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Abstract.  Data mining  or  Knowledge  Discovery  in  Databases (KDD) is a  new 

field in information technology that  emerged  because  of progress  in creation and 

maintenance of large  databases by  combining  statistical and  artificial intelligence 

methods with  database management.  Data mining  is  used  to  recognize  hidden 

patterns and provide  relevant information for decision making  on complex problems 

where conventional methods are inefficient or too slow.  Data mining  can be used as 

a powerful  tool  to  predict future trends and  behaviors, and  this  prediction allows 

making  proactive, knowledge-driven decisions  in businesses.  Since the  automated 

prospective analyses  offered by data mining move beyond the analyses  of past  events 

provided by  retrospective tools,  it  can  answer  the  business  questions which  are 

traditionally time  consuming to resolve.  Based  on this  great advantage, it provides 

more  interest for the  government, industry and  commerce.  In this  paper  we have 

used  this  tool  to investigate the  Euro  currency fluctuation.  For  this  investigation, 

we have three  different algorithms: K*, IBK and  MLP  and  we have extracted Euro 

currency volatility by  using  the  same  criteria for  all  used  algorithms.  The u s e d  

dataset has 21,084 records and is collected from daily price fluctuations in the Euro 

currency in the period of 10/2006 t o  04/2010. 

Keywords:  Euro  Currency Fluctuation, Data Mining,  Neural  Networks, Stock 

Market, Knowledge  Discovery  in Databases. 
 

 

1    Introduction 
 

Data  mining  or knowledge  discovery  in databases (KDD)  is a new science 

considering  the country’s  progress in the field of IT and penetration of com- 

puter  systems  in the  industry and  creating  large  databases by government 

departments, banks  and  private  sector  need to use it is deeply felt.  For  ex- 

ample,  data  mining  knowledge discovery  and  reliable  information hidden  in 

databases, or to  better express,  machine  data  analysis  to  find useful,  new 

and reliable patterns, in large databases, called data  mining.  Data mining in 

small databases is most commonly used; patterns of results produced by the 

strategic decisions of small business firms can take advantage of many.  Data 

mining  application can  be  summed  up  in  the  following statement:  ”Data 

mining  gives information for intelligent decisions  that you  make  regarding 

difficult dilemmas  in the workplace.” 

SMTDA           557



 

 Proceedings, 2nd Stochastic Modeling Techniques and Data Analysis International Conference 

 5 - 8 June 2012 Chania Crete Greece 

 

 

 

 

 

 

 Proceedings, 2nd Stochastic Modeling Techniques and Data Analysis International Conference 

 5 - 8 June 2012 Chania Crete Greece 

 

 

 

 

 

   

 

2    Data collection 
 

Our  data  set includes  21,084 records  from 10/2006  to 4/2010  [7]; and  have 

been gathered based  on daily  price fluctuations in the  euro  exchange  forex 

Sponsored  Europe.  This includes the following classifications: 

- Time, date:  day, month, yea r :  Each 24 record is a day. 

- New Price in specific hours- Open:  Euros Price at Arrival time in hours. 

For example, at 12:01 How much is the euro price. 

- Out Price in an hour- Close: EUR Price per hour at the time of depar- 

ture.  For example, at 12:59 How much is the euro price. 

- Lowest price per hour- Low: is the Lowest Euros price in that time. 

- The highest price at the time- High. 

- Average price:  Average price in that hour. 
 
 

3    Data Pre-processing 
 

In order to obtain bet ter  results when sorting through data, w e  applied the 

following changes: 

- Add weekday’s category t o  evaluate e x c i t e m e n t  of the first days of 

the week after weekend and holidays in the market. 

- Rounding the total data  to  get a better result. 

- Add seasons Category t o  evaluate t h e  market  fluctuations in different 

seasons. 

- Separated the day, month and year to better access to data. 

- Open and close is possible nearly equal and difference of them is in the 

decimal range.   So to simplify the data w e  have decided to remove the exit 

price. 

- Methods used in modeling 
 
 

4    Neural network 
 

Neural  network  have three  concepts:  1 - Data  Analysis  System  2 - neurons 

or  nerve  cells 3 - neurons  Labor  Law  Group,  or  Network.    In  a  classical 

definition,  neural  networks,  are a set of simple processing elements  that are 

connected.   Processing elements in neural networks are much easier than 

conventional processors with numerous d i f f e r en c es .  [8] Each  neuron  with  

a number  of other  neurons  to connect  directly  and  is independent and  

weight of the  connections  will determine their  relationship, the  data  are  

placed  in weights.  Neural network has the following features: 

1- Do Processing units 

2- No virtual memory Part And information are saved in a set of weights. 

3- Loss of parts o f  networks and  failure are not causes of the network’s 

failure to resist the noise ratio and hardware failures. 
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Compared  with artificial  neural  networks,  the Vector  Machine  method  is 

to support relatively  new Methods,  that have shown Good performance  than 

the  perceptron neural  networks  in recent  years.   To find the solution equa- 

tion Optimum Line for data by quadratic programming methods the known 

methods in solving problems are significant limitations is done.  Support Vec- 

tor Machine is basically a linear machine.  From human neurons  to artificial 

neurons:  Setting aside some of the critical properties of neurons, and internal 

communications can be simulated a primary  model of neurons  by computer. 
 

 
4.1     Neural Networks Structure 

 

A neural  network  consists  of components  and  weights of layers.  Behavior  of 

the  network  is dependent  on the  relationship between  members.   In general 

neural  networks  have  three  neuronal  layers:  1.  Input layer:  the  raw  infor- 

mation  is fed to the network.  2. Hidden layer:  These layer performances  are 

determined by  Relationship between  input  and  weights  and  hidden  layers. 

Weights  between input  and hidden units  Sets When a hidden unit  that must 

be activated. 3. Output layer:  Outputs Unit performances  are depending  on 

the hidden  unit  activity  and weight between  the hidden  and output units.[9] 

There  are  also  Single-layer  and  multi-layer  networks   that single-layer 

organization where  all  units  have  a  connectivity layer,  the  most  used  has 

Greater computational potential than  the multiple  layers organization. Units 

in multi-layer networks are numbered by the layers (Instead of pursuing  over- 

all numbering). [8] Both layers of a network communicate with each other by 

weights, In fact connections.  In neural networks are some types of connection 

or link weight:  Pioneer:  More links of this  type in which signals are only in 

one direction.  Does not exist any feedback from output to input  (loop) . The 

output of each layer  has  no effect on the  layer.   Backward:   [8] Peripherals: 

Output nodes of each layer are used as input  nodes. 
 

 

5    Algorithms 
 

5.1     K*  algorithm 
 

An  Instance-based Learner  Using  an  Entropic Distance  Measure  selecting 

values for the parameters x and s, and a way of using the values returned by 

the distance  measure  to give a prediction. Choosing values for the arbitrary 

parameters for each dimension  we have to choose values for the  parameters 

x (for real attributes) and  s (for symbolic attributes).  The  behavior  of the 

distance  measure  as  these  parameters change  is interesting.   Consider  the 

probability function  for symbolic attributes as s changes. 
 

 
5.2     IBK algorithm 

 

IBK is an implementation of the  k-nearest-neighbors classifier that employs 

the  distance  metric  discussed.   If more  than  one neighbor  is selected,  the 
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predictions of the  neighbors  can be weighted  according  to their  distance  to 

the test  instance.[10] 
 

 

6    Decision Tree; Association Rules 
 

Two different formulas have been implemented for conversion between weight 

and  distance.    Number  of training samples  that are  kept  by  the  classifier 

may  be limited  to  window size by setting  options.   When  new samples  are 

added  and  old samples  deleted  the  old samples  remain  as the  total  number 

of samples in training set size.[11] [12] 
 

 

7    Results and Discation 
 

In this paper  we used three classification algorithms  to forecast the euro cur- 

rency  fluctuation.  Multi-layer Perceptron procedure  neural  network,  KStar 

and  IBK were the  models which used to forecast  the  euro currency  fluctua- 

tion.  Five layers show input  that has duty  to get raw information which feed 

the networks.  Table  1 compares  same criteria  of each algorithm:  This index 
 
 

 IBK KStar MLP 
Root  Squared Error 0.051 0.42 0.52 

Relative Absolute Error 1.078 82.75 100.1189 
 

Table 1.  Compares criteria of RSE,  RAE 
 

 
 

is the  root  mean  square  approximation.  Root  Mean Square  Error  index for 

good models  is 0.05 or less.   The  models  which  there  RMSEA  is 0.1 have 

a week processes.  This  index is a relative  absolute  error.  Relative  absolute 

error  index  is better to  have  a higher  value.   This  index  is expressed  as a 

percentage. 

Also association  rules and classification  rules which induction of decision 

trees used for conclusion.  Some simple of association  rules and classification 

rule are shown below follows C5 algorithm in Clementine software.   For  ex- 

ample, analyses  of the 5 roll are discussed below: 

 
First  roll: 

If first month 

And first day, then  price decreases. 

If second day and the average  price is less than  1.745 and 

On Monday  and Thursday, the price decreases. 

If Tuesday  and 

The average  price is smaller than  432 or less then  price decreases. 
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The average  price is greater  than  432, the price increases. 

On Wednesday, the price increases. 

On Friday,  the price decreases. 

The average  price is greater  than  1.745, the price increases. 

On day nine, on Monday, Tuesday, Wednesday, Thursday and Friday, 

the prices decrease 

 
Second roll: 

On days 10, 15, 17, 20, 21, 22, 29, the price increases. 

 
If on first month,  9.48 percent done shopping  that 18.01 percent are on 

Monday.  Trading volume in January was higher.  It seems after  the holidays 

ensure the relative  movement at the end of the year causes the market  itself 

shows good mobility.    9.48 percent  for trades  made  in January,  confirmed 

it.   Statistics show that on Mondays  in January, more  trading takes  place 

during  the week than  the rest of. On Fridays  we also have a relative  increase 

in trading volume and  price fluctuation.  It  is well because  it could be time 

to declare the U.S. unemployment statistics attributed. The listed statistics 

affected more on the trend  of equality  exchange between dollars to euro rate. 

Since it shows the strength of the U.S. economy and future  prospects  in the 

short term.  Successful transaction is not so simple and easy and needs several 

components  such as extensive  knowledge,  understanding market  conditions 

and confidence and composure.  In currency  markets, the timing  and on time 

entering  into  the  trade  are the  most  important factor  in successful deal but 

sometimes  determine the  right time to deal is unknown.   Never expect  that 

every  transaction could  earn  profits.   Trading in foreign  exchange  markets 

based on conjecture  and estimates  and can be caused losses. However, these 

transactions can be exciting,  teaser  and  even addictive. Whatever you have 

more  dependence  on your  money  and  investment, making  decisions with  a 

comfortable  mind about  it would be more difficult.  Your money is worth  so 

with the money that you need to live, you should never be traded. Before the 

transaction you should know what the market  situation. Whether the process 

has upside,  downside,  or is neutral.  Whether this  trend  is strong  or weak? 

And did so before the start of the process or process is new? Obtain  the clear 

and accurate  picture  of market position,  cause to the successful transaction. 

Many  traders attempted to  transaction without specifying  the  time  out  of 

the  transaction.  Of course  not  doubt  that the  first  goal is profit;  however 

the trader should be focused his mind on exactly  what  to predict  the market 

movements.  For the transaction, carefully considered and determined on the 

anticipated market  moves in a certain  period of time is essential.  One of the 

cases in this  area  should  be considered  is out  the  deal time.   Importance of 

this issue is that your mind would be ready  to make it.  Although  specifying 

the exact  time of departure of the transaction is not possible, but  to specify 

the  time  before  entering  the  trade  is very  important.   If your  number  of 
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transactions is high  during  the  day,  technical  analysis  on the  daily  charts 

is less important and  is better to  use  30-minute  charts   or  an  hour  ones. 

Moreover,  you should know start and  end of working hours  of financial and 

economic centers  of the  world.  You should  keep in mind  these  times  when 

doing the  trading.  Since hours,  volatility, liquidity  and  market  movements 

are noticeably  changed.  Can be speculated synchronize on with the potential 

of market But  it may be too early or too late  to do.  Attention to the  time 

of transaction can be effective in the  result.  The  news will be announced in 

the  market, such as CPI  (Consumer Price  Index),  announced retail  sales or 

the central  banks  decide to increase interest rates,  can stabilize  the previous 

market  movement.  Due to the timing  transaction means that know what  to 

expect before the transaction and you can specify them in advance.  Technical 

analysis  can  help  you to  detect  when  and  how the  prices  will be changed. 

If you  have  doubt  about  doing  a  deal  correctly  and  you  are  not  sure,  do 

not  enter  the  market.  Generally,  Adjusting and  measuring  transactions in 

the  way to re-enter  the  market  and  trading with  other  currencies  are more 

rational.  In short,  with  large quantities that may  destroy  your  account  do 

not  deal.  And  with  a slang  words;  do not  put  all your  eggs in one basket. 

What  the majority of market  plan for situation and movement or would do in 

future  are called market  trends. Which means you will successful if you go to 

the right direction  for trading market. It should be mansion that this removal 

is a very simple and basic image as a process may take in any time and move 

in the opposite  direction.  Technical  and fundamental analysis  can determine 

when to start the  process and whether  this trend  is strong  or weak.  Market 

expectations are indicating  tendencies  that most traders and analysts  of the 

market  and  the  news will be announced in the  near  future.   If they  expect 

that interest rates  rise then  it will.  A lot of changes  in market  movements 

will not be seen because the  market  already  announced this  change to react 

and prepare  for it but  if the news is announced unlike forecasts,  market  will 

inevitably  react  strongly  to it.  Attractive Association  Rules Extracted: 
 

• If it  is 13th  day  and  3.15 percent  of the  purchase  is done  then  28.87 

percent is on Tuesday. 

• If it  is 4th  month  and  7.57 percent  of the  purchase  is done  then  22.63 

percent is on Wednesday. 

• If it  is 5th  month  and  3.75 percent  of the  purchase  is done  then  22.88 

percent is on Friday. 

• If it  is 12th  day  and  3.38 percent  of the  purchase  is done  then  22.88 

percent is on Friday. 

• If it is first month  and  9.48 percent  of the  purchase  is done then  18.01 

percent is on Monday. 

• If it is 3th day and 3.28 percent of the purchase  is done then 16.64 percent 

is on Friday. 

• If it  is 12th  day  and  3.38 percent  of the  purchase  is done  then  16.69 

percent is on Wednesday. 
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• If it is 4th day and 3.39 percent of the purchase  is done then 16.81 percent 

is on Tuesday. 

• If it  is 11th  day  and  3.39 percent  of the  purchase  is done  then  16.81 

percent is on Tuesday. 

• If it  is 3th  month  and  5.01 percent  of the  purchase  is done  then  17.98 

percent is on Thursday. 
 

 

8    Conclusion 
 

K* algorithm has  a less Root  Squared  error.   MLP  algorithm has  e more 

Relative  absolute  error than  the rest.  In order to make a better understand- 

ing in the  classification,  classification  techniques  based  on the  Association 

Rules,  i.e.  the  association  classification.   The  main  purpose  of classification 

is a  prediction   in terms  of class.   While  the  discovery  of association  rules 

describe relationships between  items in transaction database. In association 

classification,  classifier made  section  on a subset  of association  rules  called 

association  rules classification.  In association  rules classification,  after  every 

law is a class attributes.  Classifier studies  a rule or set  of compatible laws 

with  the  object  to predict  an object  tag.   The  results  of work performed  in 

this  field show that association  classification  act  better than  Machine  learn- 

ing Classification  algorithms  [13] However,  association  rules algorithms  has 

challenges such as determine the minimum  values, For extracted association 

rules because  first, the algorithm produces  a large number  of laws and  stor- 

age, retrieval, pruning  and sorting  of these laws is difficult.  Also, to find the 

best  subset  of rules  for building  strong  and  accurate  classification  is chal- 

lengeable.  [13] However, association  rules algorithms  has challenges  such as 

determine the  minimum  values for extracted association  rules because  first, 

the algorithm produces a large number  of laws and storage, retrieval, pruning 

and  sorting  of these  laws is difficult.   Also, to  find the  best  subset  of rules 

for building  strong  and  accurate classification  is challengeable.    [13] In  re- 

cent years a number  of association  classification  such as CPAR  (Han  J.; Pei 

J.  Yin Y.; 2000), CMAR  (Li W.;  Han  J.;  Pei  J.;  2001), MCAR  (Thabtah, 

F.; Cowling P.; 2005), MMAC (Thabtah F.; Cowling P.; 2004) is presented. 

These  algorithms  are  used various  ways in the  discovery,  ranking,  pruning, 

prediction  and evaluation of interest. To construct classifier with association 

rules algorithms, first found  complete  set  of association  rules from training 

data  set and select a subset  to make a classifier.  Selecting such a subset  has 

different methods.   For  example  CBA  (Liu  B.;  Hsu W.;  Ma Y.;  1998) and 

CMAR algorithms, this method  occurs of selection based on coverage heuris- 

tic method.  In this method  we evaluate  complete set of CARs on educational 

data  sets and considered laws that cover certain  number  of educational data. 

When the classifier made, it evaluate  the power of predictive  the test data  for 

predicting  class labels.  Several AC techniques  are presented in recent years. 

[13] These methods  make different approaches in discover frequent item col- 

lection, extraction rules, classification  rules, sorting rules; pruning  waste and 
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harmful laws - that leads to the wrong classification -and classification of new 

educational samples.  The  first finding from this  study  is to understand the 

complexity  of mechanisms  in stock price changes.  Neural networks  models in 

recent research got success to predict the indicators. Neural network designed 

to predict  the index of input  data  interrupt such interruption of economic fac- 

tors, along with some of their interrupt has a better performance  than  neural 

networks  that have only input  index.  But  this situation not found when the 

interrupt input  was  removed  from  the  index.   This  shows  that macroeco- 

nomic variables  associated  with  stock market  indices in this  study  does not 

determine a relationship and indicators applied  the most effective from their 

historical  values.  Partially adding  macroeconomic  variables  to the model in- 

creases power of provider  distribution models, and no decisive role.  Contents 

stated above indicate  that psychological climate prevailing stock market  price 

changes.  Stock market  is not yet prices to determine principally  but Chartyst 

theory  is based on yesterday price changes to determine today  price changes. 
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Abstract: The current state of the Brazilian agrarian structure is a direct result of the long 
process of the historic formation of Brazil which resulted in a highly concentrated land 
ownership. This fact reflects on the level of development of rural areas but it has also played 
an important role in generating serious economic and social problems in Brazil. The 
implementation of a comprehensive land reform process has been proposed to correct the 
distortions caused by this unequal pattern of land ownership. In addition to its potential 
contribution to improve food production, land reform is pointed out as a potential instrument 
to reverse the migration to urban areas. In order to verify this last assumption, we studied 
two rural settlements located in the northern region of Rio de Janeiro state to determine the 
extent to which land reform is fostering the return of families, who until recently lived in the 
periphery of cities, to rural areas. Our results reveal important aspects for the understanding 
of the migratory movements of city dwellers that decided to return to rural areas. The 
analysis of their life trajectories, before and after their inclusion in land reform, 
demonstrates that, contrary to common wisdom, the return to rural areas is still deemed as 
viable option for individuals living in the fringes of urban centers. However, this return to 
the countryside occurs amid various types of tension, mostly caused by the lack of sustained 
participation of governmental agencies in solving socioeconomic and environmental 
problems that daily affect the land reform settlements. 
 
Keywords: countryside, urban areas, migration, life trajectories, land reform 

 
1  Introduction 
 

A alta concentração de terra no país é, em parte, responsável pelas disparidades na 
distribuição da renda, da riqueza e do poder na sociedade brasileira. Por outro lado, o 
histórico das ações destinadas à solução do problema agrário brasileiro foi caracterizado por 
poucas medidas efetivas para alterar a estrutura agrária que, portanto, permanece altamente 
concentrada. Deste modo, os assentamentos rurais são o resultado de um processo de luta de 
sujeitos desterritorializados, seja pela história agrária brasileira, seja pelo processo de 
modernização tecnológica das atividades agropecuárias, ou por omissão do poder público, 
que ocasionaram a concentração da terra no país. Assim, os assentamentos surgem como 
resultado de conflitos sociais e tem como objetivo fixar os grupos demandantes, que se 
organizam principalmente a partir do final da década de 70 e inicio dos anos 80, e aliviar as 
tensões sociais decorrentes destas demandas. 
Neste contexto, o presente estudo teve como objetivo avaliar os impactos da criação de 
assentamentos de reforma agrária nos processos migratórios que até a década de 90 se 
davam majoritariamente no sentido campo-cidade. As unidades de análise desta pesquisa 
foram os assentamentos Dandara dos Palmares e o Antonio de Farias, sendo o primeiro 
localizado nos limites municipais de São Francisco de Itabapoana e Campos do Goytacazes; 
e o segundo no entorno da Lagoa de Cima que está localizada no Município de Campos. 
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2 Processos migratórios e seus impactos sobre o urbano e o rural: 

o lugar da reforma agrária no papel de fixação de populações 

migrantes  
 

O processo migratório que ocorre em diferentes sociedades é tão antigo quanto a própria 
história da humanidade, entretanto segundo Valim (2009) a polêmica que envolve a questão 
da migração se dá exatamente em torno das condições em que ela ocorre: se de maneira 
livre, sendo exercício de um direito, ou de maneira forçada, sendo conseqüência de modelos 
e interesses políticos e econômicos desumanos.   
Ao decorrer do tempo foi possível constatar que existem dois “Brasis” que insistem em 
conviver no contraste de seus números. Podemos verificar isso quando notamos que, 
atualmente, o Brasil ocupa a terceira posição no ranking dos maiores exportadores mundiais 
de produtos agrícolas e apresenta, desde de 2002, o maior superátivit comercial 
agroindustrial do mundo. Porém de acordo com os dados da Fundação Getúlio Vargas, de 
2007, foi diagnosticado um país cujo 33,6 milhões de miseráveis que passam fome, 
representando 18% da população brasileira.  
Para Ribemboim (2008) a migração campo-cidade é considerada o resultado inequívoco de 
uma deterioração social e ambiental do meio rural que expulsa os camponeses rumo às 
aglomerações urbanas, seja à causa da reestruturação fundiária capitalista, seja em 
decorrência da modernização da agricultura ou, ainda, como no caso do Nordeste, como 
conseqüência das secas: sem alternativas, as famílias seriam obrigadas a migrar. 
Cabe ressaltar que o crescente fluxo migratório para as cidades provocou não apenas o 
crescimento das grandes metrópoles e das capitais dos Estados, mas também o 
“inchamento” dos municípios periféricos, que apresentaram taxas de crescimento superiores 
às da própria capital. Valim (2009) define este fenômeno como periferização. A expansão 
dos municípios periféricos significou dificuldades crescentes quanto a condições de 
moradia, distância moradia-trabalho e infraestrutura urbana. Segundo o IPEA com análise 
por Amostra de Domicílio do IBGE de 2007, a população nas favelas do Brasil aumentou, 
no período de 42% alcançando cerca de 7 milhões de pessoas. Em 1992, havia 4,9 milhões 
de pessoas morando em favelas em áreas urbanas. Em 2007, esse número passou para 6,9 
milhões, ou seja, 3,8% da população. 
 Valim (2009) expõe que ao contrário do previsto, o Censo de 1991 revelou um declínio no 
crescimento populacional urbano, que declinou de 4,9% ao ano, na década de 1970, para 
2,6% na década de 1980. Os resultados dos censos de 1991 e 2000 mostraram que a 
proporção da população urbana que vivia em áreas metropolitanas, além de menor, se 
comparada à década de 1970, manteve-se relativamente estável nas décadas seguintes, 
representando 38,56% da população, em 1991, e 37,33%, em 2000. De acordo com Valim 
(2009) a redução e elevação da taxa de migração devem-se ao que denominam migração de 
retorno. 
2.1. O PROCESSO DE RETORNO PARA O CAMPO 
No Brasil, Cunha (2005) explica que nas últimas décadas, a questão migratória deixou de 
concentrar-se apenas no clássico movimento rural-urbano que caracterizou as décadas de 50 
e 60. Cunha aponta que especialmente na segunda metade da década de 60, os movimentos 
migratórios ocorridos no Brasil foram influenciados pelo advento da chamada 
“Modernização Conservadora”, que foi promovida pelo regime militar, e que terminou 
causando um período de acentuado êxodo rural. Teixeira (2005) afirma que uma 
conseqüência deste processo foi o aumento do contingente populacional econômico e 
socialmente marginalizado nas áreas rurais, mas que também teria contribuído para o 
aumento dos conflitos por terra na maior parte do território nacional.  Deste modo, a análise 
da relação existente entre o êxodo rural e os conflitos por terras podem revelar alguns 
aspectos do movimento migratório da população rural para a cidade, e o seu eventual 
retorno para o campo. O pressuposto aqui colocado seria de que os envolvidos nos processos 
migratórios o fazem no sentido de encontrar o local onde terão melhor oportunidade de se 
estabelecer produtivamente e, assim, podem tanto realizar o movimento campo-cidade como 
o inverso. Veiga (2002) explica que o rural brasileiro é muito maior do que aquele apontado 
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pelos dados do IBGE. Para Veiga, o que de fato existe é uma superestimativa da população 
urbana, em função das variáveis utilizadas para determinar o que vem ser o urbano, que 
quantificam todas as sedes municipais existentes, independente de suas características 
estruturais e funcionais, como sendo áreas urbanas. Por outro lado, Veiga nota que, em 
muitas partes do território brasileiro, o crescimento da população rural é, em boa medida, 
um fenômeno ligado à proximidade urbana e pelo incentivo advindo da criação de 
assentamentos de reforma agrária. Do ponto de vista das interações funcionais entre urbano 
e rural, Veiga (2001) e Silva (1999) afirmam que o setor terciário invade o mundo rural, 
fazendo com que nas áreas rurais a pluriatividade seja cada vez mais comum, levando a que 
a composição de renda dos agricultores tenha um caráter cada vez mais multissetorial.   
No que se refere especificamente aos impactos dos assentamentos rurais sobre as regiões 
periféricas dos centros urbanos, Oliveira, d’Ávila e Pereira (2002) argumentam que as ações 
dos movimentos sociais de luta pela terra têm contribuído para que muitos habitantes das 
áreas periféricas das cidades voltem a viver e trabalhar em áreas rurais. Oliveira e 
colaboradores argumentam que isto ocorre em função da perspectiva de que a inserção dos 
habitantes das periferias nos assentamentos poderia lhes facilitar o acesso à infra-estrutura 
necessária para produzir e viver. No entanto, esta expectativa só seria realmente 
materializada se os setores envolvidos na luta pela terra estiverem determinados a melhorar 
suas condições de vida, pois este é um processo invariavelmente longo e desgastante e 
envolve negociações constantes com o governo federal (OLIVEIRA, D’ÁVILA E 
PEREIRA, 2002). Assim, é importante ressaltar que a identidade de cada assentado pode 
estar associada a uma localidade específica, onde ocorrem fortes variações de natureza 
econômica e cultural. Deste modo, a construção, ou mesmo reconstrução, da identidade 
pode ser ainda influenciada pela classe social, herança cultural e/ou pelas culturas territoriais 
que os indivíduos carregam.  
 

