
mainstream techniques, such as econometrical models, since they deal with the
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complex interactions between the individuals in the system. In addition, sta-
ble population theory provides a broadly useful mathematical framework for
studying population’s age structure and growth that are mainly determined by
rates of fertility, mortality and migration. A stable population is a limit popu-
lation to which actual populations tend when their mortality and fertility rates
remain constant. In this work, we create an Agent-Based model to simulate
the behavior of the Portuguese population under the Stable model and provide
clues for the sustainability of the social security system.

Our work is organized as follows: in section 2 we provide an introduction
to the stable population model; in section 3, we describe the model of the
Portuguese Agent-based population model, we try to validate it, we compare
it with the Stable Equivalent Population and we make some conclusions on the
future of the Portuguese Population; in section 4, we describe the upgrade of
the population model with the Social Security systems and present results and
conclusion on these.

2 The Stable population model

The long-term implications of the maintenance of constant demographic pat-
terns over a long period in a population may have important consequences in
the population´s structure. All individuals being linearly independent, they
tend toward a structure that is independent of the conditions of the past, Le-
Bras[8]. A stable population emerges when some characteristics persist over
the long term: (i) age-specific fertility rates are constant; (ii) age-specific death
rates are constant; and (iii) age-specific net migration rates are zero. The
Stable model, in its simplest continuous form is a one sex model and can be
defined by the Lotka equation - Le Bras[8] Amegandjin[1] Keyfitz[7] Pressat[11]
Tapinos[14] Schryock, Siegel et al[12] among others:

β∫
α

e−rxp(x)φ(x)dx = 1. (1)

Where φ(x)dx represents the number of female births in age interval (x, x+dx),
p(x) is the probability of female survival until age x, and (α, β) is the female
fertility interval. The solution of this equation is given by r, the intrinsic
growth rate, which can be aproximated by ln(R0/K1), where R0 is the net
reproduction rate and K1 is the average fertility age.

After finding the value of r (the intrinsic growth rate), the equivalent stable
population is computed for a given population at time t. The equivalent stable
population of the actual population is regarded as a transitional state. The
reverse is, however, impossible: a stable state can be reached by starting from
many actual populations There are also other theoretical concepts related to
stable populations that are not explored in this work: semi-stable population,
which is a theoretical concept, and the study of their properties being a prob-
lem of pure mathematics; and the concept of a quasi-stable population, which,
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on the other hand, is based on experience. The properties of quasistable popu-
lations are based on empirical data, which may be revised as a result of further
experiments [15]. In the following sections it is created a synthetic populations,
based on simple methods of Agent-Based simulations, and it is computed the
stable equivalent of the population for a 30 year period.

3 Portuguese Population Base Model

In this model, each agent (a.k.a. person) is created with one gender (male or
female), and different death and birth rates. Then, at each step (year) the
population is updated by eliminating some agents, giving birth to new ones
and computing the new global death and birth rates.

• Let l1 be the starting year for the simulation and let ai,j,k,l represent the
agent of age i ∈ {0, 1, . . . , 99}, sex j ∈ {M,F}, personal index k ∈ N
and year l ∈ N\{1, 2, ,̇l1 − 1}; ai,j,k,l = 1 if the agent is alive by year l and
ai,j,k,l = 0 if the agent is dead by the year l (if ai,j,k,ln = 0 then ai,j,k,lm = 0
for all lm > ln)

• Let pi,j,l be the number of alive agents by the end of the year l with age i
and sex j

pi,j,l =
∑
k

ai,j,k,l; (2)

• Let mrl be the male proportion in the year l

mrl =

∑
i pi,M,l∑
i,j pi,j,l

(3)

• Let di,j,l be the number of deaths that occurred in the year l of agents with
age i and sex j

di,j,l = #{ai,j,k,l = 0 ∧ ai−1,j,k,l−1 = 1}, i 6= 0, (4)

d0,j,l =
∑
in

bin,j,l − p0,j,l; (5)

• Let bi,l be the number of births of agents in the year l, given birth by
females of age i.

Then it is set:

• dri,j,l+1 =
di,j,l

di,j,l+pi,j,l
as the death rates the year l+1 of agents of age i and

sex j;
• bri,l+1 =

bi,l
di,F,l+pi,F,l

as the birth rates used for the year l + 1 of female

agents of age i.

And the following variables are created:
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• Xi,j,l+1 a random variable refering to dri,j,l+1 with

σdi,j,l+1 = min{0.02,
dri,j,l+1

3 ,
1−dri,j,l+1

3 } such that

Xi,j,l+1 ∼ N(0, σdi,j,l+1); (6)

• Yi,l+1 a random variable refering to bri,l+1 with

σbi,l+1 = min{0.02,
bri,l+1

3 ,
1−bri,l+1

3 } such that

Yi,l+1 ∼ N(0, σbi,j,l+1). (7)

With these distributions each agent is given:

• adi+1,j,k,l+1 which is the death probability of the agent k of age i+ 1 and
sex j for the year l + 1 and it is given by

adi+1,j,k,l+1 = dri+1,j,l+1 + xi+1,j,l+1, xi+1,j,l+1 ∈ Xi+1,j,l+1 (8)

• abi+1,F,k,l+1 which is the giving birth probability of the female agent k of
age i+ 1 for the year l + 1 and it is given by

abi+1,F,k,l+1 = bri+1,l+1 + yi+1,l+1, yi+1,l+1 ∈ Yi+1,l+1 (9)

As for the evolution process there is a cycle of updates:

Step 1. Increase the simulation year
Step 2. Age every living agents
Step 3. Give birth to new agents according to the birth rates of females, i.e.,

it is generated U1, U2 ∼ U(0, 1) and if U1 < abi,F,k,l then a new agent
is born. If U2 < mrl then the new agent is male, else it is female.

Step 4. Randomly ”kill” agents, i.e., according to U3 ∼ U(0, 1) and if U3 <
adi,j,k,l then is set ai,j,k,l = 0.

Step 5. Compute the next year birth, death and male proportion rates
bri,l+1, dri,j,l+1,mrl.

Step 6. Define each agent’s birth and death rates abi,F,k,l, adi,j,k,l for the
following year.

3.1 Model Validation

After computing several simulations for the previously presented model using
the Portuguese census information from 1981, 1991 and 2001 as starting data
[6], we gathered a very vast amount of data. Means and standard deviations
were computed for each year, age and gender for different variables. These
results were then compared with the real census data of 1991, 2001 and 2011.

Data comparison is made in the following way: relative diferences between
simulated data and real data are computed, in order to find the relative and
absolute errors. The relative diferences are defined as (simulated− real)/real
and the absolute diferences are defined as simulated− real.

Figures 1, 2 show the relative errors for the simulations started in the year
1981. Negative errors refer to situations where simulated population is lower
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Fig. 2: Absolute diferences between
simulated population and real pop-
ulation

in number than the real population (positive values for the opposite situation).
The greatest relative errors are found mostly in the elderly ages, with errors
being close to −100% in the first 10 years and in following years shifting to
100% or higher. The other high density relative errors are found in the younger
ages rounding a 50% relative error, meaning that the simulated population is
50% larger than the real one in younger ages.