4 Caracterizando a reforma agrária no Norte Fluminense/RJ  

 
A região Norte Fluminense historicamente tem sofrido uma forte dependência econômica 
em relação à monocultura da cana-de-açúcar. Para Medeiros e Leite (1999), a região norte- 
fluminense experimentou ao longo do século XX um processo de forte concentração 
fundiária, que se aprofundou na medida em que a modernização da produção e a integração 
com a indústria do açúcar e do álcool foram se ampliando. Medeiros e Leite acrescentam 
ainda que a partir da década de 50 o estado de São Paulo começou a conquistar espaços na 
indústria do açúcar e do álcool, tornando-se posteriormente o maior produtor nacional e um 
dos maiores em nível mundial. Em função disto, a economia sucro-alcooleira do Norte 
Fluminense começou a perder espaço em nível nacional. Em função disto, a partir da década 
de 60 começou um forte declínio do poderio econômico e político das usinas campistas. 
Apesar da criação do Programa PROALCOOL pelo governo federal ter estimulado a 
modernização das usinas de açúcar locais, o encerramento deste programa terminou 
acelerando o processo de decadência da atividade açucareira na região norte fluminense.  
Neste contexto histórico de declínio da monocultura da cana houve um aumento das terras 
improdutivas ao longo da década de 80. Isto criou um cenário em que o MST se sentiu 
estimulado a iniciar o processo de ocupação de terras na região norte fluminense. A primeira 
ocupação de terras liderada pelo MST em Campos dos Goytacazes, principal município da 
região do Norte Fluminense, ocorreu em 12 de abril de 1997, quando sob a liderança de um 
pequeno número de quadros nacionais do MST, centenas de famílias ocuparam o complexo 
de terras da Usina São João. Pedlowski (2007) afirma que provavelmente as mulheres e 
homens que participaram daquela ocupação não tinham idéia do alcance social que aquele 
ato teria em toda a região Norte Fluminense. Por outro lado, Pedlowski argumenta que 
naquele momento, a reação dos setores comprometidos com o latifúndio resumiu-se a 
denunciar que a "ordem" estava ameaçada por um bando de forasteiros membros de um 
movimento exógeno, o que terminou facilitando a continuidade do processo de ocupação de 
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terras improdutivas, que anteriormente estavam dedicadas à monocultura da cana e à 
pecuária.  

 

5 Metodologia  
 
A área de estudo onde foi realizada a coleta de dados referente a este estudo foi o 
Assentamento Dandara dos Palmares e Assentamento Antonio de Faria que se situa no 
município Campos dos Goytacazes/RJ, na região Norte Fluminense (Figura 1).  
 

 
Figura 1 - Mosaico de imagens Landsat mostrando os assentamentos de reforma agrária 
existentes na região Norte, com destaque em amarelo para os assentamentos Antonio de 
Faria e Dandara dos Palmares. 

 
A coleta de dados realizada neste estudo se deu a partir da aplicação de questionários com 
uma amostra aleatória de famílias assentadas. Este questionário continha questões orientadas 
para a obtenção de dados sobre a origem espacial dos assentados, os principais sistemas 
agrícolas estabelecidos após o recebimento de seus lotes, e a relação mantida com os 
sistemas naturais dentro e no entorno dos dois assentamentos. A pesquisa de campo que foi 
realizada nos dois assentamentos resultou na aplicação de 30 questionários no Assentamento 
Antonio de Faria e de 20 no Assentamento Dandara dos Palmares. O instrumento foi 
aplicado em uma amostra de aproximadamente 43,9% do total de famílias assentadas nos 
dois assentamentos incluídos no presente estudo. O objetivo inicial era distribuir a amostra 
de forma proporcional em cada assentamento, mas condições climáticas adversas que 
marcaram o período da coleta de dados impossibilitaram o acesso pleno aos assentamentos, 
visto que as principais vias de acesso ficaram intransitáveis em função de contínuos 
alagamentos. No caso do assentamento Antonio de Faria houve também uma alta taxa de 
absenteísmo dos assentados que dificultou a coleta de dados. 

 

6 Resultados 

 
A discussão do papel dos assentamentos de reforma agrária na estabilização da dinâmica de 
migração é essencial no presente estudo. Para elucidar esta dinâmica, duas variáveis que 
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fora, utilizada referiu-se ao local de nascimento e o de moradia dos imediatamente antes de 
sua entrada na luta pela reforma agrária. No caso do Dandara dos Palmares, a maioria dos 
assentados nasceu no próprio município de Campos, enquanto que no Antonio de Faria 
identificou-se uma maior diversidade espacial em termos do local de nascimento (Figura 2).   
 

 
Figura 2 - Local de Nascimento dos Assentados  
 
Já no tocante à origem espacial imediata dos assentados, os resultados em ambos os 
assentamentos a maioria estava residindo em áreas urbanas, especialmente em comunidades 
localizadas em áreas periféricas (Figura 3). 
 

 
Figura 3 – Origem espacial dos assentados  
 
Assim sendo, ainda que tenha sido constatada uma quantidade significativa de assentados 
que nasceram no próprio município de Campos, o que está em consonância com uma 
tendência observada por Heredia et al. (2005) que verificaram que em torno de 80% dos 
assentados vinham de regiões muito próximas ao local do assentamento, o fato que uma 
parte dos assentados ter vindo de outras localidades demonstra que existe uma influência do 
processo migratório no processo de recrutamento de interessados em participar do processo 
de reforma agrária. Por outro lado, é interessante apontar que nossos resultados apontam 
para um processo de manutenção ou retorno ao campo que foi propiciado pela criação destes 
dois assentamentos. Esta tendência contradiz aquelas perspectivas que apontam para uma 
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irreversibilidade do urbano no Brasil que, em última instância, torna desnecessária a 
realização da reforma agrária.  
 Um aspecto que é rotineiramente apontado como sendo importante na evolução 
dos assentamentos é a experiência anterior dos beneficiados com a distribuição de lotes com 
atividades agrícolas. Esta variável é apontada como sendo relevante, pois a falta de 
experiência com o trabalho agrícola contribuiria para aumentar as chances de insucesso dos 
assentamentos.  Neste sentido, os resultados do Dandara dos Palmares demonstram que a 
maior parte dos assentados estava exercendo atividades de natureza rural imediatamente 
antes do seu engajamento na reforma agrária, enquanto que no Antonio de Faria, além das 
atividades agrícolas relacionadas principalmente à pecuária e à cultura de cana-de-açúcar, 
havia uma maior vinculação com atividades urbanas de caráter informal (Figura 5).  

 
Figura 5 - Atividades Profissionais Anteriores dos Assentados  
  
 Os valores de vinculação pretérita com atividades agrícolas nos dois 
assentamentos estudados são inferiores àqueles encontrados por Heredia et al. (2005) em 
nível nacional.  Neste sentido, é importante notar que uma explicação comum para a decisão 
de inserção na reforma agrária e para o retorno ao campo deveu-se ao fato desta decisão ser 
vista por muitos assentados como uma garantia da posse de um pedaço de terra que 
garantiria o trabalho por conta própria, sem que precisassem continuar sujeitos à exploração 
de patrões. Esta tendência a associar de forma simbólica a posse da terra a um maior grau de 
liberdade já foi identificada em outros estudos realizados em assentamentos localizados no 
norte fluminense (Pedlowski et. al., 2007).  
 Um aspecto que pode invalidar os argumentos aqui apontados para explicitar a 
possibilidade oferecida pela reforma agrária no sentido de inverter, ainda que parcialmente, 
o padrão predominante de migração campo-cidade no Brasil se refere à possibilidade de 
abandono dos lotes pelos assentados para um possível retorno as áreas em que viviam 
anteriormente. Neste caso, o presente estudo procurou apurar o grau de satisfação em 
relação à vida após a inserção na reforma agrária (Figura 6).  
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Figura 6 – Grau de satisfação em relação a vida depois de assentado 
 
Em ambos os assentamentos, o nível de satisfação é bastante alto (quando colocadas juntas 
as categorias melhorou muito e melhorou).  À primeira vista, estes resultados são peculiares, 
visto as condições objetivas em que os assentados se encontram inseridos (e.g.; falta de 
infra-estrutura e de mecanismos de comercialização para a produção obtida nos lotes).  Uma 
possível explicação para o nível de satisfação pode ser encontrada na análise das variáveis 
que levaram os assentados a retornar ao campo (i.e.; posse da terra e a inexistência do 
patrão), mas também é possível que outras variáveis menos óbvias estejam contribuindo 
para esse elevado grau de satisfação. De toda forma, é interessante apontar que esse nível de 
satisfação talvez explique o baixo nível de abandono de lotes em ambos os assentamentos 
estudados. 

 

7 Conclusions 
O estudo das trajetórias migratórias foi pertinente à realidade dos Assentamentos Antonio de 
Faria e Dandara dos Palmares, uma vez que foi possível detectar porque os assentados 
decidiram pelo retorno a área rural. No entanto, muitas teorias que tratam dos processos 
migratórios explicitam uma visão clássica do êxodo rural, como explica Ribemboim (2008) 
que este fenômeno representa a saída do homem do campo em rumo as cidades, quando é 
importante não deixar de lado o retorno ao campo que acontece na realidade do PA Antonio 
de Faria e PA Dandara dos Palmares, em que as políticas de Reforma Agrária incentivam 
este retorno através da implantação de assentamentos rurais. Desta forma, a concepção de 
migração, quando tratado do diálogo entre o urbano e rural, não pode ser resumida na 
expulsão histórica que aconteceu com os trabalhadores rurais, pois a relação entre o urbano 
e o rural é essencial à formação dos assentamentos, sobretudo quando grande parcela da 
população assentada é proveniente de uma realidade imediata anterior urbana (mesmo que 
tenha experiência anterior com trabalho rural). Assim há uma tendência de mudança de 
concepções em relação ao urbano e rural, desta forma o urbano, que sempre foi associado ao 
novo, ao progresso capitalista das fábricas, e o rural, que sempre foi associado ao velho 
deixam de ter estes contornos, pois a população rural brasileira vem ocupando um espaço 
significativo, exemplo disso são os assentamentos rurais do norte-fluminense onde suas 
atividades agrícolas tem um representação significativa, resgatando pessoas que viviam 
aprisionado na periferia urbana, com a precária qualidade de vida, e trazem pessoas para um 
meio rural onde mesmo sem nenhum tipo de assistência governamental consegue “enxergar” 
um melhoria na qualidade de vida.   
Neste sentido, a análise das trajetórias dos assentados nos permitiu verificar que o processo 
de Reforma Agrária oferece possibilidades através das implementações de assentamentos 
que promovem condições que permitam a migração de pessoas para campo, embora os 
impactos em termos numéricos deste movimento não cheguem ainda a configurar-se num 
fenômeno de forte expressão demográfica. Entre os diversos aspectos constatados nesta 
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pesquisa se encontram: 1) a falta de oportunidades no mercado de trabalho urbano; 2) a má 
qualidade de vida nas zonas urbanas em que os assentados viviam; 3) a idealização e a 
associação com liberdade e tranqüilidade da vida no campo; 4) o desejo de possuir, morar e 
trabalhar em algo próprio; 5) a possibilidade da conquista da autonomia financeira, e 6) a 
obtenção do reconhecimento social. Em conjunto estes fatores contribuíram para que  
ocorressem movimentos migratórios em direção ao campo.  Neste sentido, fica 
demonstrados que os assentamentos de reforma agrária se tornaram um incentivador da 
inversão do processo de migração campo X cidade, o que oferece um maior nível de 
complexidade aos estudos dos processos de migrações de saída ou retorno às áreas rurais no 
Brasil. Por outro lado, torna-se evidente que as migrações de retorno às áreas rurais, 
envolvem além de aspectos sócio-econômico, os aspectos subjetivos de caráter identitário. 
 Desta forma a análise dos resultados demonstra alguns aspectos importantes na 
caracterização do processo de migração e nos aspectos socioambientais envolvendo a 
criação e funcionamento do Assentamento Antonio de Faria e do Dandara dos Palmares. 
Primeiramente, o estudo pôde confirmar que os assentados são originários de áreas urbanas 
periféricas, o que confirma o papel destas áreas como pontos de recrutamento para a luta 
pela reforma agrária empreendida por movimentos sociais como MST.  Neste sentido, esta -
pesquisa evidenciou com base na realidade do Assentamento Antonio de Faria e Dandara 
dos Palmares, compreender melhor a migração e a decisão de habitantes de periferias 
urbanas de retornar ao campo a partir do engajamento em assentamentos de reforma agrária.  
Por outro lado, os resultados apontam que esta mobilidade cidade-campo não é apenas 
espacial, mas também social. Afinal, quando se dimensiona o contexto histórico no qual os 
assentados estão inseridos, é possível verificar que estes vêem os assentamentos com um 
instrumento que lhes permita enfrentar melhor posicionados as condições políticas, 
econômicas e sociais que “excluem” grande parcela da população brasileira de elementos 
vitais de sua sobrevivência cotidiana, e o assentamento é uma “esperança” para uma vida 
melhor. Isto é evidenciado quando os assentados apontaram majoritariamente que suas vidas 
melhoraram após a chegada no assentamento, em que pese a falta de assistência técnica, o 
acesso precário a serviços de educação, saúde e transporte. 
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ABSTRACT 

 

In this paper, we propose a software component under Windows that generates pseudo random numbers using 

refined descriptive sampling (RDS) as required by the simulation. RDS is regarded as the best sampling method 

as shown in the literature. In order to validate the proposed component, its implementation is proposed on 

approximating integrals. The simulation results from RDS using "RDSRnd" generator were compared to those 

obtained using the generator “Rnd” included in the Pascal programming language under Windows. The best 

results are given by the proposed software component. 

 

KEYWORDS 

Random Sampling, Refined Descriptive Sampling, Software Component, Simulation, Integral. 

 

I. INTRODUCTION 

 

Monte Carlo (MC) simulation is a sampling experiment based on the succession of a large number of random 

draws. This method is well known and intensively used; nevertheless, statistically, it is not the best. Apart from 

MC method designated by random sampling [1], we can mention other methods of MC, such as Descriptive 

Sampling (DS) [2] and Refined Descriptive Sampling (RDS) [3]. The latter is the best sampling procedure that 

was selected to improve upon the accuracy of simulation estimates. RDS was proposed in 2006 to make DS safe, 

efficient and convenient. RDS is safe by reducing substantially the risk of DS bias, efficient by producing more 

accurate estimators than DS and convenient by eliminating the needs to know in advance the descriptive sample 

size. 

In this paper, we propose a new component of pseudo random number generation under Windows called 

“RDSRnd” built in Turbo Pascal programming language under windows environment, according to the 

algorithm of the RDS method. To show the efficiency of its implementation, we took as an example the 

computation of integrals. Indeed we have developed a program that uses this component to the generation of 

random numbers in the case of calculating an integral.  

In order to compare the results of Monte Carlo and RDS, we provided the program with two parts. Each part 

calculates the simulated value of the integral, and the bias or variance as the exact value of the integral is known 

or not. The first part uses the developed generator “RDSRnd” of the RDS method for calculating the integral, 

while the second part uses the “Rnd” random number generator of the Monte Carlo method provided by Pascal 

programming language under Windows. The results obtained using the component “RDSRnd” are much closer 

to the true value than those provided by the Monte Carlo method. 

 

II. REFINED DESCRIPTIVE SAMPLING METHOD (RDS) 

 

To reduce the risk of bias, RDS procedure was proposed as an alternative approach to Monte Carlo Simulation. 

This method is mainly concerned with a block of prime numbers which must be situated inside a generator 

aiming to distribute regular samples of prime size pq, pq+1,… where q is randomly selected and distributes values 

Xi as required by the simulation. We stop when the simulation ends. Compared to DS this approach removes the 

need to determine in advance the sample size. 

 

2.1.  RDS values generation 

 

The general method of the inverse transform produces values of the input random variable X which are given by   
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Xi = F
-1

(ri)   for i=1,2,...,pq,  q=1,2,...,M 

where  F
-1

  is the inverse cumulative input distribution and R follows U[0,1] such as 

q

i
p

i
r

5.0
 . 

Once the subset of regular numbers ri is computed, it is then randomized and finally used as required by the 

simulation. When the simulation ends, we stop producing values of input variable and by the way we stop 

producing prime numbers.  

 

RDS method is illustrated in table 1 and 2 taking p₁ = 7, p₂ = 11 and p₃ = 13 for the negative exponential 

distribution with mean 1 obtained by xi = -Ln (1-ri). 

 

i ri xi i ri xi i ri xi 

1 

2 

3 

4 

5 

6 

7 

 

0.071 

0.214 

0.357 

0.500 

0.643 

0.786 

0.929 

0.074 

0.241 

0.442 

0.693 

1.030 

1.540 

2.639 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

 

0.045 

0.136 

0.227 

0.318 

0.409 

0.500 

0.591 

0.682 

0.773 

0.864 

0.955 

0.047 

0.147 

0.248 

0.383 

0.526 

0.693 

0.894 

1.145 

1.482 

1.992 

3.091 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

0.038 

0.115 

0.192 

0.269 

0.346 

0.423 

0.500 

0.577 

0.654 

0.731 

0.808 

0.885 

0.962 

0.039 

0.123 

0.214 

0.314 

0.425 

0.550 

0.693 

0.860 

1.061 

1.312 

1.649 

2.159 

3.258 

 Mean =y1 0.951  Mean= y2 0.969  Mean= y3 0.974 

 Bias(y1) -0.049  Bias(y2) -0.031  Bias(y3) -0.026 
Table 1: Subsets of primes size for a negative exponential distribution with mean E(X)=1, p₁=7, p₂=11 and p₃=13 followed by the 

observed Mean and Bias for each subset 

 

Therefore, in a given run, the mean estimate and its bias are obtained as follows: 





3

1

3
1

i

iyy = 0.965 

 



3

1

3
1 Bias)Bias(

i

iyy = -0.035 

In order to compare RDS and RS, we take a random sample of size 

31
3

1


i

ipn

 

2.2.  RDS algorithm  

 

    (a) Initialization for the experiment. 

       (a₁) Before each simulation run, generate a sequence of distinct prime numbers. 

       (a₂) Choose randomly without replacement a prime number p from this sequence. 

       (a₃) Generate the subset of regular numbers ri,  i=1,2,...,p and store them in an array R. 

    (b) Initialization for the sub-run. At the beginning of every sub-run, let ip:=1. 

    (c) Sampling without replacement during the sub-run: 

       (c₁) if ip>p then go to (d) 

       (c₂) randomly generate an integer iaux ∈[ip, p] 

       (c₃) interchange r(ip) with r(iaux) 

       (c₄) generate one observation xi. 
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3 

 

    If a descriptive sub-set value is not required stop and collect the final results from the last prime number used 

and go to (e) 

       (c₅) otherwise let ip:=ip+1 and go to (c₁). 

    (d) Collect the results after each sub-run and go to(a₂). 

    (e) Collect the results after each run. 

 

2.3. A RANDOM NUMBER GENERATOR 

 

In this paper, we developed a random number generator called "RDSRnd" and proposed its implementation on 

integrals problem in Monte Carlo simulation. A generator aiming to distribute random sequences of different 

subsets of prime size is developed under Turbo Pascal environment, using the algorithm of RDS procedure given 

above. The developed "RDSRnd" number generator contains the following three main functions. 

 

The " Prime " function of logical type, checks whether a number x is a prime or not 

 

    Function prime(x :integer) :boolean ; { control whether x is a prime or not} 

     Begin 

        Prime := true ; 

        If (x<> 2) and (x<> 3) and(x<> 5) and(x<> 7) and (x<> 1) 

           then 

            If (x mod 2 = 0) or (x mod 3=0) or (x mod 5 =0 ) or(x mod 7=0 ) 

               Then prime := false 

    End ; 

 

The integer function "getprime" that provides a prime number between Min and Max 

 

    Function getprim (Min, Max:integer):integer ; {get prime number } 

    var xy:integer; a:real; 

    begin 

    repeat 

         a := (max - min) * Rnd(Min) + min; 

         xy:=trunc(a); 

         if (xy mod 2 =0) and (xy < max) then xy := xy+1 

    until prime(xy) and (xy>=7); 

    getprim :=xy 

    end; 

 

The real function "RDSRnd " that provides a random number greater or equal than Stream 

 

    Function RDSRnd (Stream :integer) :real ; 

    Var f , loop: Integer; 

     a:real; trouv :boolean; 

    Begin 

    { get a primer number } 

    if (ip = 0) or (ip = p) Then 

    begin 

    ip:=1; 

    repeat 

        P:=getprim(Stream,NumStreams); trouv := true; 

        if g<>0 then begin loop :=1; 

                          while (loop<=g) and (trouv) do 

                               if p <> v [loop] then loop := loop+1 

                                                         else trouv := false 

                            end; 

    until trouv; 

    g:=g+1; v[g] := p ; 

    for loop:=1 to p do 

        R[loop] := (loop-0.5) / p ; 
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    end 

    Else ip :=ip+1; 

    a := (p-ip)*Rnd (stream) + ip; 

    f := Trunc(a); 

    a :=R[ip]; R[ip] := R[f] ; R[f] := a; 

    RDSRnd :=R[ip] ; 

    { go to genlib and replace Rnd in the function NegExp with RDSRnd } 

    End; 

 

See in Appendix 1 the program “Unit RDSComponent”; 

 

  

III.  APPROXIMATION OF INTEGRALS BY  MONTE CARLO METHOD 

 

3.1 simple integral: 

 
Here we describe one of the simplest applications of Monte-Carlo: the one-dimensional integration of a function 

in a bounded region. How to calculate the integral between a and b of the function represented by the figure 

below? 

                                                  

The method consists of approximating the integral  )(
b

a
dxxfI of a function defined on an open and 

bounded interval] a, b [, continuous and possibly not bounded on this interval by writing it in the form I =

))(()( UfEab and by approaching ))(( UfE , where U is a random variable following a uniform distribution 

on] a, b [and ))(( UfE  represents the mathematical expectation of the random variable )(Uf . If the function f is 

not bounded, we will assume that the integral I is convergent and further, we need also to assume that

 )(2


b

a
dxxf

 
 is convergent for the purpose the approximation of the variance.  To do this, we use the law of 

large numbers: if ( iU )iN* is a sequence of random variables mutually independent and independent of U, of 

uniform law on ] a, b [ then

 

))((=)(
1

   lim ∑
1=

∞+→n
UfEUf

n

n

i

i ,That is to say, if nuu ......1 are random numbers 

uniformly in] a, b [, ∑
1=

n )(
1

=I  

n

i

iuf
n

is an approximation of 
a)-(b

I
, so (b-a) * In is the approximation of the 

integral I. 

 

3.2.  Multiple integral: 

 

By analogy to the Monte Carlo approximation above a simple integral: 

• A double integral I =    ), (    2121D     ∫∫ dxdxxxf with f a function defined and continuous on the integration 

domain D defined by D = {(x, y)  IR
2
, a <x <b,  (x) <y < (x )}, such that  (x) and  (x) are defined and 

continuous on [a, b] can be approximated by S * In with: 

     1.  S = (b-a) * (d-c), the surface of rectangle encompassing the integration region D where: 
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              b][a, ∈x 

(x)min  =c α and 
              b][a, ∈        x 

(x)max  =d β see figure below. 

                                                                          

      2. ∑
n  

1=i 

* ),( 
n

1
=

n
I  

i
v

i
uf  Where f 

*
 is the extended function of f  by 0 on the complement of D in S and 

           
),(

i
v

i
u  i = 1, ..., N are the two coordinates (numbers) of N points taken  randomly uniformly in the  

            rectangle S. 

            

• A multiple integral I = ∫∫∫∫ ∫  ....  ),....,( 
D

 ......  2121 LL dxdxdxxxxf  with f a function defined and 

continuous on D can be approximated by V * In with: 

     1. V = (b1-a1) * (b2-a2) .... * (bL-aL), the volume of the region (noted too V) encompassing the integration  

         region D where L is the dimension of the integral. 

     2. ∑
  

1= 

* ),......,
2

,
1

( 
1

=I  

n

i
Li

u
i

u
i

uf
nn , where: 

         f 
*
 is the extended function of f  by 0 on the complement of D in V and 

        
Li

u
i

u
i

u ,......,
2

,
1

, i= 1,2 ....., N are the L coordinates (numbers) of N points taken  randomly uniformly in 

        the region V. 

 

3.3.   Computing the variance: 

 

In general, the true value of  
2
 = Var (f(U)) = ))(( 2 UfE -[ ))(( UfE ]

2
  is unknown, we then, approach it by 

using the approximation nI of ))(( UfE according to the following convergence: 

                    ))((
1

≤0 2

1=

∑
n

i

iuf
n

 

2

1=

2 )I- )(( 
1

=I ∑ n

n

i

in uf
n

2 
n

 

 

Finally, for a given sufficiently large n, the Monte Carlo method provides therefore: 

 The approximation of the integral  

I = (b-a) In for a simple integral,  

I = S. In for a double integral and  

I = V. In for a multiple integral.  

 The approximation of the variance  


2
 = 2

1=

2 I-)(
1

 ∑ n

n

i

iuf
n

 

for a simple integral, 

        

2

n  

1=i 

2 *2 I -),( 
n

1
=   ∑ ni

v
i

ufσ  for a double integral and

 

        

2

n  

1=i 

2 *2 I -),......,
2

,
1

( 
n

1
=   ∑ nLi

u
i

u
i

ufσ  for a multiple integral. 

 

IV.  PROGRAMMING 
 

To compare the two Monte Carlo methods, RS and RDS, the first part of the program provides in the same time, 

the approximated values of the integral and variance for the RDS method. It provides also the size of RDS 

sample when M sub-runs are used. Using this RDS sample size, the second part of the program provides the 

approximated values of the integral and variance for the RS method. 
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In both cases, we will compute either the variance 
2
 or the Bias “Q – VE” as the case where the exact value VE 

of the integral I is known or not. 

 

For our calculations, we only tested the case of simple integral. For multiple integrals, the program does not 

change much; just know the boundaries of different dimensions. For example in case of a double integral, it just 

dive D, in the rectangle a, b, c, d (see graph) and calculate c and d. 

The algorithm below represents the case of a simple integral.  

 

4.1.  Algorithm computing a simple integral: 

 

The parameters are: 

f: the integral function  

a et b: The interval bounds 

M: the number of sub-runs for the RDS method, 

                   the number of uniform random draw for the RS method 

Q: the approximation of the integral I 

VE: the exact value of the integral I 

Varr: the approximation of the variance 
2
. 

 

See in Appendix 2 the program “INTEGRALE”. The amendments listed to the right (gray) for a few 

instructions are for double integrals. 

 

4.2.  Experiments: 

 

To implement the proposed random number generator “RDSRnd”, the following examples are used:  

                    I1 = 
1
0

1

0
[exp(x)])exp(  dxx   =1.7182818284590….. 

                    I2 = 1)]Ln( [)(Ln 1
0

1

0
 x)-xxdxx  

                    I3 = 
1

0
)  sin(x)  ln(- dx  

                    I4 = .0.702603..-  (x))(4Log))cosexp(2Log(x
x

2
-

1

0

22  dx                 

   

4.3.  Empirical results:  

 

Examples RDS RS M Sample size 

 Integral Bias Variance Integral Bias Variance   

I1 1.7180 0.0002 0.2410 1,7127 0.0055 0.2478 10 1328 

 1.7181 0.0001 0.2415 1.7155 0.0027 0.2462 20 4140 

 -0.9870 0.0129 0.8990 -1.0223 0.0223 1.0389 10 1328 

I2 -0.9917 0.0082 0.9311 -1.0105 0.0105 1.0119 20 4140 

 -0.9949 0.0050 0.9532 -1.0030 0.0030 1.0014 50 10976 

 1.0400  0.8048 1.0771  1.0341 5 671 

I3 1.0484  0.8588 1.0671  0.9372 20 4140 

 -0.7005 0.0020 0.4477 -0.6996 0.0029 0.4530 10 1328 

I4 -0.7010 0.0015 0.4492 -0.7030 0.0004 0.4528 20 4140 
Table 2:  Empirical results showing the efficiency of RDS against RS. 

 

The results of these different simulations show that the bias provided by RDS for different samples is lower than 

that provided by the RS method. The RDS method is therefore efficient as long as it produces more accurate 

estimators than those of RS. 

 

V.  CONCLUSION 

 

We have proposed and implemented an RDS pseudo-random number generator on integrals problem. As shown 

in table 2, the experimental results demonstrate that all approximation using the "RDSRnd" component are 

closer to the theoretical values than those obtained by Rnd() function. Therefore, these results strongly support 

the efficiency of RDS over RS.  
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Appendix 1 

 

{$F+} 

Unit RDSComponent; 

 

Interface 

Uses  GenLib, Crt; 

 

Function Rnd(Stream : Integer) : Real; 

{Full 32 bit generator which uses the overflow of Long Integers to allow rapid division} 

Const A = 16807; 

      M = MaxLongInt; 

Begin 

RndSeed[Stream, 0] := (RndSeed[Stream, 1]*A) Mod M; 

RndSeed[Stream, 1] := RndSeed[Stream, 0]; 

If RndSeed[Stream, 0] < 0 then Rnd := ((M + RndSeed[Stream, 0])/M) 

   Else Rnd := (RndSeed[Stream, 0]/M); 

End; 

 

Procedure InitStreams; 

{Just one arbitrary way of initialising the random number streams. If run at 

the start of a simulation, it will guarantee a particular set of streams. 

Note that the seeds it produces are odd integers, because the generator is multiplicative} 

Var Loop : 1..NumStreams; 

Begin 

For Loop := 1 to Numstreams do 

    Begin 

        RndSeed[Loop, 1] := 10*Loop + 1; 

    End; 

End; 

 

 Function prime(x :integer) :boolean ; { control if the number x is primer} 

    Begin 

       Prime := true ; 

       If (x<> 2) and (x<> 3) and(x<> 5) and(x<> 7) and (x<> 1) 

           then 

                  If (x mod 2 = 0) or (x mod 3=0) or (x mod 5 =0 ) or(x mod 7=0 ) 

                      then prime := false 

    End ; 

 

Function getprim(Min,Max:integer):integer; {get prime number} 

var xy:integer; a:real; 

begin 

  repeat 

    a := (max-min)*Rnd(Min)+min; 

    xy:=trunc(a); if (xy mod 2 =0) and (xy<max) then xy :=xy+1; 

  until prime(xy)and(xy>=7); 

  getprim :=xy 

end; 
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Function  RDSRnd(Stream :integer) :real ; 

Var f,loop:  Integer; 

   a:real;   trouv :boolean; 

Begin 

  { get a primer number  } 

   if (ip=0) or (ip=p) then 

    begin 

          ip:=1;     

         repeat 

            P:=getprim(Stream,NumStreams); trouv := true; 

            if g<>0 then begin loop :=1; 

                                   while (loop<=g) and (trouv) do 

                                      if p <> v[loop] then loop := loop+1 

                                                               else  trouv := false 

                                 end; 

         until trouv; 

      g:=g+1; v[g] := p ; 

      for  loop:=1 to p do 

             R[loop] := (loop-0.5) / p ; 

   end 

   Else  ip :=ip+1; 

   a := (p-ip)*rnd(stream) + ip; 

   f := trunc(a); 

   a :=R[ip]; R[ip]:=R[f];R[f]:=a; 

   RDSRnd :=R[ip] ; 

end;  { End RDSRnd } 

 

end. {End of RndRDS} 

 

Appendix 2 

 

program INTEGRALE;  

 

Uses ExecVars, ExecUtil, GenLib, Crt, RDSComposant; 

 

Var   Q, Variance : array[1..50]of real; 

         Rep,J,M,p1,i :integer;  

         QQ,VE,a,b,s1,s2,u,h :real; 

 {M: nombre de tirages uniformes au hasard 

  qq : valeur estimee de l'integrale 

  variance: estimation de la variance 

  p1: nombre total de nombres tir‚s au hasard 

  ve : valeur exacte de l'integrale } 

 

Function f(x:real):real ; 

begin 

f:= exp(x); 

End; 

 

Begin 

  initstreams; 

  P:=0; ip:=0;  g:=0;  S1 := 0; s2 := 0; 

  Write('Nombre d''histoires?');  Read(M); 

  Write('Intervalle d''integration a , b ?');  Read(a,b); 

  Write('Valeur exacte de l''integrale connue ? Taper 0 pour non 1 pour oui ');   

  read(rep); 

  If rep=1 then begin 

  Write('Valeur exacte de l''integrale ?'); read(VE); 

                        End; 

  p1:=0; 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

compute c and d 

SMTDA           580



 

 Proceedings, 2nd Stochastic Modeling Techniques and Data Analysis International Conference 

 5 - 8 June 2012 Chania Crete Greece 

 

 

 

 

 

 

 Proceedings, 2nd Stochastic Modeling Techniques and Data Analysis International Conference 

 5 - 8 June 2012 Chania Crete Greece 

 

 

 

 

 

9 

 

  While g<=M  do 

        Begin 

 If (ip<>0) and (ip=p) then Begin 

                     s1 := s1/p;  s2 := s2/p; 

    Q[g]:= (b-a)*s1; 

    Variance[g] :=  s2-s1*s1; 

    S1 := 0; s2 :=0;p1:=p1+p; 

                                                         if g=m then g:=g+1 

                              End; 

            if g<= m then begin 

        u:= a+(b-a)*RDSRnd(7);                                                       

         h := f(u);   

              s1 := S1+h; s2 := s2+ h*h 

                                   end 

      End; 

      g:=g-1; 

{Calcul des Moyennes de Q, Var} 

s1 := 0; s2 := 0;  

for j := 1 to g do begin 

         s1 := s1 +Q[j];  s2 := s2+Variance[j] ; 

              end; 

Writeln('   METHODE    RDS  ');  

Writeln('   ------------------------  '); 

Writeln('Pour ',m,' histoires la taille de l''echantillon = ',p1); 

QQ:= s1/g; 

Writeln('Integrale = ', QQ); 

Writeln('Variance  = ', s2/g); 

if rep=1 then Writeln('Biais     = ', abs(QQ-VE)); 

Writeln('*************************************'); 

writeln; 

 

{   METHODE  RS  } 

 

  initstreams; 

  i:=1; S1 := 0; s2 := 0; 

  M:=p1; 

  While i<=M  do 

       begin  

          u:= a+(b-a)*Rnd(3); i:=i+1; 

          h := f(u);   

          s1 := S1+h; s2 := s2+ h*h 

       End; 

s1 := s1/m;  s2 := s2/m; 

QQ:= (b-a)*s1; 

Writeln('   METHODE    RS  '); 

Writeln('   ---------------------  '); 

Writeln('Pour la meme taille d''echantillon: ', p1); 

writeln('------------------------------------------'); 

Writeln('Integrale = ', QQ); 

Writeln('Variance  = ', (s2-s1*s1)); 

if rep=1 then writeln('Biais     = ', abs(QQ-VE)); 

ClearFullScreen; 

 

End. 

 

 

 

 

 

 Q[g]:= (b-a)*(d-c)*s1;        

 

 

 

 

 

+v:=c+(d-c)*RDSRnd(7); 

h :=f(u,v) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

+v:= c+(d-)*RDSRnd(7); 

h :=f(u,v) 

 

 

 

  QQ:= (b-a)*(d-c)*s1; 
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Abstract User mobility in urban environment is typically characterized by certain patterns 

of user behavior, including favorite walks and walking habits. The capability of a model to 

reliably reflect these patterns constitutes a critical advantage for two reasons: Firstly, it 

allows for efficient opportunistic routing algorithms that exploit even the slightest 

communication opportunity - hence, it has the potential to turn a group of devices into an 

efficient communication system. Secondly, it allows for strategic decisions on how to 

administer data in flight: where to store it temporarily and who will be responsible for it - 

these properties suffice in their own right to turn an initially-chaotic system into 

dynamically-evolving organized map of users and devices. In the present a homogeneous 

semi-Markov model is introduced to describe user mobility in urban areas. The interval 

transition probabilities and the entrance probabilities are applied to describe the evolution 

path of mobility users through time and the recursive equation which defines the probability 

distribution of the number of fixed nodes accessed by mobile users is provided. Also 

equations concerning fixed node occupancies are given and for a closed system the expected 

distribution of mobile users throughout the fixed nodes for every point of time is calculated. 

Finally, we demonstrate the model’s efficiency using a realistic example with data from 

simulated environment. 

Keywords: Stochastic modeling, Semi Markov models, Discrete time, User mobility, 

Internet 

 

1  Introduction 
 

Consider an urban scenario, where a mobile device, such as an ipod may 

occasionally require Internet access. Various hotspots are deployed in the city, 

covering some percentage of the area. All hotspots can inter-communicate (i.e., 

since they are all connected to the Internet) and selectively form a communication 

backbone. Mobile devices have access to hotspots occasionally, as they move, but 

also have direct access to other devices, each time they cross over. Our model 

should enable each mobile node to request information on neighboring nodes and 

how often they contact available hotspots. Thus, related questions which should be 
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 answered by the applied model are for example when and how often a hotspot is 

accessed. These answers could provide useful information concerning future 

contact opportunities and their corresponding connectivity times. Here, we apply a 

homogeneous semi-Markov model in discrete time considering the fixed nodes as 

the states of the system and every path of a mobile node through the states (i.e. the 

fixed nodes) is governed by the imbedded semi Markov chain. Semi-Markov 

models (Iosifescu-Manu(1972), Howard(1971), McClean(1980,1986), Janssen 

(1986), Mehlman(1979), Bartholomew et al.(1991), Vassiliou and 

Papadopoulou(1992) were introduced as stochastic tools, which can provide a 

general framework that can accommodate a great variety of applied probability 

models. A semi-Markov approach for our case provides the required generality in 

order to describe the complex semantics of models such as the proposed. Although 

the application of the theory of semi-Markov models increases the complexity of 

analysis, the extra-added variables improve the modeling expressiveness and the 

prediction accuracy.  

An example usage of the proposed system follows in the present paper. In an urban 

scenario a mobile may be interested for Internet access. Different hotspots are 

scattered in the city, covering a percentage of the area. The mobile node can 

request information on neighboring nodes and how often do they contact available 

hotspots (i.e. the fixed nodes). The above request could be treated by the 

description of the inter-contact time probabilities between a mobile (or a class of 

mobiles) and the hotspots. So, the moving user can easily take decisions whether a 

neighboring node is more suitable than itself to forward its data to the Internet. A 

paradigm for supporting communication in areas with intermittent or problematic 

conditions, such as in the above scenario is that of Delay-Tolerant Networks (Fall 

(2003)). A similar urban scenario using opportunistic communication is presented 

in Koutsogiannis et al(2011). 

The paper is structured as follows: In Section 2 we describe the proposed system 

and give the basic equations which provide some answers related to future contact 

opportunities and their corresponding connectivity times. In Section 3 we evaluate 

the above model with simulation data of a realistic scenario. In Section 4 

conclusions for the applied model are provided. 

 

2  The semi Markov model for the mobility users  
A basic property in discrete time Markov chains is that transitions occur at every 

time unit interval. The transition may return the chain to the state it previously 

occupied, but a transition occurs nevertheless. A semi Markov chain is a more 

general model and can be considered as a process whose successive state 

occupancies are governed by a Markov chain (embedded Markov chain), but 

whose stay in any state is described by an integer valued random variable that 

depends on the presently state occupied and on the state to which the next 

transition will be made. So, let us now consider a population of mobile users which 

is stratified into a set of fixed nodes according to various characteristics and 

S={1,2,...,N} be the set of fixed nodes that assumed to be exclusive and exhaustive,  
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so that each mobile user may be in one and only one node at any given time. The 

state of the system at any given time is described by the vector 

( ) ( ) ( ) ( )[ ]',...,, 21 nNnNnNn N=N  where ( )nNi  is the expected number of mobile users 

to node j after n time units. We consider a closed system with constant total 

population of mobile users denoted with T. Also we assume that the mobile user’s 

transitions between the fixed nodes occur according to a homogeneous semi 

Markov chain (embedded semi Markov chain). In this respect let us denote by P  

the stochastic matrix whose (i,j)th element equals the probability a mobile user of 

the system which entered node i makes its next transition to node j. Thus, 

whenever a user enters node i selects node j for its next transition according to the 

transition probabilities ijp . However before the access to node j, the user 'needs' a 

time to reach j starting from node i. These successive inter-contact times define the 

holding times for the embedded semi Markov chain which are described by the 

holding time mass functions denoted by ( )mhij . The central statistics in semi 

Markov processes are the interval transition probabilities which correspond to the 

Markov multistep transition probabilities. So, let us define as )(nqij  the following 

probability 

=)(nqij Prob[a mobile user which started his movement at node i to be at node j 

 after n time units]  

Then using probabilistic argument it can be proved that basic recursive equation 

for calculating the interval transition probabilities is as follows 

=)(nqij +> )(nwiijδ )()(

1 0

mnqmhp kj

N

k

ik

n

m

ik −∑∑
= =

 (1) 

with initial condition =)0(ijq ijδ ,  

where N is the number of fixed nodes, 


 =

=
elsewhere

jiif
ij

0

1
δ ,  

=ijp  Prob[a mobile user which reached node i at its last transition to move to node 

 j at its next transition],  

=)(mhij  Prob[a mobile user which reached node i at its last transition needs m time 

units to access the next node, given that node j has been selected for 

 the next move],  

=>
)(nwi  Prob[a mobile user which reached node i at its last transition needs more 

 than m time units to access the next node],  

∑ ∑
∞

+= =

> =
1 1

)()(

nm

N

k

ikiki mhpnw  and 1)0( =>
iw  (initial condition). 

The part )(nwiij
>δ  in equation (1) is the probability of remaining to node i longer 

than n time units while the sum )()(

1 0

mnqmhp kj

N

k

ik

n

m

ik −∑∑
= =

is the probability to access 

node j until time n and at least one transition occurs through the interval (0,n]. 
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Also because the semi Markov model allows a distinction between the number of 

time units that have passed and the number of transitions that have occurred we 

have the opportunity of asking the probability distribution of the number of fixed 

nodes accessed by a mobile user which started his movement at node i and ended it 

at node j at time n (Howard (1971)). In this respect we define as  

=)/( nkijφ Prob[a mobile user which started his movement from node i to be at node 

 j after n time units and k nodes were accessed during that time] 

Then using probabilistic argument it can be proved that basic recursive equation 

for calculating the above probabilities is as follows 

=)/( nxijφ +> )()( nwx iijδδ )/1()(

1 0

mnxqmhp kj

N

k

ik

n

m

ik −−∑∑
= =

  (2) 

with initial condition =)/0( nijφ )(nwiij
>δ . 

It can also be proved (Howard (1971)) that the expected number of nodes passed 

through by a user started at node i and ended at node j in time n can be calculated 

by  

=)(ndij
)(

)(

nq

ng

ij

ij
 (3) 

where 

=)(ngij 












−+−−−− >

=

−

== =
∑∑∑∑ )()()()(2)(

1 01 0

mnwumnguhpmngmhp jkj

N

r

rjkr

mn

u

krkj

N

k

ik

n

m

ik δ  (4) 

The entrance probabilities (Papadopoulou (1994)) and the probability distribution 

of the number of transitions to a specific node (Howard (1971)) can provide some 

answers to questions related to node occupancies for our model. Thus, let us define 

the entrance probabilities for the users as follows 

=)(neij Prob[a mobile user which started his movement at node i to access node j 

 after n time units]  

Then it can be proved that  

=)(neij +)(nijδδ )()(

1 0

mnemhp kj

N

k

ik

n

m

ik −∑∑
= =

 (5) 

=)0(ije ijδ  (initial condition), 


 =

=
elsewhere

nif
n

0

01
)(δ . 

Also if we define as )/( nxvij  the probability that a mobile user will access node j x 

times during an interval of length n, given that the user started his movement at 

node i, then we can derive the following result 

=)/( nxvij +>
)()( nwx iδ )/()(

1 0

mnxvmhp kj

N

jk
k

ik

n

m

ik −∑∑
≠
= =

)/1()(

0

mnxvmhp jjij

n

m

ij −−+∑
=

 (6) 

The double sum in equation (6) is the contribution to )/( nxvij  when the first move 

out of node i is to a node different to j and the next sum is the corresponding 
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probability when the first move out of i is to node j. Relation (6) provides an easy 

tool for computing the node (i.e. state) occupancy probability distributions.  

Finally, for a closed semi Markov system such as in the present the expected 

distribution of mobile users throughout all hotspots (fixed nodes) at every point of 

time is calculated by the equation 

)(nN j = )()0(

1

nqN ij

N

i

i∑
=

 (7) 

where )0(iN  is the initial population of users to node i. 

Concerning the proposed system our main goal is to study the spatial behavior of 

mobile users. Applying the above equations we can provide with basic information 

referring to the following objectives.  

(i) Access to hotspots through certain time intervals. 

(ii) Frequency of occupancy for specific hotspots through mobility paths with 

certain source and destination nodes. 

(iii) Expected distribution of mobile users throughout all hotspots (i.e. expected 

system’s structure) 

(iv) Limiting system’s behavior 

 

3  Example 
Assume a constant population of mobile users moving around a city center (i.e., in 

this paper we consider the city of Thessaloniki) and pass through twelve scattered 

hotspots in the area. Thus, the users are stratified into a set of areas and the state 

space of our system is S={1,2,...,13}where state 13 (i.e. area 13) is considered to be 

the area in the city center without network coverage. All areas are assumed to be 

exclusive and exhaustive, so that each mobile user is located at one and only one 

area at any given time. The data used for the estimation of the transition 

probabilities ijp  and the probabilities of the contact times )(mhij  are data derived 

from simulated environment where the basic hypothesis for the scenario is that we 

have high probability (>0.3) for Aristotelous Square (corresponds to hotspot 1) to 

host mobile users and equal probabilities for all the rest (11 in number) hotspots. 

The above data indicated that contact times between hotspots did not fit geometric 

distributions so the semi Markov choice matches reality better than the Markov 

model. In figure 1 we provide graphically selected data of the derived contact time 

probabilities ( )(),(),( 9,133,131,13 nhnhnh ) and in figure 2 we give the survival functions 

of the contact times for the 12 hotspots and the area without network coverage 

( )(nwi
> , i=1,2,…,13). Figure 3 presents the transition probabilities ( )(1 nq j ) from 

our point of interest (Aristotelous Square) to the rest of the hotspots for all values 

of the connectivity times. The corresponding probabilities )(1 nq j ) starting from the 

area without network coverage to all hotspots is given in Figure 4. Finally, in 

Figure 5 the transition probabilities ( )/( nxijφ ) for all values of the connectivity 

 times in relation with the number of crossed hotspots are provided. 
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4  Conclusions 

In this paper we introduced a homogeneous semi-Markov model, as a tool of study 

for user mobility in urban areas. We proposed a number of basic equations that can 

provide information related to the spatial behavior of mobile users, such as the 

access and the frequency of occupancy to hotspots through mobility paths with 

certain source and destination nodes and the expected distribution of mobile users. 

We evaluated the proposed equations with a realistic example. The results 

demonstrate the potential of the semi Markov model to provide an efficient tool for 

the study of user mobility. 

 

 
Figure 1 

 
Figure 2 

SMTDA           588



 

 Proceedings, 2nd Stochastic Modeling Techniques and Data Analysis International Conference 

 5 - 8 June 2012 Chania Crete Greece 

 

 

 

 

 

 

 Proceedings, 2nd Stochastic Modeling Techniques and Data Analysis International Conference 

 5 - 8 June 2012 Chania Crete Greece 

 

 

 

 

 

Figure 3 

 
Figure 4 

Figure 5 
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Abstract The complexity of analysis in semi Markov models discourages its application to 

real life problems and leads to the simpler choice of a Markov model which most of the 

times provides inaccurate results. In semi Markov systems transitions between the states are 

dependent on the duration in the present state. The literature shows that the expected 

duration structure in the states has been a subject for research in manpower systems and 

other models with imbedded semi Markov chains. In the present paper a method is applied 

according to which we can describe the expected population structure of an open semi 

Markov system in discrete time with fixed size via Markov modelling. The approach is 

applied to a healthcare system comprising of stroke patients who move though different 

states of hospital care. 

Keywords: Semi-Markov models; Population structure; Healthcare, Discrete time 

 

1  The semi Markov system via Markov modelling 
 

Semi Markov models (Iosifescu-Manu (1972), Howard (1971), McClean (1980, 

1986), Janssen (1986), Mehlman(1979),  Bartholomew et al.(1991), Vassiliou and 

Papadopoulou (1992) were introduced as stochastic tools, which can provide a 

general framework that can accommodate a great variety of applied probability 

models.  A semi-Markov approach provides more generality than may be required 

to describe the complex semantics of the models. However, the complexity of 

analysis in semi Markov models discourages its application to real life problems 

and leads to the simpler choice of a Markov model which most of the times 

provides inaccurate results. In the present paper a method is applied according to 

which we can describe the expected population structure of an open semi Markov 

system in discrete time with fixed size via Markov modeling. 

So, let us now consider a population which is stratified into a set of states 

according to various characteristics and S={1,2,...,k}. The expected population 

structure of the system at any given time is described by the vector 

( ) ( ) ( ) ( )[ ]',...,, 21 tNtNtNt k=N  where ( )tNi  is the expected population to state i at time 

t. Also we assume that the individual transitions between the states occur according 
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to a homogeneous semi Markov chain. In this respect let us denote by P the 

transition probability matrix of the embedded Markov chain and )(mH the holding 

time probabilities matrix.  

Let us now suppose that when an individual is in state i at time t and entered state i 

at time t-d (i.e. at its last transition) then the individual is in duration state (i,d) at 

time t. The transition probabilities between the duration states are of two types: the 

actual transitions (i.e. transitions from state (i,d) to ( j,0) for every i and j) and the 

virtual transitions (i.e. transitions from state (i,d) to (i,d+1) for every i). The  

definition of  the duration states and the calculation of the transition probabilities  

between them is the tool to form an equivalent Markov model with all the 

information of the semi Markov system (Papadopoulou and Vassiliou(2011)). Thus 

the new state space is S*={(1,0), (1,1),…(1,b-1),… (i,d),…,(N,0), (N,1),…(N,b-

1)}, where b is the maximum possible duration to every state and the 

corresponding transition probability matrix is of the form 
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where 0dT matrices have as elements the transition probabilities for the actual 

transitions while the 1, +ddS diagonal matrices have as elements the transition 

probabilities for the virtual transitions. All of the above matrices are defined as 

functions of the basic parameters of the semi Markov system. So, now we can 

define the expected population structure for the new model. Let that 

( ) ( ) ( ) ( ) ( ) ( ) ( )[ ]',...,.,...,,...,,...,,* 1,0,,1,11,10,1 tNtNtNtNtNtNt bkkdib −−=N  where ( )tN di,  is 

the expected population in state (i,d) at time. It is obvious that the relation 

( ) ( )∑
−

=
=

1

0
,

b

d
dii tNtN  is true for every i. Thus, the expected population structure of 

the semi Markov system can be described as follows: 
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Figure 1 

 

 
Figure 2 

 

2. The Healthcare Application 
 

As an example of the use of this approach in a healthcare environment, we 

consider the movement of patients through hospital care where each patient spends 

an amount of time in hospital, referred to as length of stay (LOS). In particular, we 

consider stroke patients where we regard stroke as a good paradigm example, 

affecting large numbers of patients with a resulting heavy burden on society. For 

example, in the UK it is estimated that Stroke disease costs over £7 billion a year, 

including community and social services, and costs to the labour force, as well as 

direct costs for hospital care. 
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We have previously defined stroke patient pathways (McClean et al., 2011) 

through hospital care, on the basis of diagnosis, gender, age and outcome, using 

log-rank tests to assess equality of survival distributions of LOS in hospital. Cox 

proportional hazards models were also employed to assess the effect of relevant 

covariates. On the basis of these tests we have defined 27 groups, each relating to a 

different patient pathway with respect to their LOS distribution. So patients in 

different pathways have different LOS distributions. Such pathways are 

characterised by the available covariates. Thus in the case of Stroke disease, 

examples of pathways are female, older patients, diagnosed with a haemorrhagic 

stroke and discharged to a private nursing home or male, younger  patients with a 

transitory ischaemic attack, who were discharged to their own home. We note that, 

although we have discussed this framework specifically with respect to Stroke 

disease and the corresponding data available in our previous study, the concept is 

easily generalisable to other diseases and conditions, with different possible 

covariates. 

In terms of the semi-Markov model discussed in the previous section, we regard 

each patient pathway as a state of the semi-Markov model, where pathway i is 

follow with probability πi for i-1,…,k. The holding time distribution of the ith state 

of the semi-Markov process is therefore equivalent to the LOS distribution for the 

corresponding patient pathway. By assuming a closed system we envisage a 

situation where the hospital system is running at capacity, so any discharges are 

immediately replaced by new admissions to hospital. Thus we can use the theory of 

the previous section to determine the distribution of population structure, in 

particular first and second moments of numbers in each patient pathway at any 

time. Such values are useful for future capacity planning of patient demand on 

stretched hospital resources. 

Finally we discuss how to obtain the parameter estimates of our Markov 

represemtation of this closed semi-Markov model. For each state of the Markov 

model, Si.j we define αij as the probability of transition into state Si, j+1 given that the 

individual has already been in pathway i for duration tj, for i=1,…,k and j=1,…b-1. 

Then βij = 1-αij is the probability of discharge from state Si,j given that the 

individual has already been in pathway i for duration tj, for i=1,…,k and j=1,… b-1.  

As estimators for αij and βij, we employ Kaplan-Maier type non-parametric 

maximum likelihood estimators (NPLMEs) (Bartholomew et al., 1991), as follows: 

ijα̂ = the number of pathway i patients who progress to another day in hospital 

divided by the number of patients that have stayed in hospital for tj days. Also,   

=ijβ̂ 1- ijα̂ , for i=1,…,k and j=1,… b-1. 
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Application of the autocopulas in the testing
of the linearity against the SETAR type

nonlinearity
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Abstract. A k-lag autocopula is coupled with a bivariate joint distribution func-
tion of the bivariate random vector (Yt, Yt−k), where k is the time lag of the values
of the random variables that generate time series. In the contribution we utilize the
idea of the autocopulas, proposed by Rakonczai et al. [7]. They used the autocop-
ulas for testing of the heteroscedasticity in AR-ARCH model (Rakonczai, Márkus
& Zepléni [6]). We apply the test as an alternative approach to testing of the
linearity against the SETAR type nonlinearity.
Keywords: Time series, Linear models, SETAR model, Autocopula, Test of lin-
earity against the SETAR type nonlinearity, Simulation.