The latter errors can be easily explained due to the fact that birth rates are
decreasing in those years. Despite the stochasticity of this model, it maintains
the same average birth rate in the first year through all over the simulation
period. We can also state that errors in the older ages are not very high, since
they refer to a very small amount of the population,in absolute terms.

As for the midle age population, both relative and absolute errors are very
small, which shows that the model sounds to be suitable for those age classes,
during the considered period.

3.2 Population Projection

Aimimg at enhancing the model, we studied the errors in order to build con-
fidence intervals for the projections, by adapting and computing the error im-
plementation of Michael Stoto [13]. With Michael Stoto method, gaps are
computed for the differences between the several periods of the simulation.

• Let ∆rj,k be the average error between all simulations for each stating year
j ∈ {1981, 1991, 2001} and for jump gap k ∈ {10, 20, 30};

• Let bj be mean of the errors for all jump gaps k for each starting year j;
• Let ej,k be

∆rj,k − bj ; (10)

• Then the variance for ∆rj,k is given by

var(∆rj,k) = var(bj) + var(ej,k) (11)
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• and σ will be called the standard deviation of ∆rj,k.
• To incorporate the errors in our projections, it is added and subtracted 2σ

to the means of all projections.

From figure 5 to 10 it can be seen that there is a tendency for the population
to reduce, even considering the error confidence interval, so most likely that
is what will happen in the future. The amount of decrease is yet unknown as
there is a very large variation in the possible scenarios.

As for each age, in the lowest and highest ages there is a tendency for the
population to decrease right from the start (young ages). For midle ages, it
seems that there will be an increase of population for some years, before it
starts to decrease like in every other age. In addition, this decrease appears to
be more intense in female population.

3.3 Stable Equivalent Population

As it was previously introduced in section 2, the Stable Equivalent Population
is a model of population dynamics appropriate for particular situations, such
as the actual Portuguese population, of nearly constant natality and mortality
rates and nearly null migration rate.

It was computed the Stable Equivalent Population based on the projected
population for each year from 2011 to 2041 and then the relative diferences
between the projected population and its Stable Equivalente were computed as
(projected− stable)/stable

Fig. 3: Relative diferences for 2021 Fig. 4: Relative diferences for 2041

From figures 3,4 it can be stated that in the age of 50 and higher, the realtive
error in 2021 is always very close to 0 and in the previous ages it increases in
inverse proportion to the age till 0.03% for the male population and 0.01% for
the female population. This tendency remains the same in the years of 2031
and 2041 with the only diference being that for each year, the relative diference
is facing a small reduction.
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It is possible to deduce that Portuguese population is tending to its Stable
Equivalent, based on actual slow fertility, mortality and migration trends.

4 Social Security Model

The Social Security Model is an expansion of the previously presented Popu-
lation Model. It is used the Population Model for an evolutive overview and
include the Social Security parameters in the model: activity, employment,
retirement, schooling, job qualification, and remuneration.

• Let aci,j,k,l be the parameter for economic activity of the agent k of age
i of sex j in the year l; aci,j,k,l = 1 means that the agent is active and
aci,j,k,l = 0 means that the agent is inactive (retired, pensionist, student,
etc.). Obviously death agents are inactive;

• Let cri,j,l be the activity rates of agents of age i and sex j in the year l and
they are computed as

cri,j,l =

∑
k aci,j,k,l∑
k ai,j,k,l

(12)

• Let ci,j be the proportion of the population of age i and sex j that is active.
This proportions are given to the model based on 2011 Portuguese rates
[6];

• Let ε be threshold parameter with ε ∈ [0, 1];
• Let aei,j,k,l be the parameter for employment status of the agent k of age
i of sex j in the year l; aei,j,k,l = 1 means that the agent is employed
and aei,j,k,l = 0 means that the agent is unemployed. Obviously, inactive
agents are unemployed;

• Let eri,j,l be the employment rates of agents of age i and sex j in the year
l and they are computed as

eri,j,l =

∑
k aei,j,k,l∑
k aci,j,k,l

(13)

• Let ei,j be the proportion of the population of age i and sex j that is em-
ployed. This proportions are given to the model based on 2011 Portuguese
rates [6];

• Let ari,j,k,l be the parameter for retirement status of the agent k of age
i of sex j in the year l; ari,j,k,l = 1 means that the agent is retired and
ari,j,k,l = 0 means that the agent is not retired. If ir is defined as the
minimum age for retirement, then i < ir ⇒ ari,j,k,l = 0 and i > ir + 10⇒
ari,j,k,l = 1. If the agent gets retired at some point, that status can never
be changed back. Obviously, if an agent is retired then it is also inactive.

• Let rri,j,l be the retirement rates of agents of age i and sex j in the year l
and they are computed as

rri,j,l =

∑
k ari,j,k,l∑
k ai,j,k,l

(14)
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• Let ri,j be the proportion of the population of age i and sex j that is retired.
These proportions are given to the model based on 2011 Portuguese rates
[6];

• Let asi,j,k,l be the schooling level of the agent k in the year l. asi,j,k,l ∈
{1, 2, 3, 4, 5, 6} where 1 refers to a schooling level under 4th grade, 2 refers
to 4th grade, 3 refers to 6th grade, 4 refers to 9th grade, 5 refers to high
school and 6 refers to superior education;

• Let si,j be the schooling level rates of persons of age i and sex j of the
Portuguese population in 2011 [6];

• Let aqi,j,k,l be the job qualification of the agent k in the year l. asi,j,k,l ∈
{1, 2, 3, 4, 5, 6, 7, 8} where 1 refers to a qualification of apprentice or intern,
2 refers to a qualification of a not qualified professional, 3 refers to semi-
qualified professional, 4 refers to qualified professional, 5 refers to highly
qualified professional, 6 refers to team leader, 7 refers to a middle member
of administration board and 8 refers to a high member of administration
board;
• Let qi,j be the job qualification rates of agents of age i and sex j of the

Portuguese population in 2011 [10];
• Let wj,s,q be the wage of persons of sex j, schooling level s and work

qualification q based on data from Portugal in 2011 [6],[10].
• Let awi,j,k,l,s,q be the wage of the agent k in the year l with schooling level
s and work qualification q.

As with population parameters, these are updated every year, depending on
previous year according to the following steps:

Step 1. Update the activity of the agents in the current year lc. If |cri,j,lc −
ci,j | > ε then we generate U4 ∼ U(0, 1) for each agent of age i and
sex j and if U4 < aci,j,k,l then agent k is set as active else it is set as
inactive;

Step 2. Update the employment status of the agents. We generate U5 ∼
U(0, 1) and if U5 < aei,j,k,l then agent k is set as employed else it is
set as unemployed;

Step 3. Update retirement status of the agents. If ir ≤ i ≤ ir + 10 and
aci,j,k,l = 0 then it is generated U6 ∼ U(0, 1) and if U6 < ari,j,k,l then
agent k is set as retired. When an agent gets retired, its retirement
pension is defined and it remains the same till agent’s death. Let
api,j,k,l be the retirement pension of agent k and y its total working
years then

api,j,k,l = y ∗ 0.002 ∗
∑
last 5

working years

awi,j,k,l,s,q ∗ 14

5
(15)

The multiplication by 14 refers to the fact that in Portugal a employee
earns 12+2=14 salaries per year.

Step 4. Update schooling and work qualification. When an agent gets em-
ployed for the first time these parameters are defined. They are
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decided randomly using the Inversion Method [3] of U7, U8 ∼ U(0, 1)
using the rates of the schooling/work qualification for the age of the
agent. On the following years these parameters are updated using the
same mecanism with a small exception: they are always increasing.

Step 5. Update wages. The wage of an employed agent is defined as awi,j,k,l,s,q =
Wj,s,q.

Step 6. Pay taxes. Every agent contributes to the Social Security capital with
a determined contribution tax C of its wage. As We will be modeling
the Social Security system itself and not the tax payers, We will
assume that C is the joint contribution from both the employee and
employer. Let TCl be the total contribution on the year l then

TCl = C ∗
∑

awi,j,k,l,s,q ∗ ai,j,k,l (16)

Step 7. Pay retirement pensions. Every living retired agent receives its re-
tirement pension which is subtracted from the Social Security capital,
Tpl, i.e. the total retirement pensions paid that year,

Tpl =
∑

api,j,k,l ∗ ai,j,k,l (17)

Step 8. Update the Social Security capital SSl. The Social Security capital
for the year l is set as

SSl = SSl−1 + TCl − Tpl (18)

4.1 Results

Taking the average of simulations and including a confidence interval based
on two standard deviations, figures 11, 12, 13 were produced for the cases of
minimun retirement age 55, 65, 75 and to contribution tax 32.7%, 40%, 45%

It is fairly easy to uderstand that both increasing contribution tax or in-
creasing the minimum age for retirement leads to an increase in the Social
Security capital and a decrease in the tendency to reach a point of decrease
of the capital. In Portugal, the current minimum age of retirement is 66, so
with this model one should expect an eventual decrease on the Social Security
capital in the following years, according to these simulations.

In addition, one can see that the increase of the minimum age of retirement
influences much more the increase of the Social Security capital than an increase
in the contribution tax. So evaluating the current tendency one could say that
delaying the retirement age is one of the best course of actions.

So, considering these results, it is noticeable that Social Security is currently
unsustainable but with some increases in the parameters of the model, this
outcome may change.

It is worth to note that this model is simplified as it only takes into account
the revenues from the contributions of tax payers and the expenses from the
retirement pensions. However, there are also other expenses like the maintenace
of public schools and hospitals, subsidies for the unemployed and many other
types of pensions.
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Fig. 5: Projection of the male population of age 0 to 9 for 30 years
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Abstract. In this paper we propose an estimator for the joint probability of Markov
chains of finite order, with finite alphabet. First, the joint probabilities are found
through a Partition Markov Model, using the Bayesian Information Criterion. Second,
the corresponding discrete copula is computed and the Partition Markov estimation
is applied to each marginal process. Finally, the copula is rearranged in the space
defined by the marginal estimations and a new estimator is defined. Its efficiency is
tested by simulations studies obtaining that it improves the predictions done through
a Bayesian Information Criterion.
Keywords: Multivariate Markov chains, Copula theory, Model selection, Correction
through the marginal.

1 Introduction

In this work we combine two statistical concepts with the purpose of defining a
natural correction for the joint probabilities’ estimation of multivariate Marko-
vian processes. The first concept is the Partition Markov model and the second
one is the Copula model.
The Partition Markov model was introduced in Garćıa and González-López[6]
and it generalizes the Variable Length Markov Chains models. This model is
based on the identification of a partition of the state space which allows to di-
vide the space in parts, the elements inside each part are considered equivalents,
where the equivalence between two elements is the equality of the transition
probability from them to any other element in the alphabet of the process. The
identification of the partition allows to reduce the number of parameters to be
estimated for building the model when comparing with the estimation done
without it. On the other hand, copula models describes the association among
random variables independently of their marginal distributions. They have
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been used for various purposes. Some recent results are Garćıa et al.[9], giv-
ing assistance for the development of new measures of dependence, Garćıa and
González-López[7], classifying and discriminating between objects, Fernández
and González-López[2] and [3], under the Bayesian assumptions developing es-
timators, between others. Indeed copulas and related concepts were also used
recently in the construction of hypothesis tests, as shown in Genest and Remil-
lard[10] and Garćıa and González-López[8]. And here, they are presented as a
tool to improve the quality of the estimates of the joint probabilities in Markov
processes.
The performance of the corrected estimation proposed here is illustrated by a
simulation analysis.

2 Background

Let (Zt) be a discrete time, Markov chain with memory M on a finite alphabet
A, with state space S = AM . Denote the string amam+1 . . . an by anm, where
ai ∈ A, m ≤ i ≤ n. This means that each string is a concatenation of elements
from A. Also note that the state space is composed by strings of size M (con-
catenations of M elements from A). Denote by P (a|s) = Prob(Zt = a|Zt−1

t−M =
s) the transition probability from s to a, with s ∈ S and a ∈ A.
The following definitions are necessary to state the model that we estimate and
apply in this work.

Definition 1. Given two strings s, r ∈ S, s and r are equivalent (denoted by
s ∼p r) if P (a|s) = P (a|r), ∀a ∈ A.

Definition 2. Given (Zt) a discrete time Markov chain with memory M, on
a finite alphabet A, (Zt) is a Markov chain with partition L if this partition is
the one defined by the equivalence relationship ∼p introduced by Definition 1.

Then, given (Zt) a discrete time Markov chain with memory M, on a finite al-

phabet A, the Partition Markov Model (PMM) is defined by
(
L, {P (·|L)}L∈L

)
,

where the partition L was introduced in Definition 2 and the probability
P (a|L), for L ∈ L and a ∈ A, is defined by P (a|s) for any string s ∈ L.
The PMM were introduced in Garćıa and González-López[5] and explored in
Garćıa and González-López[6] and Garćıa and Fernández[4]. Indeed, these
models generalize the well-known models (i) variable length Markov chains of
finite order and (ii) Markov chains of finite order.

What follows shows the construction of discrete copulas that the present
study made use of. More details concerning this issue, as well as about con-
tinuous copulas, can be found in Joe[11]. Define (Z1, . . . , ZK) as a vector
of discrete random variables, where the variable Zk takes values in the do-
main Dk = {zk1, zk2, . . . , zkmk

} and mk is some integer greater than 1, for
k = 1, . . . ,K. Suppose also that Prob(Z1 = z1i1 , . . . , ZK = zKiK ) = pz1i1 ...zKiK

.
In addition we denote the univariate marginal distribution of Z1 as being
pz1i1•...• =

∑
i2
. . .
∑

iK
pz1i1z2i2 ...zKiK

, for each z1i1 ∈ D1. And the cumu-
lative marginal distribution F1, applied to an arbitrary point z, is given by
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F1(z) =
∑

z1i1≤z
pz1i1•...•. Similarly, it can be obtained the definitions for all

other coordinates, k = 2, . . . ,K.
The K-variate copula density is given by

c(u1, . . . , uK) =


pz1i1

...zKiK

pz1i1
•...•×...×p•...•zKiK

,

if(u1, . . . , uK) ∈ ⊗K
k=1[Fk(zkik−1), Fk(zkik)[

0, otherwise,

(1)

with Fk(zk1−1) = Fk(zk0) = 0, for k = 1, . . . ,K.
The function c(u1, . . . , uK) satisfies the following characteristics (i) it is a prob-
ability mass function, displayed in [0, 1]K , (ii) the univariate marginal distri-
butions are U(0, 1) and (iii) the cumulative distribution C of c verifies

Prob(Z1 ≤ z1i1 , . . . , ZK ≤ zKiK ) = C
(
F1(z1i1), . . . , FK(zKiK )

)
, (2)

for all (z1i1 , . . . , zKiK ) ∈ ⊗K
k=1Dk. But, in opposition with the continuous case,

c is not unique in the sense that there are other copula functions C which also
satisfies (2).