1 Introduction

Since the revival of copulas in the 90’s of the past century the idea has
attracted much attention. Besides the separation of individual and common
properties of variables constituting random vector, copula garden has been
planted with many useful as well as somewhat exotic varieties, thus satisfying
our needs to model non-linear interdependence structures. Here we stick with
a notation autocopula pointing out the interdependence between mutually
lagged time series. Lagged interdependence is closely related to dynamics of
the time series models so that its adequacy can be evaluated by autocopulas
quite sensitively.

The paper is organized as follows. After this introduction, the theoretical
basis of the linear models, regime-switching SETAR model and copulas are
given, followed by outline of the copula-based test and illustrative experiment
with simulated data. Finally we briefly conclude.

2 Theoretical basis

2.1 Linear models

In general, any time series Xt can be written as sum of two parts: what can
and what cannot be predicted using the knowledge from the past as gathered
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in the information set Ωt−1. That is, Xt can be decomposed as

Xt = E [Xt|Ωt−1] + εt (1)

where εt is the unpredictable part, with E [Xt|Ωt−1] = 0.
ARMA models, belonging to the stationary linear time series, can be written
in the form
Xt−φ1Xt−1−φ2Xt−2− . . .−φpXt−p = Zt + θ1Zt−1 + θ2Zt−2 + . . .+ θqZt−q
where Zt, t = 1, . . . , n is white noise process with normal distribution εt ∼
N(0, σ2

εt), coefficients φ1, . . . , φp (AR coefficients) and θ1, . . . , θq (MA coeffi-
cients) are unknown parameters.

In this contribution we limit ourselves to AutoRegressive (AR) process
putting q = 0. For more details see e.g. Franses and Van Dijk [2].

2.2 Regime-switching models with regimes determined by
observable variables

Typical models belonging to this class are TAR models (”Threshold Auto
Regressive”). They are well to interpret and also suitable for modelling lots
of real data, simplest of the regime-switching models with regimes determined
by observable variables.

These models assume that any regime in time t can be given by comparing
values of some observed variable qt (indicator variable) with threshold value c.

One special case arises when qt is taken to be a lagged value of the time
series itself that is, qt = Xt−d for a certain integer d > 0. The resulting
model is called a Self-Exciting Threshold AutoRegressive (SETAR) model.
For example the 2-regime SETAR model with AR(p) in both regimes has
form

Xt = (φ0,1 + φ1,1Xt−1 + · · ·+ φp,1Xt−p) [1− 1(Xt−d > c)] +

+ (φ0,2 + φ1,2Xt−1 + · · ·+ φp,2Xt−p)1(Xt−d > c) + εt (2)

where {εt} is the strict white noise process with E[εt] = 0, D[εt] = σ2
ε for

all t = 1, . . . , T and 1(A) is the indicator function with values 1(A) = 1 if
the event A occurs and 1(A) = 0 otherwise. Replacing the abrupt indicator
function by some smooth one (called transition function), e.g. logistic, we get
self exciting LSTAR (Logistic Smooth Transition AR) model with smoothness
parameter γ ∈ [0,∞] and SETAR model as limiting case (γ → ∞). In the
contribution here we work only with 2-regime SETAR model with p=1 in
both regimes. For more details see e.g. Franses and Van Dijk [2].

2.3 Copula

A 2-dimensional copula is the function ([4],citeNelsen) C : [0, 1]2 −→ [0, 1],
which satisfies

SMTDA           598



 

 Proceedings, 2nd Stochastic Modeling Techniques and Data Analysis International Conference 

 5 - 8 June 2012 Chania Crete Greece 

 

 

 

 

 

 

 Proceedings, 2nd Stochastic Modeling Techniques and Data Analysis International Conference 

 5 - 8 June 2012 Chania Crete Greece 

 

 

 

 

 

• the boundary conditions: C(0, y) = C(x, 0) = 0 and C(1, y) = y, C(x, 1) =
x for all x, y ∈ [0, 1],

• the 2-increasing property: C(x1, y1)+C(x2, y2)−C(x1, y2)−C(x2, y1) ≥ 0

for all x1, y1, x2, y2 ∈ [0, 1] such that x1 ≤ x2 and y1 ≤ y2.

The most important applications of the 2-dimensional copulas are related
to a well-known and very convenient rewriting of the joint distribution func-
tion F of a 2-dimensional random vector (X,Y ) in the form

F (x, y) = C(FX(x), FY (y)), (3)

where FX , FY are marginal distribution functions.

Rakonczai et al. [7] introduced autocopulas to describe lagged self-dependence
structure of a time series. Given a strictly stationary time series Xt and set
of lags L = {di ∈ Z+ : i = 1, . . . , k}, the autocopula CX,L is defined as copula
on the k + 1 dimensional random vector (Xt, Xt−d1 , . . . , Xt−dk). The k-lag
autokopula CX,k is the autocopula with lag k ∈ Z+. In other words, auto-
copula is an ordinary copula related to original and the lagged time series,
and as such it describes the interdependence structure in more detail than
autocorrelation does, specifically, it takes into account non-linear interdepen-
dencies as well.

One convenient and large class is formed by Archimedean copulas. Copula
C belongs to Archimedean class if (see e.g. [1], [4], [5])

Cφ (x, y) = φ(−1) (φ(x) + φ(y)) for x, y ∈ (0, 1],

where φ : (0, 1]→ [0,∞) is a convex, decreasing function (satisfying φ(1) = 0)
that is called a generator of the copula Cφ, and φ(−1) : [0,∞)→ [0, 1] is it’s
pseudo-inverse.

As a generator uniquely determines an Archimedean copula, different
choices of generators yield many families of copulas that consequently, be-
sides the form of the generator, differ in the number and the range of pa-
rameters. We employ three of them: so-called Gumbel, Clayton and Frank
copulas. Gumbel copula belongs also to another well-known class, Extreme-
Value copulas, capable of modelling joint probability of extreme events. The
fourth used one, the normal copula, comes from elliptical copulas. Gumbel
copula exhibits so-called upper tail dependence, which is the dependence be-
tween high extremes, while Clayton copula has lower tail dependence. The
other two copulas posses none of it and both are symmetric.
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3 Testing the linearity against SETAR type of the
nonlinearity

3.1 The testing procedure

As it has been said in the beginning, in this contribution we got inspired by
Rakonczai et. al. [7] further enhanced in [6]. We apply test proposed by him
for the testing of the linearity against the SETAR type nonlinearity. The
testing algorithm is summarized below:

1. Simulate AR time series with the size n=10000 for 500 times.
2. Obtain their l-lag autocopula sample from the thinned by s=10 series.
3. Calculate the test statistics Si,j , i = 1, . . . , 4 and j = 1, . . . , 500 and

choose the 0.95 quantiles as critical values Qi,0.95, i = 1, . . . , 4.
4. Simulate SETAR time series with the size n=10000 for 500 times.
5. Obtain their l-lag autocopula sample from the thinned by s=10 series.
6. Calculate the test statistics Si,j , i = 1, . . . , 4, j = 1, . . . , 500 and reject
H0 whenever Si,j > Qi,0.95.

In the following, we clarify the terminology used.
Construction of bivariate autocopula sample requires the choice of thin-

ning window s, supposed to be neither too small to prevent serial dependence
nor too large to retain as much information as possible. Autocorrelogram us-
ing Kendall’s tau may come handy for this purpose. After estimation of the
considered copula (by maximum pseudo-likelihood method), the four test
statistics summarized in Table 1 are computed. These are numerically ap-
proximated Cramér-von Mises type test statistics (investigated in Genest et.
al [3]) applied to Kendall process.

Table 1. Numerically approximated Cramér-von Mises type test statistics on the
Kendall process.

Focused region Test statistics
Global S1 = 1

m

∑
ti∈[0+ε,1−ε]

(Kθ(ti)−Kn(ti))2

Upper tail S2 = 1
m

∑
ti∈[0+ε,1−ε]

(Kθ(ti)−Kn(ti))
2

1−Kθ(ti)

Lower tail S3 = 1
m

∑
ti∈[0+ε,1−ε]

(Kθ(ti)−Kn(ti))
2

Kθ(ti)

Lower and Upper tail S4 = 1
m

∑
ti∈[0+ε,1−ε]

(Kθ(ti)−Kn(ti))
2

Kθ(ti)(1−Kθ(ti))

where

K(t) = P (H(X,Y ) ≤ t) = P (C(F (X), G(Y )) ≤ t) = P (C(U, V ) ≤ t) (4)

is general form for so-called Kendall’s transformation, substituting copula
from some parametric class yields Kθ. Empirical version of K can be com-
puted as

Kn(t) =
1

n

n∑
i=1

1(Ein ≤ t), t ∈ [0, 1] ,
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Table 2. Rejection rate of the hypothesis of the linearity AR(0.5) against the
SETAR(0.7;0.3) type of nonlinearity

GoF \ copula Gumbel Clayton Frank normal
t.stat \ lag l = 1 l = 2 l = 3 l = 1 l = 2 l = 3 l = 1 l = 2 l = 3 l = 1 l = 2 l = 3
S1 0.94 0.74 0.11 0.00 0.00 0.00 0.21 0.13 0.03 0.43 0.13 0.04
S2 0.96 0.74 0.11 0.00 0.01 0.00 0.33 0.14 0.04 0.62 0.22 0.04
S3 0.77 0.55 0.09 0.00 0.00 0.00 0.21 0.09 0.03 0.15 0.05 0.02
S4 0.88 0.63 0.10 0.00 0.00 0.00 0.28 0.11 0.04 0.32 0.09 0.03

where

Ein =
1

n

n∑
j=1

1(Uj ≤ Ui, (Vj ≤ Vi).

After withdrawing 95% quantile for all Si, the same test statistics are
computed for simulated samples drawn from SETAR process and their ratio
of exceeding the corresponding quantile recorded. We refer to this percentage
as to rejection rate.

3.2 Experiment and results

We tried to examine the performance of autocopula under diverse settings
possible so the experiment is designed in star flake fashion. In the core there
dwell two alternative models: linear representative AR(1) with φ1 = 0.5 de-
noted AR(0.5), and SETAR(1,1) with autoregressive parameters φ1,1 = 0.7,
φ1,2 = 0.3 - hereafter abbreviated SETAR(0.7;0.3) - and constant terms omit-
ted, then delay d = 1, threshold value c = 0. and random term εt drawn from
standard normal distribution (always the same realisations were injected to
both alternative models). Again, the four popular copulas help to reveal
lagged interdependence, namely Gumbel, Clayton, Frank and binormal cop-
ula, fitted by maximum pseudo-likelihood method (i.e. ML with empirical
marginal distribution function). By default 1-lag autocopula was employed.
Table 2 summarizes basic settings for all test statistics, all copulas and all
lags considered. One can immediately see superior ability of Gumbel cop-
ula to capture the SETAR type of nonlinearity, especially according to the
first two test statistics (global and upper tail weighted), and that the depen-
dence fades rapidly with increasing lag. In fact, most of the time (through
the whole experiment) the global test statistic S1 gives the highest rejection
with the Gumbel and Clayton copula and S2 with Frank and normal copula,
therefore in the sequel we restrict the results output to Gumbel copula and
S1 test statistics. Table 3 shows inpact of smoothing the transition between
regimes while Table 4 allows to peek in results of SETAR model with various
parameter settings.

Besides semi-parametric (MPL) estimation method, we tried also non-
parametric method based on inversion of Kendall’s correlation coefficient.
Practically, it did not change the results. Alternatively we employed (global)
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Table 3. Rejection rate with different logistic transition smoothing - Gumbel copula
and S1.

model\smoothness γ = 0 γ = 1 γ = 5
LSTAR(0.7;0.3) 0.05 0.89 0.95

Table 4. Rejection rate with AR parameters varying through regimes.

\SETAR (0.6;0.4) (0.6;0.2) (0.5;0.2) (0.5;0.1) (0.5;0.0)
S1, Gumbel c. 0.50 0.94 0.80 0.95 0.99

test statistic based on distance to empirical copula to the core setup AR(0.5)
and SETAR(0.7;0.3) and the rejection rates increased for the four copulas to
values 0.99, 0., 0.77, 0.92, respectively.

4 Conclusion

In this contribution we applied test that Rakonczai et al. [6] proposed for the
testing of heteroscedasticity in AR models to the testing of linearity against
SETAR type nonlinearity. We have shown that copulas are interesting tools
that can provide deep insight into the dynamics of the time series, however the
interpretation is not straightforward and needs more research, especially in
designing new construction methods for copula to be able to describe lagged
interdependence even in small-sized samples.
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Abstract: 

The old-age dependency ratio is the ratio of the number of elderly people at an age when they 
are generally economically inactive, compared to the number of people of working age. It is 
an indicator of how many potential retirees a potential worker has to support.  In the 
following paper the influence of mortality and fertility on the old-age-dependency ratio is 
investigated with the Gompertz model. Since the mortality of modern developed population is 
largely the mortality of old age, the Gompertz model provides a good approximation of low 
mortality life tables. Especially the effect on the ratio of changes in the life expectancy is 
investigated with approximation formulas using the life table for females of the United States 
in 2006. It will be shown that an increase in the life expectancy raises the old-age dependency 
ratio over proportionally, whereas a decrease in the net reproduction rate raises it under 
proportionally. 
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 2 

1. Introduction 
 
Benjamin Gompertz proposed in 1825 a life table function, which is one of the oldest and 
most famous models of demography. It states that the mortality intensity exponentially 
increases with age in adulthood. It has been much applied in  life table analysis and in 
insurance mathematics using various modifications  (e.g. Gompertz-Makeham law). Due to 
declining children and youth mortality, it has again become essential in order to describe  
"modern" life tables with low mortality (cf. Pollard, 1998). The model allows to fully describe 
the present and future life tables in industrialized countries by using only two parameters, in 
principle,  which are both easy to estimate from data. 
 
In the following paper the influence of mortality and fertility on the old-age-dependency ratio 
is investigated with the Gompertz model. After an introduction to the Gompertz distribution, 
approximation formulas for the old-age dependency ratio and its elasticity with respect to the 
life expectancy are derived. The application is done with data of the U.S. life table for females 
in 2006. 
 
 
2.  The Old-Age Dependency Ratio in a Stationary Population 
 
The old-age-dependency ratio is the ratio of the number of elderly people at an age when they 
are generally economically inactive (i.e. aged 60 and over), compared to the number of people 
of working age (i.e. 20-60 years old). It is an indicator of how many potential retirees a 
potential worker has to support. Its development significantly affects the financial burden of 
the social pension insurance. An increase of the ratio causes ceteris paribus an increase in the 
premium, when the pensions are constant,  or a decrease in the pensions, when the premiums 
stay constant . Hereafter, the influence of mortality and fertility on the old-age-dependency 
ratio is investigated by the Gompertz model. Especially the effect on the ratio of changes in 
the life expectancy is analyzed. An increase of the life expectancy will undoubtedly raise the 
dependency ratio, but by how much? 

 

The formal definition of the old-age-dependency ratio is 

( )( )
( )( )

60 60
60 60

20 20

( ) exp

( ) exp

∞ ∞
⋅ −

⋅ −

−
= =

−

∫ ∫

∫ ∫

k x m

k x m

l x dx e dx
OADR

l x dx e dx
, 

 

where ( )( ) ( )( )( ) exp exp⋅ − ⋅ −− ⋅= − ≈ −k x m k x mk ml x e e e is the survivor function of the the Gompertz 

distribution with m>>k>0 (for a detailed presentation of the Gompertz distribution cf., e.g., 
Pollard, 1991 or Pflaumer, 2007, 2010, 2011). 
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The mean is 

 m
k
γ

μ = −  , where m is the modal value and 0.57722....λ = the Euler-Mascheroni constant. 

The variance is 
2

2
2

1
6 k
π

σ ≈ ⋅ . 

Thus, the reciprocal value of k can be regarded as a spread parameter. The parameter k is also 
the growth rate of the exponential force of mortality function. 

The life expectancy at age x can be approximated by  

ln exp( )

exp

A Ak x k x
k k

kex A A k xe
k k

γ ⎛ ⎞+ + ⋅ − ⋅ ⋅⎜ ⎟
⎝ ⎠

=−
⎛ ⎞⋅− ⋅⎜ ⎟
⎝ ⎠

( )

( )
( ) exp ( )

( )exp

k x m k x m
k

k m k x me e

γ + ⋅ − − ⋅ −

=−
− ⋅ ⋅ −−

 (cf., e.g., Pollard, 1998), 

The formula of the old-age dependency ratio can be transformed to 

60 60

20 2020 20 60 60

60 60

1

1

⋅
= =

⋅⋅ − ⋅ −
⋅

e lOADR e le l e l
e l

 

Substituting the values of the life expectancy and the survivor function at age x  yields a good 
approximation of the old-age dependency ratio  

( ) ( )( )
( ) ( )( )

1
1

20 exp 20
1

60 exp 60

=
− ⋅ − − − ⋅ −

−
− ⋅ − − − ⋅ −

OADR
k m k m
k m k m

γ
γ

, 

if m is high. The function is nearly linear and independent of k, since 

1

m

dOADR 1lim
dm 40→∞

= . 

If the modal value m is getting higher and higher, then the ratio finally tends to 

( )
( )

0
2

60 601
20 40 401
60

− − −
= = =

− ⋅ −
−

− ⋅ −

m ekOADR
k m
k m

γ

γ
γ

. 

 
In order to examine the quality of the approximation formulas a Gompertz distribution has 
been fitted to the life table for females of the United States in 2006. The results are given in 
Table 1. In Figure 1 the actual values of the survivor function l(x) and the death density 

function dl(x)d(x)
dx

= − are compared with the estimated values. The Gompertz model 

provides a good approximation of a life table with low mortality. Skiadas & Skiadas (2010) 
achieved similar results with the Gompertz distribution using the U.S. life table for females 
2004. 
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Table 1: Estimates of the Gompertz  parameters in the life table for females of the United 
States in  2006 
 
                                              Lower         Upper 
Parameter   Estimate    Std Error     95% C.I.     95% C.I. 
k              0.0938    7.837E-04       0.0922       0.0953 
m              87.047       0.0751          86.898       87.196 
Data Source: United States Life Tables 2006, NVSR, Volume 58, Number 21, 2010 
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Figure 1:  Comparison between actual (solid lines) and estimated (dotted lines) survival and 
death density (multiplied by a factor of 25) functions 
 
Figure 2 and Table 2  show the quality of the approximation formulas of the old-age 
dependency ratios. The exact ratio has been calculated by numerical integration.  There is 
virtually no difference between the exact and the approximative values if the modal ages are 
high. Even the very simple approximation formula leads to satisfactory results at very old 
ages. 
 
Table 2: Old-age dependency ratios (k=0.0938) 
 
m 0e  OADR OADR1 OADR2 

70 63.8 0.211 0.223 0.096 
75 68.8 0.301 0.306 0.221 
80 73.8 0.401 0.403 0.346 
85 78.8 0.508 0.509 0.471 
90 83.8 0.621 0.622 0.596 
95 88.8 0.738 0.738 0.721 
100 93.8 0.858 0.858 0.846 
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Figure 2: Old-age dependency ratios as a function of m (k=0.938; dotted lines represent the 
approximation formulas) 
 
The approximation is bad for small values of m. Better approximations in these cases can be 
achieved, when the life expectancy at age x is replaced by the easy-to-calculate median 
survival time at age x  (cf. Pflaumer, 2011). 
 
The median survival time at age x is the time at which half of the survivors l(x) will have 
died. Formally the median survival time can be computed by 

xl(x e ) 0.5
l(x)
+

= . 

 
 Substituting for l(x) the survivor function of the Gompertz distribution leads to 

( )( )
( )( )

xexp exp( k m) exp k (x e m
0.5

exp exp( km) exp k (x m
− ⋅ − ⋅ + −

=
− − ⋅ −

. 

 
Solving this equation for the median survival time at age x yields 

( )ln ln 2⋅ ⋅+
= −

k x k m

x

e e
e x

k
. 

 
Table 3 shows the accuracy of the approximations with the old-age dependency ratio based on 
the median survival time 

60 60
3

20 2020 20 60 60

60 60

1

1

⋅
= =

⋅⋅ − ⋅ −
⋅

e lOADR e le l e l
e l

. 

The replacement by the median survival time leads to good approximation results over the 
whole range of the modal values (see also Figure 3). 
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Table 3: Approximations of the old-age dependency ratios with the median survival time at 
age x (OADR3)  
 

 k=0.0938 k=0.15 
m OADR OADR1 OADR2 OADR OADR1 OADR3 
50 0.010 0.827 0.008 0.001 1.572 0.000 
55 0.033 0.252 0.026 0.009 0.203 0.007 
60 0.074 0.152 0.062 0.042 0.085 0.036 
65 0.134 0.165 0.117 0.107 0.117 0.097 
70 0.211 0.223 0.191 0.196 0.198 0.188 
75 0.301 0.306 0.282 0.301 0.302 0.301 
80 0.401 0.403 0.388 0.415 0.416 0.424 
85 0.508 0.509 0.503 0.535 0.535 0.552 
90 0.621 0.622 0.626 0.657 0.657 0.681 
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Figure 3: Old-age dependency ratios as a function of m (k=0.938; dotted lines represent the 
approximation formulas: life expectancy at age x and median survival time) 
 
In order to analyze the influence of a change in the life expectancy on the old-age-dependency 
ratio, elasticities are computed.  Elasticity is the ratio of the percent change in one variable to 
the percent change in another variable. 
Mathematically, elasticity is defined as 

( ) 0
0

0

edOADROADR,e
de OADR

ε = ⋅ =  

( )( )( )
( )( ) ( )( )

0 0

0 0

e k e k 20 k 40 k
0 0

0e k e k20 k 40 k 60 k
0

k e 40 k e e e e k 20k 1 e k 60k 1
e

40 k e e 1 e k e e 60 e

γ+ ⋅ γ+ ⋅ ⋅ ⋅

γ+ ⋅ γ+ ⋅⋅ ⋅ ⋅

⋅ ⋅ ⋅ − ⋅ − + − ⋅ + −
= ⋅

⋅ ⋅ + − ⋅ ⋅ − +
, 

where  

0e m
k
γ

= − . 
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With the simple approximation formula one gets a very simple elasticity formula 

( )
0

0 0
0

00 0

e 60d
e e40OADR,e e 60de e 60
40

−⎛ ⎞
⎜ ⎟
⎝ ⎠ε = ⋅ =

− −
. 

 
Table 4 and Figure 4  show the elasticities depending on the expectancy of life. Again, the 
exact elasticity has been calculated by numerical integration. From the results it can be 
concluded that an increase in the life expectancy of 1 percent leads to an increase in the old-
age-dependency ratio of about 3 percent in a stationary population of today with low 
mortality. The higher the growth rate k of the force of mortality function is, the higher will be 
the elasticity.  
 
 
Table 4: Elasticites of the old-age dependency ratio with respect to the life expectancy 
(m=87) 
 
e0 exact  approximation 
 k=0.0938 k=0.15 k=0.0938 k=0.15 

simple 
approx. 

70 4.24 5.50 4.03 5.43 7.00 
75 3.74 4.49 3.67 4.47 5.00 
80 3.35 3.80 3.32 3.80 4.00 
85 3.04 3.32 3.03 3.32 3.40 
90 2.79 2.96 2.79 2.96 3.00 
95 2.59 2.70 2.59 2.70 2.71 
100 2.43 2.49 2.43 2.49 2.50 
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Figure 4: Elasticites of the old-age dependency ratio with respect to the life expectancy 
(k=0.0938 or k=0.15; dotted lines represent approximation formulas) 
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3. The Old-Age-Dependency Ratio in a Stable Population 
 
A population with an invariable age structure and a fixed rate of increase is called a stable 
population. 
 
If one would like to know the old-age-dependency ratio in a stable population with a growth 
rate of  r, one has to compute 

60
60

20

( )
( )

( )

∞
− ⋅

− ⋅

=
∫

∫

r x

r x

e l x dx
OADR r

e l x dx
. 

This expression can be approximated based on Keyfitz (1977) by 
( ) (0) − ⋅≈ ⋅ T rOADR r OADR e , 

where T is the difference between the mean age of the two generations in the age classes 20 to 
60 and 60 to ω . 
 
Substituting the approximation formulas for the old-age-dependency ratio yields 
 

( ) ( )( )
( ) ( )( )

0 601( )
4020 exp 20

1
60 exp 60

− ⋅ − ⋅−
≈ ⋅ ≈ ⋅

− ⋅ − − − ⋅ −
−

− ⋅ − − − ⋅ −

T r T reOADR r e e
k m k m
k m k m

γ
γ

 

 
Elasticities are now dependent on the growth rate r and the life expectancy e0. 

( ) T r0
0

0

eOADR,e e
e 60

− ⋅ε ≈ ⋅
−

. 

In a stable population with a positive (negative) growth rate the elasticities are lower (higher) 
than in a stationary population by the factor − ⋅⋅ T re  
If one sets T h G= ⋅ , h 0> , where G is the mean generation time, i.e., the time for a 
population to increase by a factor equal to the net reproduction rate R0,  one obtains 
 

( ) ( )( )
( ) ( )( )

0
0 0

601( )
4020 exp 20

1
60 exp 60

− −−
≈ ⋅ ≈ ⋅

− ⋅ − − − ⋅ −
−

− ⋅ − − − ⋅ −

h heOADR r R R
k m k m
k m k m

γ
γ

, 

because the net reproduction rate is approximately equal to r G
0R e ⋅= . 

 
The net reproduction rate elasticity of  the old-age dependency ratio is 

0
0

0

( )( ( ), )
( )

= ⋅ = −
RdOADR rOADR r R h

dR OADR r
ε . 

 
An increase in the net reproduction rate of 1 percent reduces the old-age dependency ratio by 
h percent. If one assumes that T=34 and G=25, then the factor is h=0.735. An increase in the 
life expectancy raises the old-age dependency ratio over proportionally, whereas a decrease in 
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the net reproduction rate raises it under proportionally. In general, the latter elasticity will be 
slightly below one. 
 
Table 5 shows the old-age dependency ratios for different growth rates. The exact values and 
the mean generation time T have been obtained by numerical integration. The results confirm 
the quality of the approximation formulas. 
 