3 Estimation proposed

In this section we introduce a strategy to estimate the joint conditional prob-
abilities of stochastic processes. Given (Zt) a discrete time Markov chain with
memory M, on a finite alphabet A and state space S = AM , the estimation
of the probabilities is traditionally performed by maximum likelihood with the
help of some penalty criterion. Csiszár and Talata[1] and Garćıa and González-
López[5] show that the Bayesian Information Criterion (BIC) enables, for a
sample size big enough, a consistent estimate of the partition given in Defini-
tion 2 as well as for conditional probabilities. An efficient algorithm to find
the partition can be found in Garćıa and González-López[6]. The goal of this
work is to improve the predictive ability of the joint conditional probabilities
estimated as suggested in Garćıa and González-López[5] and [6], by means of
a marginal adjustment through the discrete copulas defined in Section 2.

Suppose that Zt is a discrete time Markov chain with memory M0 on a
finite alphabet A = ⊗K

k=1Bk, with state space S = ⊗K
k=1B

M0

k . Suppose also
that Zt = (Z1t, . . . , ZKt), with marginal discrete time Zkt, Markov chain with
memory Mk on the finite alphabet Bk. In order to simplify the notation we
assume Mk = M and M > M0. This last assumption ensures that, using
marginal Mk memories, each joint string s can be decomposed into marginal
strings, using these memories Mk.
Let us take an arbitrary string s = zM1 ∈ S, with M > M0, recalling that
znm = zmzm+1 . . . zn where zj = (z1j , . . . , zKj) and a = (a1, . . . , aK) ∈ A. Then
the joint probability Prob(Zt = a|Zt−1

t−M = s) can be related to the one of order
M0 by means of

Prob(Zt = a|Zt−1
t−M = s) = Prob(Zt = a|Zt−1

t−M0
= zMM−M0+1). (3)
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Hence, it can be computed efficiently from the PMM of memory M0 built for the
multidimensional process Zt. From the estimated multidimensional probability,
all the univariate marginal probabilities can be derived and, also, the estimated
copula cLZ |s(u1, . . . , uK) for each string s can be computed from the equation
(1).

The marginal processes Zkt, k = 1, . . . ,K allow to build the PMM one
by one. We will denote by P̂LZk

(ak|zkMk1 ) each marginal point probability esti-

mated from the partition LZk
, we also denote by F̂LZk

(ak|zkMk1 ) each cumulative
distribution for k = 1, . . . ,K.
In the next equation we introduce the estimation of (3) proposed here

P̂ (a|s) =

∫ F̂LZ1
(a+

1 |z
1M
11 )

F̂LZ1
(a1|z1M

11 )

. . .

∫ F̂LZK
(a+

K |z
KM
K1 )

F̂LZK
(aK |zKM

K1 )

cLZ |s(u1, . . . , uK)duK . . . du1 (4)

where a+k is the element immediately superior to ak in the alphabet Bk. k =
1, . . . ,K.

4 Simulation study

In order to explore the performance of the technique proposed here, P̂ (from
equation (4)) with the standard method of estimation P̂LZ

, there were inves-
tigated the models described in Table 4. For each model W and sample size
T , there were randomly generated 100 datasets consisting of two parts. The
first part, with size T , is used as training set. The second part, of size 10000,
is used to test the prediction efficiency, commonly called testing set.
Models 1 and 2 represent processes with marginal alphabets of dimension 2,
with T ∈ {50, 100, 150, 200, 300, 500, 1000}. Their probability of transition at
time t depends on the value of the process at time t − M, where M is the
order of the process. Model 1 is of order 2 and Model 2 has order M = 4. On
the other hand, Model 3 has marginal alphabet of dimension 3. In this last
case it was considered a sample size T ∈ {100, 250, 500, 750, 1000} and a model
showing a process in which the probability of transition at time t depends on
the value of the process at time t− 3 as follows,

Prob(Zt = zt|Zt−3 = s) = 0.6 if zt = s and 0.05 otherwise. (5)

The comparison of the hit rates of the method proposed here are presented
in Figure (1). We note how the standard estimate worsens their hit rates by
increasing the order of the process, while this increase of the order does not
impact the hit rates when using equation (4).
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Model 1 and 2

s zt = (0, 0) zt = (1, 0) zt = (0, 1) zt = (1, 1)

zt−2 = (0, 0) 0.7 0.1 0.05 0.15

zt−2 = (1, 0) 0.25 0.65 0.05 0.05

zt−2 = (0, 1) 0.05 0.1 0.8 0.05

zt−2 = (1, 1) 0.05 0.05 0.1 0.8

Table 1. PMM’s Transition probabilities used for the simulation study of dimension
2. The cells contain Prob(Zt = zt|Zt−1

t−M = s).
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Fig. 1. Success Rates: settings with marginal alphabets of dimension 2 and 3, rates
computed from P̂LZ (Standard) and computed from P̂ -equation (4) (Corrected).
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4. J. E. Garćıa and M. Fernández. Copula based model correction for bivariate
Bernoulli financial series. AIP Conference Proceedings, 1558, 1487-1490, 2013.
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Abstract. The multivariate skew normal distribution is very useful for modeling
asymmetric data in many practical applications, and in particular in Statistical Qua-
lity Control for monitoring several quality characteristics. In this study in order to
monitor the covariance matrix of a multivariate skew normal process, we consider a
control chart based on the Statis methodology. More precisely, the chart is based on
a similarity measure between two data tables, the RV coefficient. The performance
of this chart is evaluated for several skew-normal processes.

Keywords: Control chart, Monte Carlo simulation, Multivariate skew normal dis-
tribution, Process monitoring, RV coefficient, STATIS, Statistical Quality Control.

1 Introduction

In Statistical Quality Control it is crucial to monitor simultaneously several
quality characteristics. Often these characteristics are correlated and thus,
multivariate techniques of quality control are more appropriate than univari-
ate methods for monitoring the individual characteristics. Many multivariate
techniques of quality control have been proposed in the literature, in particular
many control charts have appeared for monitoring processes.
Control charts are the tools most used for process monitoring in Statistical
Quality Control (SQC) and were introduced by Shewhart at Bell Laboratories
in 1924. Control charts help us to decide if the process that is being monitored
is in-control or out-of-control. When a control chart triggers an out-of-control
signal, which may be eventually a false alarm, it is important to investigate
what are the causes responsible for the emission of such signal, so that appro-
priate actions may be taken.

Several multivariate schemes have been proposed for monitoring the mean
vector or the covariance matrix of a multivariate process. In particular, control
charts based on the Hotelling T 2 statistic, among others, have been imple-
mented for monitoring the mean vector, and control charts based on the gene-
ralised variance (Alt, 1985) and based on the maximum of the sample variances
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or on the maximum of the ranges (Costa and Machado, 2008a, 2008b), among
other charts have been proposed for monitoring the covariance matrix.
Additionally, several control schemes have appeared in the literature to monitor
simultaneously the mean vector and the covariance matrix of a process (Chen
et al., 2005, Zhang and Chang, 2008, etc).

Figueiredo and Figueiredo (2014) proposed a control scheme for controlling
the variability of a multivariate process based on Statis methodology. More
precisely, this scheme is based on a similarity measure between two positive
semi-definite matrices, the RV coefficient proposed by Escoufier (1973).
In this study we consider the previous control scheme for monitoring the co-
variance matrix of a multivariate skew normal process.

The STATIS (Structuration des Tableaux a Trois Indices de la Statistique)
methodology was introduced by L′Hermier des Plantes (1976) and later deve-
loped by Lavit (1988) and Lavit et al. (1994). This methodology enables us to
analyse simultaneously several data tables measured on the same individuals
or variables for different circumstances or time instants.
We’ll use this methodology for comparing several data tables. More precisely,
we’ll compare the relations between the variables along the data tables through
the covariance matrices and we’ll determine the compromise covariance matrix.
Statis methodology has been applied in Statistical Quality Control to monitor
batch processes (see for instance, Scepi, 2002, Gourvénec et al., 2005 and Niang
et al., 2009).

The multivariate skew normal distribution was proposed by Azzalini and
Dalla Valle (1996), and further discussed by Azzalini and Capitanio (1999) and
others. This distribution is an extension of the univariate skew normal distri-
bution, such that the marginal densities are scalar skew-normal. It also extends
the multivariate normal distribution, by the addition of a shape parameter.

In Section 2 we briefly refer the multivariate skew normal distribution, in
Section 3 we describe the control chart based on RV coefficient between the
compromise covariance matrix obtained from a set of reference samples and the
covariance matrix of a new sample. In Section 4 we evaluate the performance
of the chart for monitoring the covariance matrix of a multivariate skew normal
process.

2 The multivariate skew normal distribution

A k-dimensional random variable Z is said to have a multivariate skew normal
distribution if it has density function

f(z) = 2 φk(z ; Ωz) Φ (α′z) , z ∈ Rk, (1)

where φk(z; Ωz) is k-dimensional normal density with zero mean and correlation
matrix Ωz, Φ (.) is the N(0, 1) distribution function and α is a k-dimensional
vector.

When α = 0, density (1) reduces to the multivariate normal distribution
Nk(0,Ωz) density. The parameter α is then referred as a shape parameter.
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Next, we introduce location and scale parameters, which are not allowed in
density (1). Let

Y = ξ + ω z,

where ξ = (ξ1, ..., ξk)
′

and ω = diag (w1, ..., wk) are location and scale parame-
ters respectively, being wi > 0, i = 1, ..., k. The density function of Y is

g(y) = 2 φk(y − ξ; Ω) Φ
(
α′ω−1 (y − ξ)

)
, y ∈ Rk, (2)

where Ω = ω Ωz ω is a covariance matrix. We will use the notation Y∼SNk (ξ,Ω,α)
to indicate that Y has density function (2).
For more details about this distribution, see Azzalini and Dalla Valle (1996)
and Azzalini and Capitanio (1999).

3 Control chart for monitoring the covariance matrix

We consider K reference samples of size n measured on p variables taken in K
different time instants, when the process is in the in-control state, and we repre-
sent these matrices by their covariance matrices Vk

′s. See the following scheme.

K reference samples
p variables p variables p variables

1 1 1
... X1

... X2 · · ·
... XK

n n n
⇓ ⇓ ⇓

1 · · · p 1 · · · p 1 · · · p
1 1 1
... V1

... V2 · · ·
... VK

p p p

We determine the compromise covariance matrix, V , as defined in the Statis
methodology, a weighted mean of the K covariance matrices Vk

′s:

V =

K∑
k=1

αkVk,

where the weights αk represent the agreement between the K tables and the
compromise, and are obtained from the RV coefficients.
The RV coefficient (Escoufier, 1973) between Vk and Vk′ is defined by

RV (Vk, Vk′) =
Tr(VkQVk′Q)√

Tr (VkQ)
2
Tr (Vk′Q)

2
,

where Tr denotes the trace operator of a matrix and Q is the metric in the
individuals space, defined by the identity matrix or by a diagonal matrix whose
main elements are equal to the reciprocal of the variances of the variables. The
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RV coefficient varies between 0 and 1. The closer the RV coefficient is to 1,
the more similar the two covariance matrices Vk and Vk′ are.
More precisely, the weights αk are the elements of the eigenvector associated
with the largest eigenvalue of the following matrix Z containing the RV coef-
ficients between the Vk

′s:

Z =


1 RV (V1, V2) · · · RV (V1, VK)

RV (V2, V1) 1 · · · RV (V2, VK)
...

...
. . .

...
RV (VK , V1) RV (VK , V2) · · · 1


The control chart, which we denote RV -chart, is implemented as follows.

For a new time instant k + 1, we compare its covariance matrix Vk+1 with the
compromise covariance matrix V through the RV coefficient. Denoting CL the
control limit of the chart, we consider the following decision criterion:

• If RV (V, Vk+1) ≥ CL we consider that the process is in-control.
• Otherwise, we decide that the process is out-of-control. In this case it is

important to identify which variables are responsible for this situation.

The exact distribution of the RV coefficient is unknown, and thus we fix CL
at an empirical percentile of the sampling distribution of the RV coefficient.

4 Performance of the control chart for a skew normal
process

For evaluating the efficiency of the RV -chart, we computed by simulation the
Average Run Length (ARL), the most commonly used measure of performance
of control charts.
We generated multivariate skew normal processes SNp (ξ,Ω,α), for p=2,3 as-
suming different structures for the covariance matrices when the process is
in-control and out-of-control and different shape parameters. In each case, we
obtained the compromise covariance matrix based on 4 reference samples ge-
nerated when the process is in-control. For a false alarm rate α=0.005, we
determined the control limit of the chart, i.e., the percentile 0.5% of the dis-
tribution of the RV coefficient, obtained through a Monte Carlo simulation
experiment of size 100000 and we calculated the in-control and out-of-control
ARL values through 10000 replicates for different shape parameters and struc-
tures of the covariance matrix.
More precisely, we generated samples from a bivariate skew normal distribu-
tion SN2 (ξ,Ω,α) with location vector ξ = (0, 0)

′
, covariance matrix Ω =(

1 σ12
σ12 1

)
and shape parameter α. Note that we could consider another lo-

cation vector because we will work with centered data. The unit variances in
Ω imply that the covariance is equal to the linear correlation coefficient. Some
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obtained results are presented in Tables 1, 2 and 3. We also generated samples
from a multivariate skew normal distribution SN3 (ξ,Ω,α) with location vec-

tor ξ = (0, 0, 0)
′
, covariance matrix Ω =

 1 σ12 σ13
σ12 1 σ23
σ13 σ23 1

 and shape parameter

α. As previously we could use another location vector and the unit variances
imply covariances equal to the correlation coefficients. Some obtained results
are indicated in Tables 4 and 5.