Table 5: Old-age dependency ratios as a function of the stable growth rate (k=0.0938, m=87, 
T=73.9-39.8=34.1) 
 
r exact approximation simple 

approx. 
-0.02 1.086 1.095 1.031 
-0.015 0.919 0.924 0.869 
-0.01 0.777 0.779 0.733 
-0.005 0.656 0.657 0.618 
0 0.553 0.554 0.521 
0.005 0.466 0.467 0.439 
0.01 0.392 0.394 0.371 
0.015 0.330 0.332 0.312 
0.02 0.277 0.280 0.263 
0.025 0.232 0.236 0.222 
0.03 0.195 0.199 0.187 
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Figure 5: Old-age dependency ratios as a function of the stable growth rate (k=0.0938, m=87, 
T=73.9-39.8=34.1; dotted lines represent approximation formulas) 
 
In order to demonstrate extreme or limiting cases, old-age-dependency ratios for the de-
Moivre life table xl(x) 1 0 x⎛ ⎞

= − ≤ ≤ω⎜ ⎟ω⎝ ⎠
 and a complete rectangular life table ( )l(x) 1 0 x= ≤ ≤ω  have 
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been calculated. The derived formulas yield  

( )( )
( )

100

40 40
60
60 40

20

1 40 1 1100
( ) 0

40 1 40 1
1

100

− ⋅
−

− ⋅

⎛ ⎞−⎜ ⎟ ⋅ − +⎝ ⎠= = ≠
⋅ − − ⋅ +⎛ ⎞−⎜ ⎟

⎝ ⎠

∫

∫

r x
r r

r
r x

xe dx e e r
OADR r r

e r rxe dx
 

and  
100

4060
60

20

( )

− ⋅

− ⋅

− ⋅

= =
∫

∫

r x

r

r x

e dx
OADR r e

e dx
, 

where in both cases it is assumed that the upper limit is 100ω = . The results are shown in 
Table 6 and Figure 6. 
 
Table 6: Old-age dependency ratios for the rectangular, Gompertz and de Moivre life table as 
a function of the stable growth rate (k=0.0938, m=87, T=73.9-39.8=34.1) 
 
r de-Moivre Gompertz Rectangular
-0.02 0.674 1.095 2.226 
-0.015 0.566 0.924 1.822 
-0.01 0.475 0.779 1.492 
-0.005 0.398 0.657 1.221 
0 0.333 0.554 1.000 
0.005 0.279 0.467 0.819 
0.01 0.233 0.394 0.670 
0.015 0.195 0.332 0.549 
0.02 0.162 0.280 0.449 
0.025 0.135 0.236 0.368 
0.03 0.113 0.199 0.301 
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approx

 
Figure 6: Old-age dependency ratios for the rectangular, Gompertz and de Moivre life table 
as a function of the stable growth rate (k=0.0938, m=87, T=73.9-39.8=34.1; dotted lines 
represent approximation formulas) 
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4. Conclusion 
 
The Gompertz distribution is a suitable model for low mortality life tables. Only two 
parameters are necessary in order to describe the complete life table with all of its 
demographic parameters. In general these two parameters are the modal value m and the 
growth rate  k of the force of mortality function.  
 
A simple formula for the old-age dependency ratio was derived. With this formula it is 
possible to study analytically the influence of the life expectancy on the old-age dependency 
ratio. It has been shown that in a stationary population with a life expectancy of about 80 
years the influence of the mortality on the old-age dependency ratio is nearly three times as 
high as the influence of the fertility, if elasticities are used as measures. 
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Abstract. In the last decade we have assisted to the great ICT development whose
main effects have been translated into an increasing data collection for administra-
tive agencies and a considerable improvement of their quality. On one hand ad-
ministrative data are directly available, inexpensive and typically encompass large
populations. On the other hand this type of data presents some problems with re-
gard to accuracy and completeness since they are collected for administrative aims.
In order to study such complex and high-dimensional data-sets, whose size defies
simplistic analysis, many statistical and computational tools have been developed.
As well known in statistical literature a big amount of statistical units can lead
to biased significance effects. We suggest an innovative statistical method to deal
with large administrative data-sets. It is based on size reduction obtained through
a specific sampling procedure. In order to validate our method, we compare the
statistical analysis of the original dataset to the analysis of the sampled one.
The data at our disposal are provided by Invalsi (National Committee for the Eval-
uation of the Italian Education Systems). This dataset is very innovative since it
contains information about students characteristics and performances in Maths in
all Lombardy region lower-secondary schools. The illustrative application proposes
to investigate the existing relationships between the Maths scores and both individ-
ual and school factors. Given the hierarchical structure of data, a multilevel model
has been built.
Keywords: Administrative Data, Large data-sets, Sampling, Significance, Multi-
level Modeling.

1 Administrative data-sets: why a novel statistical
approach of analysis?

In this paper the issue addresses the analysis of administrative data for social
research and evaluation goals.
Governments in all countries collect a large amount of data to day-to-day
administration. Example of administrative data are those coming from man-
agement information systems designed to assist in the administration of par-
ticipant benefits, including income maintenance, Medicaid, Social Security
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Programs and an array of social services and educational programs. These
data contain a wide variety of information on demographic, social, economic,
cultural and environmental topics particularly useful for research purposes.
There is a number of advantages in resorting to administrative data sources.
The main one is that the cost of data collection is met by the administrative
process itself with no cost respect to those incurred in conducting censuses
and surveys. Moreover, data are available in no time, thus statistics can be
prepared more quickly. In particular, since data are collected usually invok-
ing some regulatory authority, their coverage and completeness are usually
better than those derived through sample surveys. On the statistical point
of view, all these features lead to precise estimations related to the analyzed
effects, since large data-sets can be representative of small populations.
However, one can reveal several deficiencies that are known to affect quality
of administrative data sources, due to the fact that these data-sets are not
collected with research activities in mind. Typically, administrative data are
referred to an entire population of individuals or families participating in a
given program or service. This can generate some problems. Firstly, some
people are by definition not included into administrative data. Secondly,
data may not be accurately or carefully recorded if the information are of
secondary interest to the primary administrative purpose for which they are
designed. Finally, these data sources can suffer from high-dimension and
complexity problems given the large amount of data that give back. Anyway,
pro and con in using these data sources are widely discussed in literature (see
for example [4]).
Our contribution focuses on solving the problem of high-dimensionality and
complexity related to data sources like that. In literature some suggestions
have been devoted to the computational problem associated to large dimen-
sional data-sets, in order to reduce both the number of variables, by the
employment of data mining techniques, and time-consuming. Instead, our
proposed approach is mainly based on the statistical inference topic. Indeed,
in a statistical inference perspective, once selected an opportune model aimed
at detecting the significance of the involved variables, one can resort, for in-
stance, to the T test which depends on the total population dimension n. As
discussed in [6], a high number of statistical units produces very low standard
errors values increasing the statistics t value and implying the related con-
sidered variable significance. This can imply erroneously conclusions about
the real significance of variables, inducing to classify as significant an effect
since associated to a too tiny variation of the considered variable.
Our research goal is in proposing a novel statistical approach able to select
the real significant variables through a dataset reduction in terms of statisti-
cal units number. The idea is built on a particular sampling-based procedure,
whose main features will be illustrated in the subsequent sections.
This paper is structured as follows: Section 2 describes our proposed method-
ology, Section 3 is focused on introducing the main topics concerning the
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available data-set, Section 4 is devoted to results obtained according to our
technique implementation. Finally, Section 5 is addressed to conclusions.

2 Methodology: a special sampling solution

As discussed in Section 1, a huge amount of statistical units can lead to bi-
ased significance effects, implying that in many cases not really significant
variables seem to produce a relevant impact on a specific phenomenon under
study. In this direction, our contribution represents a possible and interesting
solution especially with regard to administrative data-sets affected by large
size problem.
Our proposed procedure is based on a sampling method aimed at defining a
model selection criterion able to reduce the number of statistical units with
a minimum loss of information. For this reason, it is needed to choose an op-
portune sampling procedure that takes into account the data-sets structure.
Obviously, a sampling technique implies always a loss of information. For this
reason, in order to avoid the test robustness lack, we suggest to consider more
samples and build a model for each defined sample. An opportune estimate is
recognized in the mean of the estimates obtained in each considered sample.
Furthermore, we propose to compute standard errors (s.e.) as the square root
of the estimates sampling variance resulted as the sum of the squared differ-
ences between each sample estimated coefficient and the mean value of each
sample estimates. This method recalls the Bootstrap re-sampling technique,
used in statistical inference to assess the bias and standard error (variance)
of a statistic, when a random sample of observations is used to compute it.
If on one hand the method for the computation of standard errors is very
similar, on the other hand the way to choose the involved samples is differ-
ent. The Efron’s bootstrap idea ([1]) is focused on deriving several samples,
through a re-sampling procedure with replacement, from the sample empiri-
cal distribution which represents the only information about the population
distribution. In this manner, one can compute different estimates of the in-
terested parameter, according to which obtaining the estimator variability
measures, such as the standard error and the confidence intervals.
Our contributed proposal distinguishes from bootstrap since our available
data represent exactly the entire and original population. For this reason,
the samples are drawn directly from the population data without replace-
ment. In particular, this method consider neither a specified distribution
nor an empirical distribution. As already discussed above, the method for
the computation of standard error is the same of bootstrap. Significance of
variables is determined trough a Wald test where the parameter estimation
is given by the mean of the estimated parameter in each sample and the
standard error is represented by the root square of the variance of parameter
estimates obtained in each sample.
The main arising problems concern the appropriate choice of samples number
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and samples size. Variables significance grows up with the increasing number
of both sampled schools, sampled students and replicates. It is then neces-
sary to find the right equilibrium among sample size, number of samples and
variables significance. In order to solve this problem, we state to proceed by
choosing a reliable sample size according to literature suggestions and then
running several simulations by varying both samples, schools and students
number. At each simulation, we select the significant variables according to
a non-conservative α, for instance equivalent to 0.1, given that this method
pretends to make a pre-selection of variables which have to be included into
the model.
Through our proposed approach, one is able to evaluate the variables sig-
nificance by the frequency according to which the effect results significant
in each run simulation. More in detail, variables resulting significant in all
simulations are established to be the ones really significant, variables result-
ing significant only in some simulations are considered less significant and
variables which are significant in few or in not even one simulations are to
be supposed not significant. This conclusion implies their exclusion from the
model. Our method is then useful to specify which, if any, variables are essen-
tial to a modeling effort and which are dispensable. Only variables selected
trough this procedure can be then included into the final considered model.

3 Large scale data-sets in educational research

In last few decades, one has assisted to an unprecedented increase in the
availability and quality of large-scale data-sets particularly suitable for use
in educational research.
Much of recent literature on multilevel modeling focuses on educational data,
and explores the hierarchy of pupils, classes, schools and sometimes also local
educational authorities (see e.g. [3]).
In this section a key data-set successfully used by education researchers will
be analyzed. In Italy the National Evaluation Committee (Invalsi - Istituto
Nazionale per la Valutazione del Sistema di Istruzione e Formazione) has
been established with the specific aim of evaluating the Italian schools. In-
valsi carries out an analysis of students’ achievement at different levels of
education, second and fifth year of the primary school (age 7 and 10, respec-
tively), first and third of the lower-secondary (age 11 and 13), second and
fifth of the upper-secondary (age 15 and 18). The collection of such data
started from the academic year 2008/2009 and represents the first time that
a law imposes a national evaluation by using standardized tests.
In this paper, we focus on Maths results relating to all students of the first
grade of lower-secondary school (grade 6) in the Lombardy region, for the
school year 2009/10: our choice is motivated by the fact that Maths scores
are normally distributed and more comparable in an international context.
The considered population is made up of about 82,000 students belonging
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to 900 schools (Invalsi, 2010). We have employed a multilevel approach to
analyze the schools and students’ performances: this model is justified by
the hierarchical nature of data, e.g. students nested within schools (see [2]).
This structure reflects the existence of two different levels of variables: the
one related to the schools characteristics (variables at level 1) and the other
related to the students’ characteristics (variables at level 2).
With regard to the students’ characteristics, the so called ESCS (Economic,
Social and Cultural Status Index), the regular performance in studies track,
the citizenship and the gender have been kept into account. A further relevant
student’s variable is detected by the attendance at the preschool: even if the
aforementioned covariate assumes an important role in educational literature,
it has been deleted since characterized by a consistent missing problem that
could imply an auto-selection sampling. With regard to schools characteris-
tics, one has considered school and class size, school administration (public or
private school), province of the school, school mean ESCS, foreigner students
percentage, disabled students percentage and female students percentage. In
particular, the school mean ESCS has been computed by taking into account
students belonging to the schools which have been considered in the analy-
sis (i.e. grade 6). All the other school variables are expressed in terms of
the school mean values. In order to provide more interpretable parameters,
one has proceeded to standardize all variables, creating a reference level (see
e.g. [6]). Finally, let us recall that beside the variables introduced into the
model, all the interactions between first level variables, between second level
variables and between first and second levels variables, have been involved.

4 Application and results

As discussed in Section 2, it is needed to choose both an opportune sam-
pling scheme and an appropriate sample size to get reliable estimates. Given
the hierarchical structure of our available data-set, we propose a two-stage
sampling scheme. In particular, we apply the sampling scheme proposed by
Ocse-PISA 2009 survey given its thematic and data structure similarities.
More precisely, our choice is based on selecting the first-stage sampling units
proportionally to their dimension size and the second-stage sampling units
by a simple random sampling scheme.
The first-stage sampling units consist of schools, whereas the second-stage
sampling units are represented by students. Before proceeding to the sam-
pling scheme, schools are assigned to implicit strata in order to consider
school characteristics in the sample design. Schools are then systematically
sampled with probability proportional to the school size, that is the num-
ber of enrolled students (PPS), as explained in [5]. This sample technique
prevents cases of a sample of only small schools or a sample with only large
schools. PPS sampling of schools is followed by equal probability sampling
students within samples schools. This design reflects in student’s weights
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that are approximately equal. Low variability in student’s weights leads to
more precise sample estimates with respect to those obtained in a situation
of higher variable student’s weights.
According to the sample design established by PISA (see e.g. [5]), a minimum
sample of 4,500 students is chosen. Moreover, given the two-stage sampling
design, we consider the ICC (intra-cluster correlation coefficient) to fix the
optimal sample size associated to the first and second stage units. This coef-
ficient measures the similarity of second stage units in terms of the interested
characteristics within the first stage units (clusters). In this specific context,
the aforementioned coefficient expresses the within schools students’ simi-
larities regarding Maths score and turned out very low (6%). This result
suggests the presence of great differences between students, within the same
school, instead of differences between different schools. Weak similarities be-
tween individuals within the same school suggest that a large sample taken
per school has to be considered as a better solution.
Considering both PISA’s suggestions and the ICC value, a minimum of 150
schools and 30 students for each replicate has been chosen to achieve a mini-
mum sample size of 4,500 students. In sampled schools characterized by less
than 30 eligible students, all students have been sampled. Given the low
ICC value, we expected that the significance of effects is mainly produced
by increasing the students number instead of an enlargement of the schools
and replicates number. In order to check the effect on variables significance
provided by the students size increment within school, schools size and repli-
cates, many simulations have been run. Numbers of students per school have
been chosen according to some typical characteristics of the corresponding
distribution: the reference values have been recognized in first decile, first
quantile and median values. For this reason, numbers of students per school
have been fixed to 30, 52 and 78 for different simulations. Number of schools
have been allowed to vary between 100 and 300 and numbers of replicates
per simulation between 50 and 300.
Simulations confirm the initial hypothesis. While variations in students num-
ber per school produce a strong impact on variables significance, variations
in number of schools and replicates seem not to affect the significance level
in an outstanding way.
As previously stated, all the different simulations results are combined to-
gether to compare the significance frequency associated to each variable. Let
us provide some details about the proposed significance measure (denoted
with SI) construction. In order to select variables to be included into the fi-
nal model, one has fixed a non-conservative significance level, that is α = 0.1.
The subsequent step consists in computing the significance relative frequen-
cies expressing the number of times that the t statistics assumes values greater
than 1.645 or smaller than -1.645, being α = 0.1. Our proposed Significance
Index can be defined as follows:

SI =
# [(t ≥ 1.645) or (t ≤ −1.645)]

nsimulations
,

SMTDA           622



 

 Proceedings, 2nd Stochastic Modeling Techniques and Data Analysis International Conference 

 5 - 8 June 2012 Chania Crete Greece 

 

 

 

 

 

 

 Proceedings, 2nd Stochastic Modeling Techniques and Data Analysis International Conference 

 5 - 8 June 2012 Chania Crete Greece 

 

 

 

 

 

where nsimulations specifies the total number of run simulations defined by
varying all students, schools and replicates numbers. A “Significance Scale” is
then created for each effect according to the number of times that the effect it-
self results significant in each simulation. We classify as “Always significant”
a variable resulting significant in all the simulations, “Often significant” a
variable resulting significant in at least the 70% of simulations, “Frequently
significant” a variable resulting significant in at least the 50% of simulations,
“Sometimes significant” a variable resulting significant in at least the 30% of
simulations and finally “Rarely significant” variables resulting significant in
less than 30% of simulations. Following the above classification, covariates
appearing always, often and frequently significant have to be taken into ac-
count. Variables which occur sometimes significant probably anyway assume
a relevant role in explaining the considered response variable, whereas vari-
ables classified as rarely significant are characterized by a significant impact
which can be evaluated as strictly related to a large data-set size situation.
In Table 1 all the findings about the significant effects are reported. Variables
that have been resulted “Rarely significant” are not shown since not consid-
ered enough strong in impacting on the response variable. More precisely, in
Table 1 the first column denotes variables and interactions resulting signif-
icant, the second one defines the exact percentage of simulations according
to which a variable or an interaction appears significant and the third col-
umn describes the provided significant impact in accord to the “Significance
Scale”.

Table 1. Variables Effect, Significance Index (SI) and related Significance Scale.

Effect SI (in %) Significance Scale

Intercept 100.0 Always
Gender (Female) 100.0 Always
Studies Regularity 100.0 Always
Prov. (Bergamo) 100.0 Always
Prov. (Lecco) 100.0 Always
School ESCS 100.0 Always
Individual ESCS 100.0 Always
Citizenship (First Gen. For.) 100.0 Always
Citizenship (Second Gen. For.) 100.0 Always
Individual ESCS*Reg. (Late Student) 100.0 Always
Citizenship*Reg. (First Gen. For.*Late Student) 100.0 Always
Citizenship*Reg. (Second Gen. For.*Late Student) 100.0 Always
Prov. (Varese) 66.7 Frequently
School ESCS*Individual ESCS 44.4 Sometimes
Citizenship*Prov. (First Gen. For.*Sondrio) 38.9 Sometimes
Citizenship*Prov. (Second Gen. For.*Lecco) 38.9 Sometimes
Gender*Citizenship (Female*First Gen. For.) 33.3 Sometimes

Reg.: Regular Performance in Studies Track, First Gen. For.: First Generation
Foreign, Second Gen. For.: Second Generation Foreign, Prov.: Province.
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The final model provided by introducing the only selected variables is built
in order to obtain unbiased parameters estimates. According to Table 1, it
comes out an effective significance related to Gender, Regular Performance
in Studies Track, Provinces Bergamo and Lecco, Citizenship variables and
some interaction between first and second level variables. Among these in-
teractions, we remark the one regarding the School ESCS and Individual
ESCS, which separately produce a high significant impact on Maths scores.
In particular, this result validates the existing educational literature conclu-
sions with regard to the economical and social status effect on the students’
achievement.

5 Final remarks

Many research studies in social, economical and educational fields regard the
collection and analysis of large amounts of data. These data-sets vary in
their nature and complexity, they may be one-off or repeated, they may be
hierarchical, spatial or temporal. Standard statistical techniques are usually
not suitable to deal with data like that. In this paper, we have suggested
an innovative statistical method to handle large administrative data-sets: it
is based on size reduction obtained through a specific sampling procedure.
Our proposal has been applied to an educational data-set in order to establish
which covariates can be classified as significant independently on the involved
statistical units number.
In order to validate our method, we compare these results with the ones ob-
tained through the standard statistical analysis led on the whole population.
The significant variables obtained through our proposed approach overlap
with the ones resulted significant on the whole population at a significance
level α = 0.001. This outcome stresses further on the advantages related to
our adopted sampling scheme procedure. In fact, if a multilevel model had
been applied by taking into account the whole population, one would have to
fix a small conservative significance level α, in order to assure the specifica-
tion of the effects really impacting on the variable of interest. In other words,
one would have to establish “a priori” the right significance level according
to which detecting the actually significant variables. Furthermore, through
our proposed approach, one is able to capture the significant effects by re-
sorting to a significance classification based on an appropriate significance
scale. Moreover, the main emerging interesting topic regards the perfect re-
lation between the computed significance frequency and the real significance
impact strength produced by each considered covariate.
All the aforementioned remarks validate our statistical approach robustness,
provided by its independence on the initial data-set size. A final relevant
strength related to our proposal regards the model “parsimony” condition
satisfaction which is widely appreciated in a context of variables interpreta-
tion.
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Abstract: The performance of the recently introduced CSDF start-up demonstration test is 

investigated under an exchangeable model. By assuming that the probability of a successful 

start-up attempt p is a random variable, instead of a fixed value, the outcomes of the 

successive start-ups become dependent exchangeable random variables. From a practical 

point of view this is a more realistic model than the ordinary model of i.i.d. trials. Critical 

quantities of the test such as the expected length of the test, the probability of acceptance of 

the equipment under test, as well as the distribution of the length of the test, are derived. 

Illustrative numerical examples based on a Beta-mixing distribution for p, and comparisons 

to the CSDF test with i.i.d. outcomes are presented. 

 

1  Introduction 
 

A start-up demonstration test is a procedure which elucidates the reliability of an 

equipment with regard to its ability in performing successful start-ups. In the early 

research on start-up demonstration testing, as discussed by Hahn and Gage (1983), 

the equipment is accepted as soon as a pre-specified number of consecutive (k) 

successful start-ups occur in a series of attempted start-ups of the equipment 

(consecutive successes scheme, or briefly CS scheme). They considered the case 

where the successive start-ups constitute a sequence of i.i.d. Bernoulli trials with 

success probability p. Viveros and Balakrishnan (1993) derived further results for 

the CS scheme and discussed some inferential aspects for the unknown probability 

p of a successful start-up. Since then, several extensions of the CS scheme have 

been studied in the literature (see, for example, Balakrishnan and Chan (2000), 

Smith and Griffith (2005, 2008), Gera (2010a, b), and references therein). 

Antzoulakos et al. (2009) introduced and studied a modification of the CS scheme 

which operates as follows: the equipment is accepted if k consecutive successful 

start-ups are achieved before the appearance of two unsuccessful start-ups 

separated by at most r – 2 successful ones; the equipment is rejected if two 

unsuccessful start-ups separated by at most r – 2 successful start-ups are achieved 

before the appearance of k consecutive successful start-ups (k ≥ r ≥ 2). The 

proposed test is known as the consecutive successes distance failures start-up 

demonstration test (or briefly CSDF scheme). For the CSDF scheme it is very 

important for the acceptance of the equipment that unsuccessful start-ups take 

place in a long distance controlled by the parameter r.  

Critical quantities for the performance of start-up demonstration test are the 

expected number of start-up attempts required till the termination of the test (either 

with acceptance or rejection) and the probability of acceptance of the equipment. 
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The probability p of a successful start-up attempt is assumed to be fixed in all 

attempts. 

However, in certain practical applications, the probability p can be different from 

device to device, and/or from trial to trial. Thus, we assume that p is a random 

variable with cumulative distribution function F. Under this assumption, according 

to Shaked (1977), the successive start-up attempts can be seen as a mixture of 

Bernoulli trials, and, consequently, their outcomes are random variables positively 

dependent by mixture (or, exchangeable).  

A finite set of random variables Z1, Z2, …, Zn is said to be exchangeable if for any 

permutation (1), (2),..., ( )nπ π π  of 1, 2, …, n 

(1) 1 (2) 2 ( ) 1 1 2 2( , ,..., ) ( , ,..., )n n n nP Z z Z z Z z P Z z Z z Z zπ π π≤ ≤ ≤ = ≤ ≤ ≤  

An infinite sequence of random variables Z1, Z2, … is said to be exchangeable if 

every finite sequence of Z1, Z2, … is exchangeable. According to the fundamental 

theorem of de Finetti (1974), if Z1, Z2, … is an infinite sequence of exchangeable 

binary random variables, then there exists a mixing distribution F on [0, 1] such 

that for each n, and l, 
1

1 0

(1 ) ( ).
n

l n l

i

i

n
P Z l p p dF p

l

−

=

  
= = −  

   
∑ ∫  

Little work has been done in the area of start-up demonstration tests under 

exchangeability (see, Eryilmaz and Chakraborti (2008) and Inoue et al. (2011)). In 

the present work we derive the basic characteristics of the CSDF scheme under 

exchangeability by assuming a Beta-mixing distribution for p. 

 

2  Definitions and Notations 
 

Let {Xn, n ≥ 1} be a sequence of binary exchangeable random variables taking on 

the values 1 (success) and 0 (failure), respectively. Denote by E1 the event 

corresponding to the occurrence of a success run of length k, and by E0 the event 

corresponding to the occurrence of two failures which are separated by at most r –

 2 successes (r ≥ 2, k ≥ r). Let T be the waiting time until E1 or E0 occurs, 

whichever comes sooner. Obviously T is the waiting time for the occurrence of the 

compound pattern 

{ {1 0

2

{11...1} {00,010,...,011...10}.
k r

E E E
−

= ∪ = ∪  

The cumulative distribution function (cdf), the probability mass function (pmf) and 

the probability generating function (pgf) of T will be respectively denoted by 

0

( ) Pr( ), ( ) Pr( ), ( ) ( ) .n

T T T T

n

f n T n F n T n G s f n s
∞

=

= = = ≤ =∑  

Next, denote by T1 (resp. T0) the waiting time for E which is due to the occurrence 

of event E1 (resp. E0). For the waiting time Ti, i = 0, 1, we will use analogous 

notations to those of T , that is 

0

( ) Pr( ), ( ) Pr( ), ( ) ( ) .
i i i i

n

T i T i T T

n

f n T n F n T n G s f n s
∞

=

= = = ≤ =∑  

It follows from the above definitions that  
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0 1 0 1 0 1
( ) ( ) ( ), ( ) ( ) ( ), ( ) ( ) ( ).T T T T T T T T Tf n f n f n F n F n F n G s G s G s= + = + = +  

Consider an equipment which is subject to the CSDF scheme. The probability of 

accepting the equipment at the n-th trial equals 
1
( )Tf n  and the probability of its 

acceptance PA is given by 
1 10
( ) ( )A T Tn

P f n G s
∞

=
= =∑ . 

Also, denote by W1 (W0) the conditional waiting time for the occurrence of E given 

that the equipment is accepted (rejected). Then, 

01

1 0

( )( )
Pr( ) ( | ) , Pr( ) ( | )

TT

A R

f nf n
W n P T n A W n P T n R

P P
= = = = = = = =  

 

3  Main Results 
 

In the present section we derive the basic results for the study of the CSDF scheme 

under exchangeability. Let T
(i)

 (resp. T
(e)

) be the waiting time distribution until the 

termination of the CSDF start-up demonstration test in the i.i.d. (resp. 

exchangeable) case. Antzoulakos et al. (2009) using a Markov chain imbedding 

technique established general formulas for all the crucial quantities of the CSDF 

scheme (e.g., expected length of the test, probability of acceptance) in the i.i.d. 

case. In the next theorem we express the pgf of T
(e)

 in terms of the pgf of T
(i)

.  

Theorem 1 Let Z1, Z2, … be a sequence of binary exchangeable random variables. 

Then, the pgf’s of T
(e)

, T
(i)

 satisfy the relation 

( ) ( )

1

0
( ) ( ) ( ).e iT T

G s G s dF p= ∫  

Proof From the definition of 
( ) ( )e

T
G s  and the total probability theorem we have 

               
( ) ( )

( ) ( ) ( )

0 0 0

( ) ( ) ( | ) ( )e e

n
n n e e e

T T
n n l

G s f n s s P T n S l P S l
∞ ∞

= = =

= = = = =∑ ∑ ∑                (1) 

where S
(e)

 denotes the total number of successes in Z1, Z2, …, Zn. The conditional 

distribution of T
(e)

 given S
(e)

 in a sequence of exchangeable rv’s is the same as that 

of T
(i)

 given S
(i)

 (see, Eryilmaz and Demir (2007) and Inoue et al. (2011). 