σ12= 0 in-control

α′ (0,0) (2,2) (6,6) (-2,-2) (-6,-6) (0,0) (2,2) (6,6) (-2,-2) (-6,-6)

n 5 15
CL 0.359 0.331 0.324 0.333 0.323 0.696 0.704 0.707 0.698 0.708
σ12 ARL ARL
0 198.1 206.2 201.8 193.4 203.3 196.3 186.2 204.1 209.3 197.4

0.4 89.0 60.4 54.1 58.3 54.5 39.5 12.3 11.3 13.0 10.9
0.75 69.8 15.2 12.9 15.0 13.0 6.2 1.7 1.6 1.8 1.6
0.95 32.1 4.3 3.5 4.3 3.5 2.5 1.0 1.0 1.0 1.0

Table 1. Control limit and ARL for several shape parameters α and n=5,15, being
σ12= 0 when the process is in-control. The in-control ARL values are in bold.

σ12= 0 in-control

α′ (0,0) (-2,6) (2,-6) (0,2) (0,-2) (0,0) (-2,6) (2,-6) (0,2) (0,-2)

n 5 15
CL 0.359 0.325 0.323 0.337 0.340 0.696 0.705 0.705 0.698 0.696
σ12 ARL ARL
0 198.1 198.4 205.6 205.2 196.3 196.3 201.9 204.1 193.1 201.5

-0.4 143.7 84.7 88.8 181.1 170.7 40.2 22.7 23.1 7.9 82.0
-0.75 69.1 29.7 29.6 114.9 109.4 6.1 2.7 2.7 11.2 11.5
-0.95 32.3 9.3 9.5 57.2 53.7 2.5 1.1 1.1 2.3 2.3

Table 2. Control limit and ARL for several shape parameters α and n=5,15, being
σ12= 0 when the process is in-control. The in-control ARL values are in bold.

The control limit and the ARL depend on the sample size (see Tables 1-3)
and in general, depend on the shape parameter and on the structure of covari-
ance of covariance matrix. See Tables 1-5.
From these tables, we observe that the in-control ARL is large and approxi-
mately equal to the expected value 200. When the process is out-of-control,
the ARL quickly decreases as the sample size increases.
For a bivariate process with correlation matrix equal to the identity matrix,
the chart detects easily a positive correlation when both components of the
shape vector are null or have the same sign (positive or negative). Moreover,
the detection is as fast as larger is the value of the correlation. See Table 1.
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σ12= 0.9 in-control

α′ (0,0) (2,2) (6,6) (-2,-2) (-6,-6) (0,0) (2,2) (6,6) (-2,-2) (-6,-6)

n 5 15
CL 0.596 0.357 0.328 0.368 0.336 0.949 0.855 0.836 0.855 0.835
σ12 ARL ARL
0.9 191.6 202.6 208.5 184.1 189.2 204.2 201.9 190.6 201.0 197.9
0.75 32.0 36.3 37.9 32.7 35.2 9.6 7.6 7.3 7.4 7.5
0.5 8.5 10.2 10.8 8 10.5 1.9 1.7 1.7 1.7 1.7
0 2.4 3.1 3.3 2.9 3.1 1.0 1.0 1.0 1.0 1.0

-0.9 1.0 1.1 1.1 1.1 1.1 1.0 1.0 1.0 1.0 1.0

Table 3. Control limit and ARL for several shape parameters α and n=5,15, being
σ12= 0.9 when the process is in-control. The in-control ARL values are in bold.

σij= 0, i 6= j, in-control

α′ (0,0,0) (2,2,2) (6,6,6) (-2,-2,-2) (-6,-6,-6)

CL 0.671 0.676 0.678 0.676 0.678

σ12, σ13, σ23 ARL

0,0,0 201.4 201.2 195.8 195.8 194.1
0.4,0.4,0.4 13.9 10.4 10.1 10.6 9.8

0.75,0.75,0.75 1.9 1.3 1.3 1.3 1.3
0.95,0.95,0.95 1.2 1.0 1.0 1.0 1.0

0.5,0.2,0.9 3.5 1.8 1.7 1.8 1.7
0.9,0.75,0.9 1.4 1.0 1.0 1.0 1.0

Table 4. Control limit and ARL for several shape parameters α and n=15, being
σij= 0, i 6= j when the process is in-control. The in-control ARL values are in bold.

σij= 0.9, i 6= j, in-control

α′ (0,0,0) (2,2,2) (6,6,6) (-2,-2,-2) (-6,-6,-6)

CL 0.951 0.845 0.833 0.844 0.834

σ12, σ13, σ23 ARL

0.9,0.9,0.9 200.0 201.1 202.4 202.7 196.6
0.75,0.75,0.75 6.7 5.8 5.9 6.0 5.9

0.5,0.5,0.5 1.4 1.3 1.3 1.3 1.3
0,0,0 1.0 1.0 1.0 1.0 1.0

0.9,0.5,0.1 1.2 1.2 1.2 1.2 1.2
0.1,0.5,0.3 1.0 1.0 1.0 1.0 1.0

Table 5. Control limit and ARL for several shape parameters α and n=15, being
σij= 0.9, i 6= j when the process is in-control. The in-control ARL values are in bold.

If the process is normal (α = 0) or when one component of the shape vector
is positive and the other is negative, the chart easily detects a negative corre-
lation, being more sensitive to large negative correlations. See Table 2.
In a 3-dimensional framework with data from a normal or a skew normal process
with a shape parameter, having all components positive or negative and when
the correlation matrix is equal to the identity matrix or has all off-diagonal
elements equal to 0.9, the chart detects changes in the correlations as fast as
we move away from the in-control correlation structure. See Tables 4 and 5.
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To conclude, the analysed cases suggest that the RV -control chart enables us
to detect easily changes in the correlations between variables when the process
has a normal or a skew normal multivariate distribution, being therefore a very
useful monitoring tool in a large variety of industrial applications.
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Abstract. The bootstrap methodology is used in Phase I of control charting to esti-
mate the nominal process parameters, together with the use of robust estimates. We
evaluate the performance of the Mean-chart with estimated parameters for monitor-
ing the process location, where the estimates are obtained on the basis of a simple
reference sample or via bootstrapping from such sample. The run-length distribution
of the corresponding charts is obtained by Monte Carlo simulations.

Keywords: Bootstrap, Control charts, Robust statistics, Statistical Process Con-
trol.

1 Introduction

The control charts, introduced by Shewhart in 1924, are one of the main tools in
Statistical Process Control (SPC), but their domain has been successively en-
larged, with applications to areas as diverse as Health, Medicine, Genetics, Bi-
ology, Environmental Sciences, Finance, Metrology, Sports and Justice, among
others. For an overview of standard and non-standard applications of control
charts see, for instance, Montgomery[18], Woodall and Montgomery[27],[28],
MacCarthy and Wasusri[17], Dull and Tegarden[11], Vardeman et al.[26], and
references therein.

To develop any control chart the nominal process parameters must be either
assumed known or estimated. In practice the distribution of the process data as
well as the process parameters are usually unknown, being the process parame-
ters usually estimated from an in-control Phase I reference sample, made up of
m subgroups of size n, before we proceed to the building of a (non-)parametric
control chart.

A strong emphasis has been given to the analysis of the real performance of
control charts implemented on the basis of estimated parameters, and to the ef-
fect of the non-normality in the performance of the usual control charts. Apart
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from the pioneer works of Schilling and Nelson[25], Balakrishnan and Kocher-
lakota[1], Chan et al.[3], Rocke[21],[22], Quesenberry[20], Chen[8], Nedumaran
and Pignatiello[19], Champ and Jones[4], Chakraborti[5],[6],[7], and Jensen et
al.[16], we mention, among others, the recent works of Zhang and Castagli-
ola[29], Schoonhoven et al.[23],[24], and Castagliola and Figueiredo[2]. From
these studies we easily conclude that to obtain control charts implemented with
estimated control limits with the same run-length properties as the correspond-
ing charts with true limits, the choice of the number of subgroups, m, and the
sample size, n, cannot be heuristic. Besides the need of a very large number m
of subgroups, which is a limitation from a practical point of view, and in some
cases even impossible, we must determine the control limits in a robust way.
Other approach consists of modifying the chart parameters’ in order to take
into consideration the variability introduced by the estimation of the nominal
process values in Phase I, allowing that way to maintain the expected false
alarm rate.

Our aim in this paper is only to investigate the benefits of using the boot-
strap methodology in Phase I of control charting to obtain a larger reference
sample to estimate the nominal process parameters, together with the use of
robust estimates. More precisely, from an in-control reference sample of m
subgroups (20 or 30) of size n = 5, we set out to construct a larger refer-
ence sample of Mb subgroups (100, 500 or 1000) of size n by bootstrapping
from the pooled sample of size m × n. The nominal process parameters are
then estimated through the use of a few location and scale statistics. As an
illustration we only consider the traditional Mean-chart with estimated con-
trol limits implemented to monitor the mean value of a normal process. The
paper is organized as follows. Section 2 provides some information about the
implementation of the Mean-chart with estimated control limits, the bootstrap
methodology and the statistics considered in the estimation of the nominal pro-
cess parameters. Section 3 presents some relevant parameters of the run-length
distribution of the traditional Mean-chart implemented on the basis of previous
estimates, obtained by Monte Carlo simulations, and Section 4 concludes with
some comments about the performance of the implemented control charts.

2 Mean-chart with estimated control limits based on
bootstrap estimates

Let Y be a random variable associated with a normal process, being the in-
control mean value, µ0, and the in-control standard deviation, σ0, both un-
known. The most popular control chart for the process location monitoring
is the Mean-chart with estimated control limits, Y , obtained by plotting the
sample means of the Phase II samples (Yi,1, . . . , Yi,n), i = 1, 2, . . . , of n inde-
pendent normal random variables, N(µ0 + δσ0, σ0), where i is the subgroup
number and δ is the magnitude of the standardized mean shift. If δ = 0 the
process is in-control, otherwise the process is out-of-control due to a shift in
the mean process.
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The (estimated) control limits (CL’s) of the Y -chart are random variables,
which can be written in the form

ĈL
′
s = µ̂0 ±Kσ̂0, (1)

where the chart parameter K depends on the sample size n, and is determined
in order to obtain a given in-control performance, say, a fixed in-control Average
Run-Length (ARL). For instance, the Y -chart with exact 3-sigma control limits,
CL′s = µ0± 3√

n
σ0, leads to an in-control ARL=370.4. If we considerK = 3/

√
n

in (1), the corresponding Mean-chart does not have the same performance of
the chart with exact 3-sigma control limits, unless the process nominal values
µ0 and σ0 are adequately estimated.

The standard procedure is to estimate µ0 and σ0 from m = 20, 30 subgroups
(Xi,1, . . . , Xi,n), i = 1, . . . ,m of size n, usually 4 or 5, assuming independence
between and within subgroups, and that Xi,j ∼ N(µ0, σ0). However, the litera-
ture refer that for an adequate estimation of µ0 and σ0, the number m of initial
subgroups must be very large, at least 400/n (see, for instance, Quesenberry[20]
and Castagliola and Figueiredo[2]).

In this study we apply the bootstrap methodology to the pooled sample of
size m×n in order to obtain a larger number Mb = 100, 500, 1000 of subgroups
of size n that will be used for the estimation of µ0 and σ0. How does the
bootstrap methodology work?

Let (W1, . . . ,Wn) be a random sample of size n from a d.f. F (.). The
bootstrap sample, (W ∗1 , . . . ,W

∗
n), is obtained by randomly sampling n times,

with replacement, from the observed sample (w1, . . . , wn). These variables W ∗i
are independent and identically distributed (i.i.d.) replicates from a random
variable W ∗, with d.f. equal to the empirical d.f. of our observed sample,
given by

F ∗n(w) :=
1

n

n∑
i=1

I{wi≤w}, (2)

where IA denotes the indicator function of the set A. For other details about the
bootstrap methodology see, for instance, Davison and Hinkley[10], Efron[12]
and Efron and Tibshirani[13].

In our case, by bootstrapping from the empirical d.f. associated to the
pooled reference sample of size m × n, (x1,1, . . . , x1,n, . . . , xm,1, . . . , xm,n), we
generate Mb random samples of size n, say (X∗r,1, . . . , X

∗
r,n), r = 1, . . . ,Mb.

In the sequel (Xi,1, . . . , Xi,n) denotes the i-th subgroup of size n used in the
estimation of the nominal values and let Xi,(j) be the j-th ascending order
statistics (o.s.) associated to the subgroup (Xi,1, . . . , Xi,n).

To estimate the nominal process parameters under consideration, i.e., the
in-control mean value µ0 and the in-control standard deviation σ0, we have
carried out the following procedure:

1. From k subgroups of size n = 5, with k denoting either m (20, 30) or Mb

(100, 500, 1000), we compute k partial estimates, µ̂0i and σ̂0i, i = 1, · · · , k;
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2. Then, we consider the overall estimates µ̂0 =
∑k

i=1 µ̂0i/k and σ̂0 =
∑k

i=1 σ̂0i/k,
to be used in the 3-sigma control limits of the Y -chart.

To obtain the partial estimates µ̂0i, we consider, for n = 5, the sample mean,

Xi =
1

5

5∑
j=1

Xi,j ,

and the total median, defined by

TMdi = 0.058
(
Xi,(1) +Xi,(5)

)
+ 0.366Xi,(3) + 0.259

(
Xi,(2) +Xi,(4)

)
.