Therefore,  

                  
1

( ) ( ) ( ) ( )( | ) ( | ) ( , , ),e e i i

n

n
P T n S l P T n S l b l k r

l

−
 

= = = = = =  
 

                   (2) 

where bn(l, k, r) is the number of arrangements of l successes and n – l failures 

such that in each arrangement the pattern E occurs exactly at the n – th trial. 

Combining relations (1), (2) and using de Finetti’s Theorem we get 

( ) ( )

1

0
( ) ( ) ( )e iT T

G s G s dF p= ∫ , 

which completes the proof of the theorem.   

It may be checked that Theorem 1, apart from the waiting time T, is also valid for 

the waiting times T0 and T1. Also, it follows from Theorem 1 that the pmf, the cdf 

and the tail probabilities of T
(e)

 are given, respectively, by 

( ) ( ) ( ) ( ) ( ) ( )

1

0
0

( ) ( ) ( ), ( ) ( ), ( ) 1 ( ).e i e e e e

n

T T T T T T
y

f n f n dF p F n f y F n F n
=

= = = −∑∫  
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Since the probability of acceptance ( )e

AP  is given by 
( )

1

( ) (1),e

e

A T
P G=  we get that 

( ) ( )
1 1

1
1 1

( )

10 0

(2 )
(1) (1) ( ) ( )

1
e i

k r
e

A r kT T

p p
P G G dF p dF p

p p

−

−

−
= = =

− +∫ ∫  

because the probability of acceptance in the i.i.d. case is equal to 
1

( )

1

(2 )

1

k r
i

A r k

p p
P

p p

−

−

−
=

− +
 

(see Antzoulakos et al. (2009)). 

Furthermore, for rv’s ( )

1

eW  and ( )

0

eW  we have 

( ) ( ) ( )
( ) ( )1 1

1 0( ) ( )

( ) ( ) ( )
( ) , ( )

1

e e e
e e

e e

A A

P T n P T n P T n
P W n P W n

P P

= = − =
= = = =

−
 

 

4  Numerical Results 
 

The performance of the CSDF start-up demonstration test assuming a Beta-mixing 

distribution for p is now presented. The distribution of p is given by 

1 11
( ) (1 ) , (0 1)

( , )

a bdF p p p dp p
B a b

− −= − < <  

where B(a, b) is the Beta function. More specifically, in this case, 
1 1

1 1

0 0

1 ( , )
(1 ) ( ) (1 ) .

( , ) ( , )

l n l a l n b l B a l n b l
p p dF p p p dp

B a b B a b

− + − + − − + + +
− = − =∫ ∫  

For n = l = 1, we get 

* ( 1) .i

a
p P Z

a b
= = =

+
 

We now have all the necessary tools for the study of the performance of the CSDF 

start-up demonstration test under different Beta-mixing distributions. Table 1 

contains the numerical values under the exchangeable and the i.i.d. model for the 

probability of acceptance (columns labeled “PA” and “PA
(e)

”, respectively), the 

expected length of the test (columns labeled “E(T
(e)

)” and “E(T
(i)

)”, respectively), 

as well as the standard deviation of the test length (columns labeled “SD(T
(e)

)” and 

“SD(T
(i)

)”, respectively). For the parameters of the CSDF SDT we choose k = 6 and 

r = 5. The expectation and the standard deviation of the length of the CSDF 

scheme were directly evaluated using the pmf of T
(e)

. For the evaluation of the 

probability of acceptance, the expected length of the test, as well as the standard 

deviation of the length of the test in the i.i.d. case we used the formulas established 

in Antzoulakos et al. (2009) for *.p p=  
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Table 1. Critical quantities of the CSDF SDT (k = 6, r = 5) 

a b p*  PA PA
(e)

 E(T
(e)

) E(T
(i)

) SD(T
(e)

) SD(T
(i)

) 

1 1 0.5000 0.2177 0.0318 4.3968 4.0020 2.7185 2.0010 

 0.75 0.5714 0.3083 0.0710 4.7980 4.5940 2.7854 2.3686 

 0.50 0.6667 0.4455 0.1777 5.2592 5.5407 2.7126 2.8150 

 0.25 0.8000 0.6586 0.4890 5.7264 6.8823 2.3020 3.0926 

 0.10 0.9091 0.8433 0.8434 5.9618 4.1579 1.7685 2.5499 

2 2 0.5000 0.1457 0.0318 4.3366 4.0020 2.6312 2.0010 

 1.5 0.5714 0.2300 0.0710 4.8270 4.5940 2.8098 2.3686 

 1.0 0.6667 0.3717 0.1777 5.4180 5.5407 2.8568 2.8150 

 0.75 0.7273 0.4759 0.2392 5.7254 6.1900 2.7691 3.0210 

 0.25 0.8889 0.7842 0.7809 6.1442 7.2200 2.0283 2.7321 

It follows from Table 1 that for the same start-up success probabilities, the 

probability of accepting a unit under the exchangeable model can be substantially 

different from that under the i.i.d. model (except for the case of a = 1 and 

b = 0.10). In all these cases, the probability of acceptance under the exchangeable 

model is higher. Under exchangeability, the expected length of the test increases as 

b decreases (for fixed a), while the same monotonicity property is not observed in 

the i.i.d. case. Also, under both models the standard deviation of the length of the 

test is not a monotone function. 

From a practical point of view, it is also interesting to study the distribution of T as 

well as the distributions of W1 and W0. In Figures 1-3 we give graphs for the pmf’s 

of the rv’s T, W1 and W0, respectively, for k = 6, r = 5, a = 2 and b = 0.75, under 

the exchangeable and the i.i.d. models 
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    Figure 1. Pmf of T                                    Figure 2. Pmf of W1 
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                                          Figure 3. Pmf of W0 

 

From Figures 1-3 we notice that there are substantial differences in the 

performance of the CSDF scheme under both models. Figure 1 reveals that the 

probability of an early termination of the test can be substantially higher under 

exchangeability than under i.i.d. model. Also, the probabilities of termination of 

the test appear to decline rapidly under both models, with a slower declination 

observed in the i.i.d. model. What Figure 1 depicts is in agreement with the 

findings in Table 1 regarding the expected length as well as the standard deviation 

of the length of the test. Consequently, it is logical to conclude that, on average, the 

CSDF start-up demonstration test terminates more quickly under the exchangeable 

model than the i.i.d. model. Similar conclusions can be derived from Figures 2 and 

3. In Figure 2 the distributions of W1 are similar under both models. However this 

is not true for W0 (see Figure 3), especially for up to the first 7 start-up attempts. 

Finally, it is also worth to mention that our findings are, in general, consistent with 

the findings of Eryilmaz and Chakraborti (2008) for the CSTF scheme. 

5  Conclusions 
 

We have briefly examined the statistical properties and the performance of the 

CSDF start-up demonstration test under exchangeability. Also we present a 

numerical study highlighting the consequences of adopting an exchangeable model 

instead of an i.i.d. model. For example, under exchangeability the probability of 

accepting the equipment is higher in most cases. The results of the paper are useful 

in cases where the probability of a successful start-up attempt can be modelled as a 

random variable. 
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Stochastic point process model for fine-scale
rainfall time series
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Abstract. A stochastic point process model, which is constructed from a class of
doubly stochastic Poisson processes, is proposed to analyse point rainfall time se-
ries observed in fine sub-hourly time scales. Under the framework of this stochastic
model, rain cells arrive according to a Poisson process whose arrival rate is gov-
erned by a finite-state Markov chain. Each cell of the point process has a random
lifetime during which instantaneous random depths (pulses) of rainfall bursts oc-
cur as another Poisson process. The structure of this model enables us to study
the variability of rainfall characteristics at small time intervals. The covariance
structure of the pulse occurrence process is studied. Second-order properties of the
time series of cumulative rainfall in discrete intervals are derived to model 5-minute
rainfall data, over a period of 48 years, from Germany. The results show that the
proposed model is capable of reproducing rainfall properties well at various sub-
hourly resolutions.
Keywords: Doubly Stochastic Poisson process, Fine-scale rainfall, Point process,
Stochastic models, Rainfall pulse.

1 Introduction

Stochastic point process models for rainfall have been studied extensively by
many authors over the years. Much of the work has focused on models based
on Poisson cluster processes (Rodriguez-Iturbe et al, 1987 [11], Cowpertwait
1994 [3], Onof 1994 [5], Chandler 1997 [1]) utilizing either the Neyman-Scott
or Bartlett-Lewis processes. Rainfall models based on Markov process have
also been considered by some authors (Smith and Karr 1983 [12], Ramesh
1998 [9], Onof et al 2002 [6], amongst others). However, the majority of the
literature on this topic has concentrated on modelling rainfall data recorded
at hourly or higher aggregation level. In some hydrological applications there
is a need to reproduce rainfall time series at much smaller aggregation level.
There has been some work lately on modelling fine-scale rainfall data us-
ing point process models. Cowpertwait et al 2007 [2] developed a Bartlett-
Lewis pluse model to study fine-scale rainfall structure whereas Ramesh et al,
2011 [10] considered a class of doubly stochastic Poisson processes to study
fine-scale rainfall intensity using rainfall bucket tip time series.
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In this paper, following the approach suggested in Cowpertwait et al
2007 [2], we develop a simple point process model based on a doubly stochas-
tic Poisson process to analyse rainfall time series collected at sub hourly
fine-scale resolution. Expressions for the second-order properties of the accu-
mulated rainfall in disjoint intervals are derived. The proposed model is fitted
to 48 years of 5-minute rainfall time series from Germany. The results show
that the model is capable of reproducing rainfall properties well at various
sub-hourly resolutions.

2 Model framework

We shall start with a brief description of the doubly stochastic Poisson pro-
cesses (DSPP), as the model we propose is derived from a special class of
this process. A DSPP is a point process where the arrival rate of a Poisson
process itself becomes a stochastic process. A special class of tractable DSPP
emerges when the arrival rate of the point process is governed by a finite-state
irreducible Markov chain. This process is also called a Markov-modulated
Poisson process (MMPP), see for example, Ramesh 1995 [8] amongst others.
The model we propose in this paper, to study fine-scale rainfall time series,
is based on this class of DSPP.

Suppose that the rain cells arrive according to a DSPP on two states
where the arrival rate is switching between the high intensity (φ2) and low
intensity (φ1) states at random times controlled by the underlying Markov
chain that has transition rates λ (for 1 → 2) and µ (for 2 → 1). Each
rain cell has a random lifetime of length L and a cell originated at time Ti
terminates at time Ti +Li. The cell lifetimes Li are taken to be independent
and exponentially distributed with parameter η. During the lifetime of each
cell, [Ti, Ti + Li), instantaneous random pulses of rainfall at times Tij occur
according to another Poisson process at rate ξ. The process of pulse arrival
terminates with the cell lifetime. Hence each cell of the DSPP generates a
series of pulses during its lifetime and associated with each pulse is a random
rainfall depth, Xij , and therefore the process {Tij , Xij} becomes a marked
point process (Cox & Isham, 1980 [4]). In our derivation of model properties
in Section 3, we treat the pulses in distinct cells as independent but allow
those within a single cell to be dependent. We refer this model as the doubly
stochastic pulse model (DSP).

3 Covariance structure of pulse arrival process

As the properties of the pulse arrival process are functions of those of the cell
arrival process, we shall first see the properties of the cell arrival process. The
second-order properties of the two state DSPP can be obtained as functions
of the parameters {λ, µ, φ1, φ2} (Ramesh 1998 [9]). The mean arrival rate of
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this cell arrival process M(t) is written as E(M(t)) = m = λφ2+µφ1

λ+µ and the

covariance density of M(t), for t > 0, is given by

cM (t) = Ae−(λ+µ)t, where A =
λµ

(λ+ µ)2
(φ1 − φ2)2. (1)

This shows that the covariance of the cell arrival process decays exponentially
with time. We shall now study the covariance structure of the pulse arrival
process and focus our attention on deriving an expression for its covariance
density which will then be used in the derivation of the statistical properties
of the aggregated rainfall process in Section 4.

In this DSP model framework, the cell lifetimes Li are assumed to follow
exponential distribution with parameter η and therefore we have E(Li) = 1

η .

Let N(t) be the counting process of pulse occurrences from all cells. If a cell
is active then it generates a series of instantaneous pulses at Poisson rate
ξ during its lifetime and therefore the mean number of pulses per cell is ξ

η .

Hence the mean arrival rate of pulses is E(N(t)) = mξ
η .

To derive an expression for the covariance density of this DLP process, we
first studied the product density of the point process (Cox & Isham, 1980 [4])
at distinct time points. We considered two distinct pulses at time t and t+u
(u > 0), which may come from the same cell or different cells, and obtained
an expression for the product density which was then used to obtain the
covariance density of this DLP process for u ≥ 0 as

c(u) =

(
mξ

η

)
δ(u) +A1e

−(λ+µ)u + [B2 −B1] e−ηu (2)

where A1 =
(

ξ2A
η2−(λ+µ)2

)
, B1 =

((
ξm
η

)2
+
(

ξ2A
η2−(λ+µ)2

))
and B2 =

(
ξ2m
η

)
.

Here A1 and B1 correspond to the contribution from pulses generated by dif-
ferent cells whereas B2 corresponds to the contribution from different pulses
within the same cell, where the depths of these pulses may be dependent.

4 Properties of the aggregated rainfall

Although our DSP process evolves in continuous time, the rainfall data are
usually available in aggregated form in equally spaced discrete time intervals.
We, therefore, develop expressions for the second-order properties of the ag-
gregated rainfall process which can be used for model fitting and assessment.

Let Y
(h)
i be the total rainfall in disjoint time intervals of fixed length h, for

i = 1, 2, . . . , then it can be expressed as

Y
(h)
i =

∫ ih

(i−1)h

X(t)dN(t),
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where X(t) is the depth of a pulse at time t. Let E(X(t)) = µx be the mean
depth of the pulses. The mean of the aggregated rainfall can be written as

E
[
Y

(h)
i

]
=

∫ ih

(i−1)h

E(X(t))dN(t) =

(
mξ

η

)
µxh. (3)

The variance and autocovariance function of the aggregated rainfall process
can now be worked out using the covariance density of the pulse arrival
process given in (2). In this derivation, we need to distinguish whether the
pulses at time t and s belong to the same cell or come from different cells. This
will allow us to accommodate some within-cell depth dependence. However,
it is assumed that any two pulses within a cell, regardless of their location
within the cell, have the same expected product moment of depths. In this
set up, the variance function turns out to be

Var
[
Y

(h)
i

]
= E(X2)

(
mξ

η

)
h

+ 2µ2
xA1ψ1(λ+ µ) + 2

[
E [XijXik]B2 −B1µ

2
x

]
ψ1(η) (4)

where ψ1(λ+ µ) =
[(λ+µ)h−1+e−(λ+µ)h]

(λ+µ)2 and ψ1(η) =
[ηh−1+e−ηh]

η2 .

Similarly, the autocovariance function for the aggregated rainfall in two
distinct intervals can be derived, by distinguishing the contributions from
pulses within the same cell, and this is given below, for k ≥ 1,

cov
[
Y

(h)
i , Y

(h)
i+k

]
=

∫ (k+1)h

kh

∫ h

0

cov [X(s)dN(s), X(t)dN(t)]

= µ2
xA1ψ2(λ+ µ) +

[
E [XijXik]B2 −B1µ

2
x

]
ψ2(η) (5)

where ψ2(λ+µ) = e−(λ+µ)(k−1)h [1−e−(λ+µ)h]
2

(λ+µ)2 and ψ2(η) = e−η(k−1)h [1−e−ηh]
2

η2 .

When considering the special case where all pulse depths are independent
E (XijXik) can be replaced by µ2

x in equations (4) and (5).

5 Model fitting and assessment

We use our DSP model to analyse 48 years (1960 - 2007) of 5-minute rainfall
data from Dortmund (courtesy of Emschergenossenschaft/Lippeverband) in
the Bochum region around the river Ems in Germany and assess how well
the fitted model reproduces the properties of the rainfall over a range of sub
hourly resolutions. In this work, we shall restrict ourselves to the special
case where the pulse depths X

′s
ij are independent random variables with an

exponential distribution. Our model then has 7 parameters but we estimate
the 6 parameters by the method of moment approach using the observed
and theoretical values of the second-order properties. The parameter µx is
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estimated separately for each month using the sample mean by the following
equation

µx =

(
η

mξ

)
x̄

where x̄ is the estimated average of hourly rainfall for each month.
The following dimensionless functions, coefficient of variation ν(h) and

the autocorrelation at lag 1 ρ(h) of the aggregated rainfall process, are used
to estimate the remaining 6 parameters of the model.

ν(h) =

E

[(
Y

(h)
i − E

[
Y

(h)
i

])2]1/2
E(Y

(h)
i )

, ρ(h) = Corr
[
Y

(h)
i , Y

(h)
i+1

]
.

The above properties of the aggregated process at 4 different agrregation
levels (at h=1/12, 1/3, 1/2 and 1 hour) are used in our estimation. The es-
timates of the functions from the empirical data, denoted by ν̂(h) and ρ̂(h),
are calculated for each month using 48 years of 5-minute rainfall series accu-
mulated at appropriate scales. The estimated values of the model parameters
{λ̂, µ̂, φ̂1, φ̂2, η̂ and ξ̂} for each month can be obtained by minimizing the
weighted sum of squares of dimensionless functions as given below using stan-
dard routines. Here the weights are taken as the reciprocal of the variance of
the empirical values of the functions calculated separately for the 48 years.∑

h= 1
12 ,

1
3 ,

1
2 ,1

[
1

ˆvar(ν(h))
(ν̂(h)− ν(h))

2
+

1

ˆvar(ρ(h))
(ρ̂(h)− ρ(h))

2

]
.

The above objective function is minimized, using the simplex algorithm by
Nelder & Mead, separately for each month to obtain estimates of the model
parameters. Values of µ̂ are larger for summer months showing smaller mean
sojourn times (1/µ) in higher rainfall intensity state. The estimates φ̂2 and

ξ̂ are also higher, in general, for the summer months and show that the cell
arrival rates vary from about 55 to 82 per hour whereas the pulse arrival rates
range from 106 to 178 per hour throughout the year. The mean duration of
cell lifetime (1/η) falls between 1.3 to 2 minutes.

The empirical and fitted values of the mean, standard deviation, coef-
ficient of variation and lag 1 autocorrelation of the aggregated rainfall are
displayed in Figures 1 and 2. In almost all cases a near perfect fit, exact
fit in some cases, was obtained for all properties. An exception is the lag1
autocorrelation at 1 hour aggregation level where there appears to be a slight
underestimation. Nevertheless the differences in the correlations are less than
0.1 and the model does well at small time-scales. One point to note here is
that h=10 minutes aggregation was not used in the fitting but the model has
certainly reproduced all the properties well for this time-scale. This reveals
that the model is capable of producing estimates of the quantities not used
in the fitting which adds strength to this DSP modelling framework.
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Fig. 1. Observed and fitted values of the mean and Standard deviation of the
aggregated rainfall for DSP model at h=5, 10, 20, 30 and 60 minute aggregations.
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Fig. 2. Observed and fitted values of the coefficient of variation and autocorrela-
tion of the aggregated rainfall for DSP model at h=5, 10, 20, 30 and 60 minute
aggregations. SMTDA           641
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6 Conclusions and future work

A DSP model has been developed to study the properties of fine-scale rainfall
time series. Second-order moment properties of the aggregated rainfall have
been derived and used for model fitting and assessment. The empirical prop-
erties of the rainfall are in very good agreement with the fitted theoretical
values over a range of sub hourly time scales, including those that are not
used in fitting. This suggests that the model is capable of reproducing the
fine scale structure of the rainfall process well and has potential application
in many areas. Despite this, there is potential to develop the model further
to accommodate third order moments and also to explore its capability to
handle aggregations at higher levels. Further developments to explore other
hydrological properties of interest are also envisaged.
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1 Introduction 
 

The modeling of Vehicular Ad hoc networks has attracted much attention of 

researchers during the last few years. Such particular case of mobile ad hoc 

network is characterized by a strong mobility of the nodes, a high dynamic and 

specific topology, a significant loss rate and a very short duration of 

communication.   Among applications of the VANET, we may quote automatic 

driving, enhancing safety by propagating emergency alerts and different passenger 

services. 

In this paper we describe an operation of Vehicular Ad hoc networks (VANET) 

using the theory of Markov-Modulated Birth-Death Processes [1],  without going 

into the technical details of the VANET protocols.  The considered mathematical 

model is the following. 

A Markov-modulated process is defined as two-dimensional continuous-time 

Markov chain (X, J). So-called Markov component J on the finite state space  

C = {1, ..., m}, corresponds to a homogeneous continuous-time  Markov chain [2]. 

This chain is characterized by transition rates jk ,λ , Cjk ∈, .  The state J = k is not 

changed during the exponentially distributed time with the parameter 

mkkkk ,2,1, ... λλλ +++=Λ . After this time the given state is replaced by another 

state with a probability kjkjkq Λ= /,, λ . The states of the component J changes 

regardless of the states of component X. 

If the state J = j is fixed, then the component X on the state space E = {1,...,w} 

behaves as a homogeneous continuous-time birth-death process. In this process the 

transitions are possible among neighboring states only. The transition rates are 

follows: )( jiγ for the transition from state i to state i+1, i = 1, 2,..., w-1; )( jiµ for 

the transition from the state i to state i - 1, i = 2,...,w. Let ).()()( jjj iii µγ +=Γ  Is 

assumed that the Markov chain (X, J) is ergodic. 

It is of interest to study the steady state probabilities for the process (X, J): 
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The rest of this paper is organized as follows. Section 2 contains the motivation of 

the study. Section 3 contains the mathematical model of VANET cluster using 

Markov-Modulated Process of arrivals. Section 4 describes the calculation of 

stationary probabilities. Numerical examples are presented in Section 5. Section 6 

summarizes the main results of the paper. 

 

2 Motivation 
 

Vehicular communication system is a promising technology, which can provide 

customers with various services from safety alert to in-car entertainment. Due to its 

huge application potential, it attracts attentions both from academia and industry 

[3]. 

The dynamic VANET topology causes routing difficulties as well as congestion 

from flooding [4, 5, 6]. A clustered structure can make the network appear smaller 

and more stable in the view of each node. By clustering the vehicles into groups of 

similar mobility, the relative mobility between communicating neighbor nodes will 

be reduced, leading to intra-cluster stability [7].  Further to stability, an effective 

clustering algorithm must be robust to the harsh channel conditions present in the 

VANET environment. Another problem with VANET routing protocols [8, 9] 

flooding leads to network congestion, which can be alleviated by a clustered 

topology [10, 11]. 

 

3 Mathematical model 
 

We have a cluster of vehicles located and moving freely on certain territory. The 

flow of vehicles entering the cluster is a Poisson flow with a parameter λ. The 

sojourn times of the vehicles within the cluster are assumed to be mutually 

independent random variables, exponentially distributed with the intensity β 

(therefore, the mean sojourn time is 1/β).  

Among the vehicles, a leading vehicle (Head) is singled out, serving as a tool for 

providing connection between the vehicles being both within the cluster and 

outside it. Generally speaking, each vehicle entering the given cluster requires a 

connection to Head, but we can neglect the time needed for this (since it is 

negligible). Additionally, if Head leaves the cluster, it will be changed to another at 

time.  

Every vehicle can generate a connection request (claim) to the Head. As a result, 

addressing to Head takes place. The intensity of the one vehicle’s request to the 

Head equalsν, while the time before the next claim is assumed exponentially 

distributed, independent of other similar times, the number of vehicles in the 

cluster, and the Head state.  

The Head operates as a single-server queuing system. It can serve only one vehicle 

at a time. Let the service rate is equal to τ. Should Head happen to be busy at the 
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moment of its being turned to, then the request is directed to the queue from which 

it will be accepted for service later.  

Our task is to determine the characteristics such as mean number of vehicles 

waiting for communication (pending) to the Head E(X), the probability that the 

vehicle will have to wait the beginning of a connection to the Head wP , etc. More 

generally, we are interested in the probability ji ,π  that j vehicles are in the cluster, 

while the number of transmitting vehicles or pending connection is equal to i. 

The described model is the Markov-type modulated birth-death process (MMBDP) 

[12, 13].  Here, the Markovian component (extraneous factor) J is a number of 

vehicles in the cluster. The transition rates from state J = j are as follows: λ is the 

intensity of the transition to state j +1, while βj  is the intensity of the transition to 

state j-1 (j > 0). Obviously, this process is described by the Markovian queuing 

system with an infinite number of service places. The stationary distribution with 

respect to such systems is well known [14, 15], and it is Poisson distribution with 

the parameter ρ = λ/ β. Thus, the probability of j vehicle presence in the cluster 

,...,,
!

10
1

== −
je

j

j

j

ρρθ                                        (1) 

The second component Х of our two-dimensional process is a number of vehicles 

that have communication (such vehicles can only be one) or pending connection.  

If there is a state of J = j, then the transition from state X = i to state i + 1 is 

realized with the intensity ,...,,;;)()( 10=≤−= jijiijij νγ , while the 

transition to the state i – 1 (i > 0) has the intensity µ that depends neither on i nor 

on j. 

Now, let’s make a few comments to the given description. First, the Markov-

modulated process implies the component J changing regardless of the states of 

component X. Secondly, the changes of both components can not occur 

simultaneously. In order to provide for these conditions, we assume that the 

vehicles leaving the cluster neither communicate nor are pending. The only 

exception is the case where only one communicating vehicle is in the cluster. In 

this case, should it leave the cluster, then, of course, its communication is 

interrupted. Note that the number of vehicles being connected or pending is 

normally much less than the total number of vehicles in the cluster, so the accepted 

assumptions practically do not affect the accuracy of the calculations. 

Now we can apply the method to calculate the stationary state probabilities { ji ,π } 

as described in paper [1]. 

 

4 Stationary state probabilities calculation 
 

Let’s assume that the maximum value of the components of J and X (the number of 

their states) is equal to m and w, m<w, accordingly. Therefore, the ranges of values 

of these components will be { } { }wEmC ,..,,,,..,, 1010 == . We use the 

conditional probabilities of states of the second component X to calculate the 
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stationary probabilities of states { ji ,π }, on condition that the state of the first 

component J  is equal to j: 

 

jjii jJiXPjs θπ /}|{)( ,====  .                                     (2) 

Let us recall that the probabilities }{ jθ are calculated according to the formula (1). 

Let 




 −+=Γ+=Λ

0
1

,
)()(,

i
j

i
j

i
j

j
δµγβλ  be the sums of off-diagonal 

elements of the rows of infinitesimal matrices for the components J and X. Here 

0,iδ is Kronecker symbol: one equals 1 if i = 0 and equals 0 otherwise.  