To obtain the partial estimates σ̂0i, unbiased whenever the underlying model
is normal, we consider, for n = 5, the following statistics divided by the scale
constant c (into brackets): the sample standard deviation,

Si =

√√√√1

4

5∑
j=1

(
Xi,j −Xi

)2
(c = c4 = 0.940),

the sample range,

Ri = Xi,(5) −Xi,(1) (c = d2 = 2.326),

and the total range, defined by

TRi = 0.737
(
Xi,(5) −Xi,(1)

)
+ 0.263

(
Xi,(4) −Xi,(2)

)
(c = 1.801).

The statistics TMd and TR are resistant to changes in the underlying
model, and are similar to a special trimmed-mean, in which the ideal percent-
age of trimming does not depend on the data distribution. The distributional
behaviour of the TMd and the TR estimators has already been investigated,
and these statistics have revealed to be efficient and robust estimators of the
mean value and the standard deviation, respectively. Details about these es-
timators can be found in Cox and Iguzquiza[9], Figueiredo[14] and Figueiredo
and Gomes[15]. In the sequel the two overall estimates of µ0 will be denoted

by X and TMd, and the three overall estimates of σ0 will be denoted by S/c4,
R/d2 and TR/c.

3 Run-length distribution of the proposed Y -charts

The ability of a control chart to detect process changes is usually measured by
the expected number of samples taken before the chart signals, i.e., by its ARL
(Average Run Length), together with the standard deviation of the Run Length
distribution, SDRL. When we have to estimate some process parameters to de-
termine the control limits of the chart, the RL variable (i.e., the number of
samples taken before the chart signals) has not a geometric distribution as it
happens in the known parameters case, but a more right-skewed distribution.
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Some authors, Chakraborti[5],[6],[7] and Jensen et al.[16], for instance, refer
that for a more complete understanding of the chart performance, they suggest
the analysis of the conditional RL distribution, i.e., the RL distribution con-
ditional on the observed estimates, together with the analysis of the marginal
RL distribution. Such a marginal distribution is computed by integrating the
conditional RL distribution over the range of the parameter estimators and
takes thus into account the random variability introduced into the charting
procedure through parameter estimation without requiring the knowledge of
the observed estimates.

In order to get information about the in-control and the out-of-control per-
formance of the previous Y charts with estimated 3-sigma control limits to
monitor normal data, we compute the (conditional) RL distribution of the
Y -charts by Monte Carlo simulation, using 250000 runs in the simulation ex-
periment.

Table 1 presents the estimates of the most commonly used measures of
performance of a control chart: the mean (ARL) and the standard deviation
(SDRL) of the in-control RL distribution, for the case of known nominal process
values (exact limits obtained by replacing µ0 = 0 and σ0 = 1), and when the

estimated control limits are based on the overall estimates (X,S/c4), (X,R/d2)
and (TMd,TR/c), obtained from a reference sample ofm (20 and 30) subgroups
of size n = 5 and from Mb (100, 500 and 1000) subgroups of size n = 5 obtained
by bootstrapping from the pooled reference sample of size m× n.

Table 2 presents the ARL and the SDRL of the Y -charts with estimated and
exact control limits for samples of size n = 5, when the process is out-of-control
due to a shift in the mean value from µ = µ0 = 0 to µ = δ = 0.3, 0.5, 0.7, 1.0, 1.5,
and for m = 30 and Mb = 500 subgroups of size n = 5.

Mean-chart with ARL SDRL

Estimated CL’s
# subgroups Estimates Estimates

m Mb (X,S/c4) (X,R/d2) (TMd, TR/c) (X,S/c4) (X,R/d2) (TMd, TR/c)

20 458 444 445 891 817 836
100 404 386 375 728 713 676
500 388 366 370 671 576 627
1000 378 365 368 608 602 615

30 415 418 409 640 695 628
100 394 374 375 633 620 588
500 373 363 364 543 494 508
1000 378 364 367 533 499 518

Exact CL’s 371 371

Table 1. In-control ARL and SDRL of the 3-sigma Y -chart for samples of size n = 5.
For the estimation we consider m = 20, 30 or Mb = 100, 500, 1000 subgroups of size
n = 5.
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Mean-chart with ARL SDRL

Estimated CL’s
# subgroups Estimates Estimates

m Mb δ (X,S/c4) (X,R/d2) (TMd, TR/c) (X,S/c4) (X,R/d2) (TMd, TR/c)

30 0.3 132.4 134.4 135.2 209.5 216.4 224.0
0.5 42.3 42.5 42.9 62.3 64.1 65.4
0.7 15.7 15.9 15.8 20.3 20.5 20.9
1.0 5.0 5.0 4.9 5.4 5.5 5.2
1.5 1.6 1.6 1.6 1.1 1.1 1.1

500 0.3 124.8 121.5 123.3 196.0 181.5 188.2
0.5 39.7 39.4 39.3 57.4 56.0 56.6
0.7 14.9 14.7 14.8 18.8 18.9 18.6
1.0 4.8 4.7 4.8 5.2 5.0 5.0
1.5 1.6 1.6 1.6 1.1 1.0 1.0

Exact CL’s 0.3 99.2 98.4
0.5 33.1 32.5
0.7 13.2 12.8
1.0 4.5 4.0
1.5 1.6 0.9

Table 2. Out-of-control ARL and SDRL of the 3-sigma Y -chart for samples of size
n = 5. For the estimation we consider m = 30 or Mb = 500 subgroups of size n = 5.
The process mean changed from µ = µ0 = 0 to µ = δ.

4 Analysis of the performance of the proposed Y -charts

As expected, for all the different combinations of the number of subgroups
used in the estimation m or Mb and the estimates (µ̂0, σ̂0), the estimation
of the nominal values have effect on the ARL and on the SDRL of the Y -
charts. However, the effect on the in-control and out-of-control RL behaviour
becomes small when m increases, and specially if we consider a large number
Mb of subgroups obtained by bootstrapping from the initial m subgroups of
the reference sample. As m and Mb increases the ARL value of the chart with
estimated control limits tends faster than the SDRL to the corresponding val-
ues obtained when the Y -chart is implemented with exact CL’s. For instance,
if we consider Mb = 500 or 1000 subgroups obtained by bootstrapping from the
initial m = 20, 30 subgroups of the reference sample, we obtain an in-control
ARL approximately equal to 370.4, although the SDRL value maintains yet
larger than 370.4. For detecting small shifts in the process mean value, we also
get some improvements in terms of performance if we consider, for instance,
Mb = 500 subgroups for the estimation of (µ0, σ0), by bootstrapping from the
initial m = 30 subgroups of the reference sample. Concerning the different es-
timates of the nominal values here considered, the results are qualitatively the
same, at least when monitoring normal data. As m and Mb increases, the upper
percentiles become closer to the corresponding percentiles of the RL distribu-
tion of the Y -chart with exact CL’s. Finally, when it is not possible to consider
a large reference sample or there is not available a modified chart parameter,
K, that take into consideration the variability introduced by the estimation of
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the nominal process values, the use of the bootstrap methodology should be
explored because it can lead to some improvements in the performance of the
chart.
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