For stationary probabilities )(, jsijji θπ =  we have a system of equations as 

follows: 

.,,))(()(

)()()())()((

CjEijj
i
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j

j
i

s
j

j
i

s
j

j
i

j
i

s
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j
i

s
j

∈∈++++−−+

+++−−=Γ+Λ
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11
1

1
1

111
        (3) 

 

Further we use the following w-dimensional column vectors: 

,,))(...)()(( wjjjj T

w

j ≤=〉〈 γγγγ 21     T)...( µµµ 0=
ρ

, 

µγ
ρ

+=Γ 〉〈〉〈 jj
, T

w

j jsjsjsS ))()...()(( 21=〉〈 , as well a diagonal matrix of w-th 

order.   

Furthermore, we will need w-th order shifting matrix, causing the vector (row) 

elements being shifted downwards (shift right) by one position: 
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Now the system of equations (3) can be written as: 
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11
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1 βθλθµθ
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were I – identity matrix, and ))(( jdiag γ - diagonal matrix with the diagonal )( jγ . 

Finally, we have: 
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       (4) 

The last formulas allow us to implement an iterative procedure of calculating the 

conditional distributions )}({ js i . At that, it is necessary to set the initial 

distributions ,,))(...)()(( CjjsjsjsS T

w

j ∈=〉〈
21  as well as normalize the 

received transitional probabilities continuously so that the sum of elements 
〉〈 jS  

would be equal to 1. 

The unconditional distribution }{ , jiπ  is given by formula: 

)(, js ijji θπ = .                                                   (5) 

It allows one to calculate the average number of vehicles in the queuing system: 

                               ∑∑
= =

=
m

j

w

i

jiiXE
1 1

,)( π .                                            (6) 

5 Numerical example 
 

The following initial data was accepted for our example. Characteristics of a 

cluster of vehicles: the vehicle arrival intensity λ = 5, the mean sojourn time of a 

vehicle 1/β = 2.5, so that β = 0.4. Characteristics of the queuing system: the 

intensity of one vehicle request ν = 0.1, the service rate µ = 2.  

With respect to this initial data, we find that the average number of vehicles in the 

cluster for the stationary regime is ρ = λ/β = 12.5. For the Poisson distribution with 

this parameter, the probability of having more than 20 vehicles in the cluster is 

negligible, so it was assumed that the number of vehicles in the cluster does not 

exceed m = 20. Similar considerations have made it possible to determine that the 

maximum number of vehicles in a queuing system can be accepted as w = 5. 

The calculations were performed by the program written in Mathcad 14. As the 

initial distribution T

w

j jsjsjsS ))()...()(( 10=〉〈  for all values j, the equally 

probable distribution assigning the same probability 1/(w + 1) = 1/6  to all possible 

states: )1/(1)( wjsi += if  wj < , )1/(1)( jjsi +=  if wj ≤ .  

The program realizing the above-described method of calculation computes 

stationary distributions (4) and (5) very quickly. The following tables show the 

obtained values for the distributions }{ jθ , { } { }T

w

j jsjsjsS ))()...(),(( 10=〉〈  and 

}{ , jiπ . The speed of convergence of the used iterative procedure is examined for 

the mean number of vehicles in the cluster (see Table 4). 
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Table 1. The distribution of a number of the vehicles in the cluster 

 

j 0 1 2 3 4 5 6 

jθ  0.000 0.000 

 

0.000 

 

 

0.001 

 

 

0.004 

 

 

0.009 

 

 

0.002 

 

j 7 8 9 10 11 12 13 

jθ  
 

0.035 

 

 

0.055 

 

 

0.077 

 

 

0.096 

 

 

0.109 

 

 

0.112 

 

 

0.112 

 

j 14 15 16 17 18 19 20 

jθ  
 

0.103 

 

 

0.088 

 

 

0.069 

 

 

0.050 

 

 

0.034 

 

 

0.021 

 

 

0.012 

 

 

Table 2. The fragment of the conditional distribution )}({ js i   

i 1 2 3 4 5 6 

j = 9 0.188 0.171 0.170 0.169 0.164 0.139 

j = 10 0.185 0.171 0.170 0.169 0.165 0.140 

j = 11 0.183 0.171 0.170 0.169 0.165 0.141 

j = 12 0.181 0.171 0.170 0.169 0.166 0.143 

 

Table 3. The fragment of the stationary distribution }{ , jiπ  

i 1 2 3 4 5 6 

j = 9 0.041 0.020 0.009 0.004 0.001 0.000 

j = 10 0.049 0.025 0.013 0.006 0.002 0.001 

j = 11 0.053 0.029 0.015 0.007 0.003 0.001 

j = 12 0.051 0.031 0.017 0.008 0.004 0.001 

 

Table 4.  Convergence of the iterative procedure 

K 0 5 10 15 20 30 50 

E(X)  2.511 1.756 1.374 1.186 1.095 1.030 1.011 

 

Now we consider an analytical model that has explicit formulas for the indices of 

interest. Let’s compare the obtained result E(X) = 1.011 with the result obtained by 

the explicit formula. 

From now on, we will use the following two properties for the two independent 

exponentially distributed random variables with parameters a and b: 1) their 

minimum value has an exponential distribution with the parameter a + b; 2) the 

first value is less than the second one with the probability a/(a + b). 

Further we argue in the way as follows. In fact, our model can be represented as a 

queuing system ∞/// 1MM . At first, we find the intensity of the flow of claims 

arriving at the queuing system of ours.  On arrival of a vehicle to the cluster, two 

random variables are associated with the node: the sojourn time in the cluster and 

the time passed until the first address to the queuing system. Both values have an 
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exponential distribution with parameters β and ν, respectively. Therefore, it will 

address a queuing system with the probability ν/(β + ν).  Hence, the flow of initial 

claims, entering the queuing system will be λν /(β + ν).  There may be repeated 

claims to the queuing system. Now, we shall take into consideration the intensity 

of such repeated claims. There is a scheme of independent repeated trials with two 

outcomes: "success" means a new repeated claim, "failure" - the opposite event. 

Success is possible if: 1) the claim does not leave the cluster during service time 

(the probability is µ/(β+µ)), and 2) on finishing the service, a new claim will arrive 

before the moment of leaving the cluster (the probability is ν/(β+ν)). The 

corresponding events are independent, so the probability of success is equal to 

))(/( νβµβµν ++=p .  

The number of trials until the first failure has a geometric distribution with the 

mean   ( ) ( )βνβµβνβµβνβµβµν ++++=++−=− 21111 /))(())(/(/)/( p .  

Therefore, the intensity of the Poisson flow of claims to the queuing system is 

[ ] ( )βνβµβµβλννβλν +++=−+=Λ 21 /)()/()/( p . 

Now, let us consider the distribution of the sojourn time of claims within the 

queuing system. It is a minimum consisting of two independent and exponentially 

distributed random variables: 1) the actual service time (the distribution parameter 

is µ), and 2) the time before leaving the cluster (the distribution parameter is β). 

Consequently, the sojourn time on the server has an exponential distribution with 

parameter β+µ. 

Thus, we have the queuing system ∞/// 1MM  as follows: the Poisson flow with 

intensity 

( ) 21121104024040240105 2 ./...../).(. ==×+×++××=Λ , 

the service rate β + µ = 2.4, one server, and the infinite queue. The load coefficient 

of the server is ω = Λ/ (β + µ) = 0.5. The mean number of claims in the system is 

calculated by the Erlang formula: 

 

.
.

.
.)( 1

501

50
50

1

22

=
−

+=
−

+=
ω

ω
ωXE  

 

Therefore, the value of E(X) = 1.011, obtained by the method described in this 

study, is almost identical to the true value. The existing difference lies within the 

limits of the permissible computational error. 

It is important to emphasize that suggested model does not lose its significance 

because it can be generalized, allowing one to take into account the different 

dependencies of the queuing system characteristics on the state of Markov 

component, i.e., the number of vehicles in the cluster. 

 

 

 

 

6 Conclusions 
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We proposed a well-established probabilistic approach to the cluster description in 

the VANET networks. One is based on the Markov-Modulated Birth-Death 

processes. The future investigations will be connected with the research of the 

cluster stability and more detailed description of VANET clustering mechanisms. 
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Abstract: The present paper describes the Monte-Carlo Markov Chain (MCMC) method for 

estimation of skew t-distribution. The density of skew t-distribution is obtained through a 

multivariate integral, using representation of skew t-distribution by a mixture of multivariate 

skew-normal distribution with the covariance matrix, depending on the parameter, 

distributed according to the inverse-gamma distribution. Next, the MCMC procedure is 

constructed for recurrent estimation of skew t-distribution, following the maximum 

likelihood method, where the Monte-Carlo sample size is regulated to ensure the 

convergence and to decrease the total amount of Monte-Carlo trials, required for estimation. 

The confidence intervals of Monte-Carlo estimators are introduced because of their 

asymptotic normality. The termination rule is also implemented by testing statistical 

hypotheses on an insignificant change of estimates in two steps of the procedure. Computer 

simulation confirmed the applicability of the Monte-Carlo Markov chain approach. 

Keywords: Monte-Carlo Markov chain, Maximum likelihood method, Stochastic 

optimization, Skew t-distribution, Gaussian approximation, Iterative method, Statistical 

hypothesis 

 

1  Introduction 
 

Stochastic optimization plays an increasing role in modeling and statistical analysis 

of complex systems. Conceptually, detection of structures in real-life data is often 

formulated in the framework of combinatorial or continuous optimization by using 

the following stochastic techniques: Monte-Carlo Markov chains, Metropolis-

Hastings algorithm, stochastic approximation, etc. (Rubinstein and Kroese, 2007; 

Spall, 2003). In the present paper the maximum likelihood approach for estimating 

the parameters of the multivariate skew t-distribution is developed, using the 

adaptive Monte-Carlo Markov chain approach. Multivariate skew t-distribution is 

often applied in the analysis of parametric classes of distributions that exhibit 

various shapes of skewness and kurtosis (Azzalini and Genton, 2008; Cabral, 

Bolfarine and Pereira, 2008). In general, the skew t-distribution is represented by a 

multivariate skew-normal distribution with the covariance matrix, depending on 

the parameter, distributed according to the inverse-gamma distribution. According 

to this representation, the density of skew t-distribution as well as the likelihood 

function is expressed through multivariate integrals that are convenient to be 

estimated numerically by Monte-Carlo simulation. 

Denote the skew t-variable by ),,,,( qbST ΘΣµ . In general, a multivariate skew t-

distribution defines a random vector X  that is distributed as a multivariate 

Gaussian vector: 
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where the vector of mean a , in its turn, is distributed as a multivariate Gaussian 

0),2/,( ≥ΘΘ tN µ  in the half – plane dRqaq ⊂≥−⋅ ,0)( µ , d  is the 

dimension, and the random variable t   follows from the Gamma distribution: 
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By definition, d -dimensional skew t-distributed variable X  has the density: 
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where 0,0 ≥Θ≥Σ  are the full rank dd ×  matrices. 

 

2  The Maximum Likelihood Estimation of Multivariate Skew t-

Distribution 
 

Let a matrix of observations be given 




= K

XXXX ,...,
2

,
1 , where iX  independent 

vectors, distributed as ),,,,( qbST ΘΣµ . We will examine the estimation of 

parameters qb,,,, ΘΣµ  following to maximum likelihood approach. The log-

likelihood function can be expressed as 

qb

K

i

i qbXpqbL
,,,,

1

min)),,,,,(ln(),,,,(
ΘΣ

=

→ΘΣ−=ΘΣ ∑ µ
µµ . (4) 

The optimality conditions in this problem are derived by taking and setting the first 

derivatives with respect to parameters to be estimated equal to zero. Then the 

maximum likelihood estimates (MLE) qb ˆ,ˆ,ˆ,ˆ,ˆ ΘΣµ  of parameters of multivariate 

skew t-distribution (3) are found by solving the equations, obtained in this way, 

subject to 0,0 ≥Θ≥Σ . Derivatives of the likelihood function are expressed 

through derivatives of the density function. Derivatives of the likelihood function 

with respect to parameters ΘΣ ˆ,ˆ,µ̂  are considered in details by Sakalauskas and 

Vaiciulyte (2010).  Let us consider the derivative of likelihood function with 

respect to shape parameter b  and integration areas parameter q . By virtue of the 

Euler’s formula the skew t-distribution density is as follows: 
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After differentiation of this expression and using the Euler’s formula again, we 

have (Sakalauskas and Vaiciulyte, 2011): 
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where 

0,1,,2,1),()()()( 11 =−=−⋅Θ⋅−−−⋅Σ⋅−= −−
nmmm DnmaaaxaD Κµµµ . 

Using the Euler’s formula again the derivative can be also written as 
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Let us introduce the conditional density 

),,,,,(

),(),,,(),,,(2
),,,,,,( 1

qbxp

btftaftaxf
xqbtaf

ΘΣ
⋅Θ⋅Σ⋅

=ΘΣ
µ

µ
µ . (10) 

Thus, the next equation follows for maximum likelihood estimator of parameters 

b  and q : 

∑

∑

=
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 ⋅

+
⋅

⋅

=
K

i

i

d

i

XAE

b

i
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1
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2

1

1
ˆ

2

1

ˆ ,    (11) 

( )∑
=

⋅⋅=
K

i

i

m XDtE
K

q
1

)ˆ2
1

ˆ ,    (12) 

where 

1)ˆ(ˆ)ˆ()(ˆ)(ˆ 11 +−⋅Θ⋅−+−⋅Σ⋅−= −− µµ aaaXaXA
TiTi , 

0ˆ,1,,2,1),ˆ()ˆ()()ˆ(ˆ 11 =−=−⋅Θ⋅−−−⋅Σ⋅−= −−
nmmm DnmaaaxaD Κµµµ . 

Let 0ˆ,0ˆ,ˆ >Θ>Σµ  be the maximum likelihood estimates of parameters of 

),,,,( qbST ΘΣµ . It is derived by Sakalauskas and Vaiciulyte (2010) that these 

estimates satisfy the equations: 
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K 1
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1ˆ ,  (14) 

∑
=
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i

iT XaatE
K 1

))ˆ()ˆ((
1ˆ µµ ,  (15) 

where the conditional expectation is taken for qb ˆ,ˆ,ˆ,ˆ,ˆ ΘΣµ . 

 

3  Monte-Carlo Markov Chain 
 

Now it is convenient to calculate the estimates of parameters by an iterative 

stochastic optimization method, starting from some initial values. 

Let us consider the application of the Monte-Carlo Markov chain to implement the 

method proposed. Say, random variables and vectors are generated: 

)
2

(Gama~ k
j

b
B ,    (16) 

),0(N~ kj Θη ,    (17) 
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,0jeigu,
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ηηµ

ηηµ
   (18) 

where kNj ,,2,1,0 Κ= , kN  is the Monte-Carlo sample size at the thk  step, 

Κ,2,1,0=k , and 
00000 ,,,, qbΘΣµ  are some initial approximations. Then 
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∑
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b ,    (22) 

∑
=
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K
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k
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1 ,

,

1

1 ,     (23) 

where the Monte-Carlo estimators are as follows: 

∑
=
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SMTDA           656



 

 Proceedings, 2nd Stochastic Modeling Techniques and Data Analysis International Conference 

 5 - 8 June 2012 Chania Crete Greece 

 

 

 

 

 

 

 Proceedings, 2nd Stochastic Modeling Techniques and Data Analysis International Conference 

 5 - 8 June 2012 Chania Crete Greece 

 

 

 

 

 

∑
=

Σ⋅⋅−=
kN

j

kjj

i

jj

i

kki BGXfBGX
N

M
1

, ),,,()(
1 , 

∑
=

Σ⋅⋅−⋅−=
kN

j

kjj

i

j

T

j

i

j

i

kki BGXfBGXGX
N

S
1

, ),,,()()(
1 , 

∑
=

Σ⋅⋅−⋅−=
kN

j

kjj

i

j

T

kjkjkki BGXfBGG
N

T
1

, ),,,()()(
1

µµ , 

∑
=

Σ⋅=
kN

j

kjj

i

kkki BGXfA
N

B
1

, ),,,()ln(
1 , 

( )∑
=

Σ⋅=
kN

j

kjj

i

kkki BGXfA
N

B
1

2

, ),,,()ln(
1

1 , 

∑
=

Σ⋅⋅=
kN

j

kjj

i

jkkki BGXfBD
N

Q
1

, ),,,(
1

, 

( )∑
=

Σ⋅⋅=
k

N

j

kjj

i

jkkki BGXfBD
N

Q
1

2

, ),,,(
1

1 , 

1)()()()(
11 +−⋅Θ⋅−+−⋅Σ⋅−= −−

kk

T

k

i

k

Ti

k aaaXaXA µµ , 

( )nkkkk DDDD ,2,1, ,,, Κ= , 

0,1,,2,1),()()()( ,

11

, =−=−⋅Θ⋅−−−⋅Σ⋅−= −−
nkkjk

i

jkjk DnjaaaXaD Κµµµ , 

∑
=

=
K

i ki

ki

k
P

B

K
h

1 ,

,1
. 

Denote 

( ) ( ) ( )∑∑∑∑
====

====
K

i ki

kik
k

K

i ki

kik
k

K

i ki

ki

k

K

i ki

ki

k
P

Q

K

N
n

P

B

K

N
v

P

P

K
g

P

Q

K
en

1
2

,

,

1
2

,

,

1
2

,

,

1 ,

, 1
,

1
,

11
,

1 . 

Next, the estimate of the log-likelihood function (4) is obtained using the Monte-

Carlo estimates: 

( )∑
=

−=
K

i

kik PL
1

,ln .   (24) 

The 95% confidence interval of the estimate of the log-likelihood function might 

also be estimated by the Monte-Carlo method: 
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where ( )∑
=

Σ=
kN

j

kjj

i

kki BGXf
N

P
1

2

, ),,,(
1

2 (Sakalauskas and Vaiciulyte, 2010). 

As it follows from equations derived (19)-(23), the Monte-Carlo chain can be 

terminated at the thk  step, if difference between estimates of two current steps 

differs insignificantly: 
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kkkkkkkkkk qqbb ≈≈Θ≈ΘΣ≈Σ≈ +++++ 11111 ,,,,µµ , (26) 

and, besides, Monte-Carlo estimates are presented with an admissible confidence 

interval. Note, since estimators are averages of a large number of identically 

distributed random variables, their distribution is approximated, using CLT. Hence, 

the statistical criteria about the equality of sampling mean and covariance matrices 

to the given vector or matrices can be used for testing termination condition (26). It 

is more convenient to test hypothesis 
kk hh ≈+1

, 
kk enen ≈+1
 instead of 

kk bb ≈+1
 

and 
kk qq ≈+1

 using the test for comparison of means from two populations with 

the same variance. Thus, the hypothesis on the termination condition (26) is 

rejected, if 
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            (27) 

where pZ ,α  is the quantile of 2χ  distribution with 1)2( ++⋅= ddp  degrees of 

freedom, α  is the significance level. 

Note that there is no great necessity to estimate the likelihood function with a high 

accuracy on starting the optimization, because then it is enough to evaluate only an 

approximate direction, leading to its maximum. The next rule of sample size 

regulation is implemented; in order large samples would be taken only at the 

moment of making the decision on termination of the Monte-Carlo Markov chain: 

k

k

p

k

H

N
ZN ⋅≥+

,

1

β
,    (28) 

where β  is the significance level (Sakalauskas, 2000). 

 

4  Numerical Examples 
 

4.1. Computer Simulation. 

The random ),,,,( qbST ΘΣµ  sample with 50=K  has been simulated to explore 

the approach developed. The above computational scheme has been used 

satisfactorily in numerical work with the following model data: 

( ) 451.02.5
55.286.0

86.067.3

9.227.0

27.061.1
212 ==








=Θ








=Σ== qbd µ  (29) 

The Monte-Carlo Markov chain of 100 estimators (19)-(26) has been computed 

with the following initial data: .5.1,5.1,5.1,5.1,5.1 00000 qqbb ⋅=⋅=Θ⋅=ΘΣ⋅=Σ⋅= µµ  

The termination conditions started to be valid at 48=k , we have: 

( ) 62.04
38.152.0

52.013.2

86.119.0

19.017.1
05.211.1 4848484848 ==








=Θ








=Σ= qbµ        (30) 
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The maximum likelihood estimates (11)-(15), obtained from this sample by means 

of the subroutine Minimize() of MathCAD, are as follows: 

( ) 69.0ˆ59.6ˆ
95.125.1

25.194.2
ˆ

35.275.0

75.046.0
ˆ87.194.0ˆ ==








=Θ








=Σ= qbµ  (31) 

 

4.2. Australian Institute of Sport Data. 

A simple illustration is provided by analyzing a subset of the Australian Institute of 

Sport (AIS) data examined by Cook and Weisberg (1994), which contains various 

biomedical measurements on a group of Australian athletes. Figure 1 displays the 

surface plot and the contour lines of the fitted ),,,,( qbST ΘΣµ  density (3) to the 

100 points, of women’s each pair of the four variables, which represent the 

percentage of body fat (Bfat), the height (Ht), the lean body mass (LBM) and the 

body mass index (BMI), respectively. Parameters in this density have been 

obtained using the above described Monte-Carlo Markov chain approach. 

 
Fig. 1. Surface plots of some pairs of the AIS variables and contour levels of the fitted 

distribution 

6  Conclusions 
 

Stochastic optimization approach by the Monte-Carlo Markov Chain (MCMC) 

method for estimation of the skew t-distribution has been developed in the paper. It 

distinguishes by adaptive regulation of Monte-Carlo sample size and treatment of 

the simulation error in the statistical manner. Furthermore, the computer examples 
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with test data and AIS data have illustrated that numerical properties of the method 

correspond to the theoretical model. 
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Abstract: In this extended abstract we propose a method to estimate the parameters of the 

characteristic function of a Lévy Process. It is designed to eliminate computational problems 

created by oscillatory integrals whose terminal value might be large. Consistency and asymptotic 

normality of this estimator were verified for families of distributions with a two-parameter 

characteristic function.  The results of a number of simulations obtained with this estimator on 

some stable distributions are compared to the results obtained from other estimators. 

Keywords: Lévy Processes, Characteristic Function, Empirical Characteristic function, Stable 

distribution, consistency, asymptotic normality. 

 

1  Introduction 
 

Lévy Processes provide quite a flexible framework to model stochastic processes whose 

sample paths are continuous but may also contain jumps. In fact Lévy processes have been 

applied extensively in a large number of fields, lately also in mathematical finance. Since 

each Lévy process is associated to a unique infinitely divisible distribution through its 
stationary increments, the interest in characteristic functions follows immediately from the 

Lévy-Khinchine representation. In particular the problem of parameter estimation for Lévy 

processes is equivalent to the estimation of the parameters of characteristic functions. 

However, the family of infinitely divisible distributions is so large and varied in statistical 

properties that it is very difficult to devise an estimation procedure which is “optimal” right 

across the whole family of distributions. In the literature we find quite a few mentions of 

how problematic parameter estimation of characteristic functions can be. As a consequence, 

various methods have been proposed to tackle this problem from both statistical and 

computational aspects.  

The general idea is to compare the empirical characteristic function ϕn(t)  with the actual 

characteristic function ϕ(t) .  These ideas can be traced back to the paper written by Press 
(1972), in which he proposed various estimators for the parameters of a stable distribution. 
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Following this line of thought, Heathcote (1977) studied estimators which seek to minimize 

the integrated squared error between the empirical and the actual characteristic function. In 

 fact, he proved that such an estimator is consistent and has asymptotic normality. Csörgö 

(1981) and Marcus (1981) independently proved that under certain conditions the process 

  
(n)(ϕ

n
(t)−ϕ(t)) converges weakly to a complex Gaussian process with covariance 

  
ϕ(t − s)−ϕ(t)ϕ(−s) . In the same year, Feuerverger and McDunnough (1981) applied the 

generalized method of moments (GMM) to estimate the parameters of the characteristic 

function. Carrasco and Florens improved the (GMM) estimator by proposing the (CGMM).  

Kunitomo and Owada (2006) followed by Chan et al. (2009), used the framework provided by 

Qin and Lawless (1994), which is an adaptation of Owen’s empirical likelihood procedure. 

The method of maximum empirical likelihood estimation (MELE) was defined carefully and 

its properties studied. However, in general, these methods all can suffer considerably in that 

they can turn out to be computationally intensive and sometimes even numerically unstable. 

In section two we start by giving a brief look at the oscillatory behaviour of empirical 

characteristic functions (ECF) in relation to the actual characteristic function (CF) and propose 

an estimator which is capable of overcoming the oscillatory behaviour of the (ECF). In section 

three we prove that the estimators are consistent and asymptotically normal. In the following 

section we shall compare the results of a number of simulations using the characteristic 

function of stable distributions. 

 

2  Proposed Estimator 
 

Generally, the real and imaginary parts of sample-based empirical characteristic functions 

cluster around the real and imaginary parts of the true characteristic function respectively, 

with perfect coincidence at   t = 0 , but with sample paths widening out into a band of 
oscillatory paths as  t→ ±∞ . This behaviour is exemplified in fig.1 and fig.2, where the 

solid black curve represents the real and imaginary part of the characteristic function while 

the other oscillatory paths represent various realizations of the real and imaginary part of the 

empirical characteristic function. 

  

Fig. 1. Real part Fig. 2. Imaginary part 
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This oscillatory behavior usually translates into computational problems involving 

integrands that oscillate with appreciable amplitude over large domains. This problem is 

particularly pronounced when considering the characteristic function of discrete 

distributions. If we remember that empirical characteristic functions are actually 

characteristic functions of discrete distributions, we see that its behaviour over large values 

of t has somehow to be controlled.   Furthermore the choice of the terminal point T for 

estimation purposes is crucial in many cases and it is not clear at all what its value should be, 

especially in the GMM method. Ideally a method to estimate the parameters of the 

characteristic function should be able to correct for the previously mentioned oscillatory 

behavior of the paths. In this extended abstract we propose to base our estimation procedure 

by considering the following stochastic process:  

( )1

1

2
( ) (exp( ) /)

n

t n j

j

t tZ itX tϕ ϕ
=

= − −∑ , 

where 
1j jt tjX Y Y
+

= − are equally time-spaced increments from a Lévy process. tZ  
forms a 

stochastic process in the same way as the empirical characteristic function with a slight 

abuse of notation in t here, as is customary in the literature. 

One immediately notices that such a process gives prominence to the initial part (small 

values of t) and tapers down to 0 as  t→ ±∞ , as shown in figures 3 and 4.  

 

  

Fig. 3. Real part of process Fig. 4. Imaginary part of process 
 

Using the process mentioned above, we will study the following estimator:
 

. 

In particular it can be proven that under certain conditions the process 

∑
=

−−
n

j

j titx
n

n
1

2
)()exp(

1
ϕϕ  converges weakly to a Gaussian process with mean 
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 0 and covariance 
  
ϕ(t)ϕ(s)ϕ(−t − s)+ |ϕ(t) |2 |ϕ(s) |2 . Similarly, the process 

  
(n)(ϕ

n
(t)ϕ(t)− |ϕ(t) |2 ) / t  also converges weakly to a Gaussian process.  

 

3  Consistency and Asymptotic Normality 
 

In this section we show that the proposed estimator is consistent and asymptotically 

normal. Let, 

 

, 

 

where 
  
ϕ(t,θ )  represents the complex conjugate of . We assume that  

is a vector of parameters whose values are going to be estimated given a set 
  
(X

1
,¼ ,X

n
)  

if i.i.d. random variables taken from a population having density function  and 

characteristic function 
  
ϕ(t) .  

Next we differentiate with respect to 
 
θ
i
, 

 

 
 

where  and 
 
denote the real and imaginary parts of  

respectively. The estimator of 
 
θ
i

o  denoted by 
  
θ̂
i
 is the root of . 

Consider the first term, .  is 

bounded provided that  are both bounded and furthermore we 

have that surely.  
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Thus surely, since 

 almost surely and . 

Next, we consider the remaining term:   

Let 

( )( ) ( ) ( )( ) ( )

( )( ) ( ) ( )( ) ( )

2

1 1

2

0

0 2 2

cos( ) sin( )

co

( , ) ( , )
( , ) ( , ) ( , )

( , ) (
s

, )
( , () ( , ) () sin ) , )(

t t
t t

dt
tX tX

t

dt
tX t

t

t t
Xt

t
t t

ϕ ϕ
ϕ ϕ ϕ

θ θ

ϕ ϕ
ϕ ϕ ϕ

θ θ

∞

∞

  
−

∂ ∂
+

∂ ∂

∂

− +  
  

=    − − +  
∂

+
∂ ∂  

∫

∫
L

R I
R I

R I
R I

θ θθ θθ θθ θ
θ θ θθ θ θθ θ θθ θ θ

θ θθ θθ θθ θ
θ θ θθ θ θθ θ θθ θ θ

 

It is evident that the , while ( )ar =LV , 

where 
  
Cov[L

i
,L

j
] =  

 
Furthermore it is not hard to prove that ,  are finite. As a result 

we have that at the true value 
 
θ
i

o : 

 

. 

 

Consistency of the estimator follows from the following argument: 

For sufficiently large n,  achieves a minimum at the true value with 

probability one. Furthermore from the strong law of large numbers, the inequality 

is true with probability one for sufficiently large n and for 

 δ > 0 . 
Since δ  is arbitrary and  is differentiable then we deduce that  is a 

consistent estimator for . Asymptotic normality requires the use of the second 

derivative: 
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Furthermore we have that, 

 
A similar result follows for 

 
θ
2
. 

Thus by making use of the Taylor’s expansion (up to and including the second 

derivative) and making use of the previously-mentioned results, we can conclude 

that: 

 

where,  and D is a  2¼2  symmetric matrix whose   (i, j )
th  entry is: 

. 

 

4  Simulation Results 
 

A number of simulations to estimate the parameters of a stable distribution were 

run using different values of T. The results obtained from the following two 

estimation techniques are compared in the tables below. 

 

 

 

In general, a stable characteristic function has four parameters, 
 
α ¼ (0,2], 

 
β ¼[−1,1] , 

 σ > 0 and µ ∈R . In these simulations however, we assumed that 
 
µ = 0  and  σ = 1, as 

a result the characteristic function of a stable distribution has the form: 

  

ϕ(t) =
exp | t |α (1− iβ sgn(t) tan(πα / 2))( ) for α ¼1,α ¼ (0,2]

exp | t |α (1− iβ sgn(t) ln(| t |))( ) for α = 1

¼

¼
¼

¼
¼

 
Each simulation was run using different values of T, furthermore the actual values of 

 
α  and β  were 0.8 and 0.4 respectively. 
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 Estimates of α  Estimates of β  Bias  Bias  

T 
  
%α
n
 

  
α̂
n
 

  
%β
n
 

  
β̂
n
 

  
%α
n
 

  
α̂
n
 

  
%β
n
 

  
β̂
n
 

0.5 0.7992 0.7928 0.3755 0.3862 -0.008 -0.007 -0.024 -0.013 

1 0.7932 0.7863 0.3981 0.4063 -0.007 -0.013 -0.002 0.006 

1.5 0.7896 0.7904 0.4111 0.3996 -0.010 -0.009 0.0111 -0.004 

2 0.7899 0.7828 0.4182 0.4154 -0.010 -0.017 0.0182 0.0154 

2.5 0.7825 0.7857 0.4378 0.4136 -0.018 -0.014 0.0378 0.0136 

3 0.785 0.7856 0.434 0.4137 -0.015 -0.014 0.034 0.0137 

3.5 0.7837 0.7782 0.4381 0.4228 -0.016 -0.021 0.0381 0.0228 

4 0.7829 0.7789 0.4404 0.4228 -0.017 -0.021 0.0404 0.0228 

4.5 0.7798 0.7901 0.4507 0.4091 -0.020 -0.010 0.0507 0.0091 

5 0.7842 0.7827 0.4356 0.4243 -0.016 -0.017 0.0356 0.0243 

 

  Variance  Variance 

 T 
  
%α
n
 

  
α̂
n
 

  
%β
n
 

  
β̂
n
 

 0.5 0.0171 0.0108 0.0594 0.0295 

 1 0.0159 0.0094 0.0595 0.0293 

 1.5 0.0101 0.0081 0.0387 0.0248 

 2 0.0078 0.0099 0.0342 0.0303 

 2.5 0.0072 0.0087 0.0331 0.0294 

 3 0.0062 0.0093 0.0313 0.0312 

 3.5 0.0057 0.0092 0.0313 0.0291 

 4 0.0057 0.0101 0.0298 0.0321 

 4.5 0.0069 0.0082 0.0377 0.0297 

 5 0.0062 0.0085 0.0312 0.0323 

The above simulations show that the proposed estimator appears to have less bias then the 

other estimator for almost all values of T. Furthermore the variance of both estimators is 

comparable. It must be said that when comparing the above two methods of estimation 

with MELE it turns out that the latter is much more computationally demanding than the 

other methods. 

 

5. Conclusion 
 

The aim of this extended abstract was to propose an estimator for the parameters of a 

characteristic function of a Lévy process that is able to compensate for the oscillatory 

behavior of the empirical characteristic function when compared to the actual 

characteristic function. The estimator in question was found to enjoy consistency and 

asymptotic normality. Finally a number of simulations were conducted on a stable 

distribution and the estimates of the parameters 
 
α  and β  obtained by the proposed 

estimator were compared with the estimates obtained from other usual estimators.  
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On the estimate of mortality profiles from
archaeological data
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Facoltà di Sociologia, Università di Roma “Sapienza”, via Salaria 113, 00198
Roma, Italy
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Abstract. Bayesian analysis can be used to estimate the mortality profiles of an-
imals in particular in paleoarchaeology. With respect to other methods it has the
advantage that it can exploit all the information present in the data including dif-
ferent kind of bones from animals of all groups of age. Moreover it can incoporate
the previous knowledge and evaluation experts. This method is compared with
other existing methods for estimating mortality profiles of animal populations.
Keywords: Mortality profile, Monte Carlo Markov Chains, Bayes’ analysis.

1 Introduction

An important problem in archaezoology is the determination of the distri-
bution of the age of death, the so-called mortality curve, from the remains
found in archaeological sites.

Bayesian analysis (see [3], [4], [5], [6], [7], [8] ) is suitable to deal with
these problems by exploiting all available information

In [9] and [10] a model was introduced to study the mortality curve from
a Bayesian point of view.

In the following section I describe briefly the method of Bayesian analysis
and en example of its application. In the third section there is discussion of
existing methods for estimating of mortality profiles.

2 Bayesian analysis on mortality profile

Here is a brief description of the method. Let the index l = 0, 1, . . . , N
correspond to the classes in which the possible values of the death age of the
animals have been subdivided. Let fl be the percentage of the animals at
age l. Each animal has r types of ”bones”. The j-th type can be in one of sj
states. Let p(i,m|l) be the probability for animal dead at age l that its bone

of type j be in state m. The likelihood function for obtaining k
(j)
m of bones

of the j-th type in the m-th state is therefore

r∏
j=1

sj∏
m=1

(

N∑
l=0

p(i,m|l)fl)k
(j)
m . (1)
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The log-likelihood is

r∑
j=1

sj∑
m=1

k(j)m log(

N∑
l=0

p(i,m|l)fl). (2)

We want apply the algorithm of Metropolis Montecarlo Markov Chains
(MCMC) in order to find relevant characteristics of posterior distribution.
The uniform distribution as priori and use Mathematica to simulate a Metropo-
lis MCMC. This method is based on the simulation of the evolution of a
Markov chain that has the posterior distribution as unique invariant prob-
ability measure. Ergodic theorem can be applied to compute averages of
interesting quantities with respect to the posterior distribution.

The posterior distribution on the setof mortality profiles is described by
a probability density function g(f0, f1, . . . , fN ) on the simplex fi ≥ 0 for
i = 0, 1, . . . , N , f0 + f1 + . . . + fN = 1. The distribution a priori is uniform
so that g(f0, f1, . . . , fN ) is proportional to the likelihood function (1).

In particular the following quantities can be studied:

1. The vector of posterior probabilities P = (P0, P1, . . . , PN ), where Pi is
the probability for an animal to die in the i-th class age. That is fixing
a given age we can average over the mortality profiles the probability
of death at that age with respect to the posterior distribution on the
mortality profiles.

Pi =

∫ ∫
. . .

∫
fi g(f0, f1, . . . , fN ) df0 df1 . . . dfN , (3)

where the integral, as in the following formulas, is extended to the simplex
fi ≥ 0 for i = 0, 1, . . . , N , f0 + f1 + . . .+ fN = 1.

2. The variance of the mortality profile with respect to Euclidean distance
between mortality profiles: for f = (f0, f1, . . . , fN ) and f ′ = (f ′0, f

′
1, . . . , f

′
N )

d(f , f ′) =

√√√√ N∑
i=0

(fi − f ′i)2 (4)

The average of d(f ,P)2 with respect to the posterior distribution can be
expressed as

1

2

∫ ∫ ( N∑
i=0

(fi − f ′i)2
)
g(f)g(f ′)df df ′, (5)

where the integrals with respect to df and df ′ denote multiple integrals
as that in (3). The integral in (4) can be estimated by by Montecarlo
Markov chain method by running two independent Markov chains.
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3. The profile of maximal likelihood can be estimated by the procedure
of simulated annealing. Here one runs a MCMC corresponding to the
density gβ(f0, f1, . . . , fN )

gβ(f0, f1, . . . , fN ) = Kβg(f0, f1, . . . , fN )β (6)

where β is some large constant constant and Kβ is the normalizing con-
stant. As β tends to infinity, the invariant measure tends to be concen-
trated about the point(s) of maximum likelihood.

Some analysis has been performed on animal bones collected from levels
VIII (late Chalcolitic, 4300-4000 BC) and VID (Early Bronze Age III, 2500-
2000 BC) of Arslantepe (see [10]), where the death ages have been subdivided
into 12 semesters. For what concerns posterior average mortality one has
obtained the following results.

Semester Average
1 0.261
2 0.05
3 0.03
4 0.04
5 0.03
6 0.04
7 0.07
8 008
9 0.06
10 0.04
11 0.04
12 0.2

The analysis on variance and maximum likelihood profile has also been

3 Comparison of different methods

This method can be compared with other methods that are currently uzed for
analyzing mortality profiles in zooarcheological and palaeontological samples
(see [12]).

The existing methods are histograms, boxplots and triangular or modified
triangular graphs.

In histograms each bar represents the percentage of individuals in each age
class (according to some subdivision of the range of age into classes). The
attribution of an individual to a given class is usually made by observing
some particular bone or tooth. One of the problem with histograms is that
the deduction of the death age from a single bone is often very imprecise.
Moreover while it is quite easy to compare the ages of two individuals in
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ordinal sense by using a bone or a tooth of the same type, when the types
are different the age comparison is more problematic. Moreover the precision
of attribution depends on the type of bones, so that a subdivision in classes
that is suitable for one type can be too sharp or too coarse for another type.

In boxplots sample medians are shown as a line in the middle of a box
that covers the middle 50% of the data; the extreme values are drawn as
cirles. In triangular graphs and modified triangular graphs the possible ages
are subdivided into three classes: young, prime and old. The percentage of
individuals in each class are represented as a point of the triangular graph.
In modified triangular graphs one applies bootstrap in order to obtain in-
tervals of confidence. Theses methods give a much more vague infomation
on the death age profile than histograms. Also here one has the problem of
homogeneity of data. For example in boxplots one is lead to separate juvenile
data from the other ones and also one usually uses just one type of bones.

On the contrary with respect to previous methods Bayesian analysis has
the advantage to exploit all information that data can provide even if it very
partial and not precise. Moreover one can take account also of juvenile data
by taking account of the higher probability that they are destroyed. Also
experience and opinion of the researcher can be incoporated in it, whereas
this is not easy to do with other methods.

Further analysis is required in order to experiment Bayesian analysis in
archaeozoology and establishing the validity its results.
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Using an ANFIS based short term load
forecasting model for the optimization of

micro-CHP operating strategies in domestic
households
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Abstract This paper presents a comprehensive concept for the development of an
auto-adaptive optimization model seeking to determine optimal operating strate-
gies of micro combined heat and power (CHP) units in domestic households with
special respect to the energy-economic framework conditions in Germany. The
methods proposed to be applied are an adaptive network based fuzzy inference sys-
tem (ANFIS [1]) coupled with mixed-integer-linear programming (MIP).
Nowadays, most of micro-CHP units are driven heat led, due to their limited tech-
nical ability of following the electric load profile (especially in case of fuel cell
micro-CHP). However, the consumption-rate of locally self-generated electricity is
crucial for the economics of micro-CHP systems. Therefore, the aim of this paper
is to provide an economically optimized operating strategy which requires infor-
mation about the household’s future load situation and therefore an appropriate
individual short term load forecast (STLF). Furthermore, the concept described
considers battery and hybrid electric vehicles as additional consumers of electric
energy which enforces the necessity of optimized operation.
Keywords: ANFIS, STLF, MIP.

1 Introduction

The ongoing and intense research, development and funding activities regard-
ing micro combined heat and power units (CHP-units) is likely to further
intensify their distribution in small and middle sized German households.
Especially in case of fuel cell based micro-CHP units, the coupled generation
of electricity and heat provides for a more efficient use of primary energy [7]
as well as minimized transportation losses compared with the still common
decoupled generation. However, these key facts regarding micro-CHP are
only valid if two important aspects are fulfilled:

1. Electricity is only generated if the co-product thermal energy is used in
the local building,

2. the electricity generated on-site is used locally to the largest possible
extent (which is also economically reasonable).
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2 M. Schönfelder et al.

The legal framework in Germany takes account of these two key requirements
through funding the whole electricity generated with micro-CHP units while
obligating the local use of the co-produced thermal energy [2]. Due to the
generated savings, it is reasonable to maximize the consumption-rate of self
generated electricity. However, most of micro-CHP units in Germany are
driven heat led because there is a lack of intelligent control algorithms which
provide for an optimized operation with respect to the time dependent local
demand of electric energy1. This is why this paper presents a concept for the
development of a generic auto-adaptive optimization approach which takes
each household’s individual customs into account. Hence, the methodological
approach described, supplements standard methods of optimizing the opera-
tion of CHP-units based on deterministic and perfect-foresight optimization
models (cf. e.g. [6,8,9]). These standard methods usually neglect the lack of
perfect information in reality, and therefore are not suited for the online opti-
mization of the operating strategy. However, supplemented with an adaptive
method of load forecasting as prior stage, the standard optimization methods
can be also used online.

As described in the following sections a mixed integer linear program
(MIP)2 in combination with an adaptive network based fuzzy inference (AN-
FIS) model seems to be suitable to address the challenges mentioned. While
a lack of data formerly prevented corresponding approaches, recent devel-
opments in smart metering and the resulting improved data situation in
households nowadays allow for the development of new household individ-
ual forecasting methods.

This paper is divided into six sections. Section 2 addresses the opti-
mization of micro-CHP operation with a MIP before section 3 describes the
ANFIS model and its problem specific implementation as a possibility for
data driven adaptive short term load forecasting (STLF). Sections 4 and 5
give some exemplary results of application before the paper sums up with
conclusions and an outlook.

2 Optimized operation of micro-CHP units

The framework described in section 1 leads to the following composition of
the household-revenues re for electricity generated through the operation of
a micro-CHP unit. It is assumed, that a battery storage is lacking while a
thermal energy storage is available.

1 If a sufficiently large local battery storage for electric energy is available, the
maximization of self-consumption becomes trivial. However, due to still high
battery investments, the approach selected is intended to minimze the necessary
storage capacity or to completely avoid its necessity.

2 The MIP approach is selected due to the consideration of several distinct points
of operation.
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ANFIS based STLF for the optimization of micro-CHP operation 3

re = xe,f · (pe,f + re,g + re,chp) + xe,l · (pe,l + re,chp) (1)

with

re : revenue of a houshold for locally generated electricity [e]

xe,f : amount of generated electric energy fed into the grid [kWh]

xe,l : amount of generated electric energy locally used [kWh]

referred to as own-consumption

pe,f : payment for electric energy fed into the grid [e/kWh]

pe,l : avoided payment for electric energy out of the grid [e/kWh]

re,g : payment for avoided grid use [e/kWh]

re,chp : CHP bonus payment [e/kWh]

Today, the total revenue for CHP-electricity fed into the grid in Ger-
many is approximately 0.11 e/kWh while the own consumption is funded
with 0.051 e/kWh, and, depending on the customer’s tariff, causes savings
of about 0.25 e/kWh. Therefore, equation 1 shows that, out of the opera-
tor’s point of view and with the assumption of inflexible electricity prices, the
revenue-maximizing strategy is to maximize the own consumption of locally
generated electricity. Despite of the common presence of a thermal (hot wa-
ter) storage, which partly decouples thermal demand from generation, this
goal is not easily achievable because especially fuel cell micro-CHP units are
not flexible enough to follow the household’s load curve in real time. This
leads to the necessity of a cost-minimizing optimization model for the deter-
mination of an economically optimized operating strategy for the micro-CHP
unit. The availability of a battery electric vehicle reinforces this necessity due
to the significant increase of electricity consumption (typically by 30-50 % of
the yearly household electricity consumption) [10].

The optimal operating strategy is defined as the one with minimal costs C
in the considered time horizon T which is expressed in the objective function:

minC =

T∑
t


xng,t · png,t

+ xe,g,t · pe,g,t
− xe,l,t · re,chp
− xe,f,t · (pe,f + re,g + re,chp)

 (2)

whereby xng,t and png,t refer to the consumption and price of natural gas
in time step t, while xe,g,t and pe,g,t are the amount and price of electricity
obtained from the electric grid.

Of course, there are several constraints to be respected. The main purpose
of covering the local thermal demand Dth,t of the building with the CHP-unit
has to be fulfilled at every time:

xth,t ≥ Dth,t ∀t ∈ T (3)
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4 M. Schönfelder et al.

The power demand Del,t of the building has to be covered either through
the micro-CHP unit or the power grid:

xe,g,t + xe,l,t = Del,t ∀t ∈ T (4)

It is to be noted, that the amount of thermal energy xth,t is assumed
to be provided exclusively through the thermal storage, which itself is filled
by the CHP-unit at any time of operation, expressed by xchp,th,t. However,
there are maximum Smax and minimum Smin storage level constraints for
the thermal storage. The actual storage level is referred to as St and thermal
losses are summarized with the storage efficiency factor ηS .

St−1 · ηS + xchp,th,t − xth,t ≤ Smax ∀t ∈ T (5)

St−1 · ηS + xchp,th,t − xth,t ≥ Smin ∀t ∈ T (6)

The complete optimization model includes more constraints which are
mostly technical ones. However, for the purpose of this paper the reduced
mathematical description is sufficient for the traceability of the problem.

3 Short term load forecasting based on ANFIS

The necessity of household individual short term load forecasting (STLF) is
due to the non-generalizability of household load profiles. While literature
reveals a wide variety of models for short term (electrical) load forecasting on
an aggregated level (cf. e.g. [3,4]), the situation is different for approaches on
load forecasting for distinct domestic households. Although, on an aggregated
level, standard load profiles exist (e.g. in Germany the household load profile
H0), individual households strongly differ due to different daily routines and
habits. As described in chapter 2 the individual load forecast is one input of
a model for the determination of optimal CHP-operating strategies.

3.1 Short term load forecasting modeling concept

The STLF modeling concept is based on an auto-adaptive approach utilizing
a problem specific implementation of an adaptive network based fuzzy infer-
ence system (ANFIS [1]). This method provides for both the advantages of
fuzzy inference and neural networks (especially the ability of learning) and is
therefore appropriate to meet the requirements of individual STLF. Because
of the rising accuracy of STLF, the smaller the considered time horizon and
the nearer-term the learning data is, one iteration3 per day seems to be suit-
able. Hence, due to consistency reasons, in real applications the forecast data

3 One iteration: Learning based on recent load profile and forecast of future load
profile.

SMTDA           678



 

 Proceedings, 2nd Stochastic Modeling Techniques and Data Analysis International Conference 

 5 - 8 June 2012 Chania Crete Greece 

 

 

 

 

 

 

 Proceedings, 2nd Stochastic Modeling Techniques and Data Analysis International Conference 

 5 - 8 June 2012 Chania Crete Greece 

 

 

 

 

 

ANFIS based STLF for the optimization of micro-CHP operation 5
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Figure1. Structure of ANFIS (based on [1]).

Table1. Forward- and backward-pass of the hybrid learning rule [1]

Forward Backward

Premise Parameters Fixed Gradient-descent
Consequent Parameters LSE Fixed

Signals Node values Error rates

should be supplemented with standard or historic load profile data for time
slots further in the future for the subsequent optimization.

Figure 1 shows the structure of ANFIS as a composition of a fuzzy infer-
ence (FI) system and a neural network (NN). The structure of the underlying
FI system is split over five layers. All parameters of the adaptive nodes are
part of the FI system and modifiable during the learning procedure (cf. table
1) which is why this design provides for a learning FI system. The five layers
and their individual characteristics are described in the following.

Layer 1: The adaptive nodes of this layer contain the membership func-
tions as defined in the underlying FI system. The node function O1,i of each
node i in layer 1 is a membership function of the form µ : X → [0, 1]. Its
function is to fuzzify the crisp input value of each input variable. The node
function for the input value x to node i and the linguistic label Ai is:

O1,i = µA,i(x) =
1

1 +

[(
x−ci
ai

)2]bi (7)

where the membership function in this example is assumed to be bell-shaped
according to its parameters (ai, bi, ci). All parameters of the node functions
in layer 1 are referred to as premise parameters which are adapted during
the application of the so called hybrid learning rule (cf. table 1) [1].

Layer 2: The non-adaptive nodes of layer 2 represent the if-part of the
FI system. The node-value is called firing strength wi:

O2,i = wi = µAi
µBi

(8)
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6 M. Schönfelder et al.

Layer 3: Here, also non-adaptive nodes serve to normalize the node
values of layer 2. This leads to a unified weight of all rules applied. The node
values are referred to as normalized firing strengths.

O3,i = wi =
wi∑
i

wi
(9)

Layer 4: All nodes of this layer are adaptive nodes which represent
the then-part of the FI system’s rules. In the Sugeno-type FI system all
membership functions regarding the output values are linear functions. The
parameters (pi, qi, ri) of this layer are also called consequent parameters
which are modified during the forward-pass of the hybrid learning algorithm
(cf. table 1).

O4,i = wifi = wi(pixi + qiyi + ri) (10)

Layer 5: The single node of layer 5 is a non-adaptive node which serves
to determine the overall output as the weighted sum of all incoming signals.

O5 =
∑
i

wifi =

∑
i

wifi∑
i

wi
(11)

3.2 Problem specific implementation of ANFIS

Inputs: Due to security and availability reasons all input data needs to be
accessible from the location of the micro-CHP unit. Furthermore, the input
data has to have significant effect on the power demand of the building.
In our first step, the selected parameters are the ones listed below. Each
parameter’s input space is partitioned with an individual number of bell-
shaped membership functions (given in brackets). Due to the selection of
a multi-model approach (cf. following section Design), no indicator for the
day of the week is needed although it is a highly influencing parameter. The
selected parameters are:

• time (hour) (7),
• corresponding load of the week before (3),
• corresponding load of the day before (3),
• indicator of presence resp. longer absence of occupants (2).

The parameter selection is due to the lack of availability of broader test
data. Further developments may include more parameters if available which
is likely to improve forecast quality.

The inputs for the learning algorithm are recorded load profiles connected
with the corresponding input parameters. Therefore, the system needs a few
weeks for good adaption on a household after the very beginning of operation.
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ANFIS based STLF for the optimization of micro-CHP operation 7

In this first approach, the temporal resolution is set to one hour. This, on
the one hand, partly neglects the highly fluctuating character of household
loads (cf. e.g. [6]) but on the other hand is sufficient for the study’s purpose
at this early stage.

Design: As load profiles strongly differ on different type of days, the week is
split up into four groups. The first group includes the weekdays from Monday
to Thursday. Each of the other three groups covers one day of the week:
Friday, Saturday and Sunday. Based on this pre-processing, an interative
multi model approach is selected [5]. This means that for each type of day,
a distinct instance of the ANFIS-model is used which is iteratively trained
based on historical data of the corresponding group.

According to the model description in chapter 3, the input data is fuzzy-
fied through bell-shaped membership functions. The initial setting for these
functions is based on expert’s knowledge, differs for the four type of days and
covers the whole parameter’s input space. The determining parameters of
each function as defined in equation 7 are adapted within the learning proce-
dure which provides for an adaption to each household’s individual require-
ments. The rules, which are responsible for the input-output mapping are
also based on expert’s knowledge and intensive experimental studies. Owing
to the ANFIS structure, each rule incorporates one linear output member-
ship function. The parameters of these linear functions (cf. equation 10) are
adapted within the forward-pass of the hybrid learning procedure.

Furthermore, the ANFIS structure (cf. figure 1) also illustrates a great
advantage of the modeling concept, which is its expandability, e.g. with
new or actualized expert’s knowledge as well as with new load determining
parameters. It is easy to add more rules and input or output membership
functions due to the flexible structure.

4 Exemplary application

4.1 Standard Load Profile as Reference Model

The most intuitive way of ”predicting” household load curves in Germany
is to use the standard load profile for households (profile H0) which can be
easily scaled up with the historical yearly consumption of electric energy.
However, the application as forecast shows comparatively high error values.
This is due to the non-generalizability of individual household load curves in
contrast to the aggregated profile of numerous households. Therefore, the H0
profile serves as a good reference for the forecasting model in the following for
being able to asses the advantages generated through the proposed forecasting
method.
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8 M. Schönfelder et al.

4.2 Error measure

Standard error measures in forecasting like the mean average percentage error
or the root mean sqaured error do not completely reflect the purpose of
this special approach which is to meet the principal characteristic of the
household’s load profile. Therefore, a problem specific error measure is used,
which expresses the yearly deficient cover of energy (YDCE, eq. 12). It
represents the amount of energy, which is not covered by the forecast at the
correct time. Together with the comparison of the actual (AYED) and the
forecasted (FYED) yearly energy demand, this error measure is sufficient to
evaluate the quality of this special forecast. For being able to better classify
the individual results, the YDCE is also stated as a percentage of AYED (cf.
section 4.3). This improves the comparability of several results.

YDCE =

n∑
t=1

max {0, (At − Ft) · ht} (12)

AYED =

n∑
t=1

At · ht (13)

with

At : Actual loadvalue in t [kW]

Ft : Forecasted loadvalue in t [kW]

ht : Duration of time interval t [h]

4.3 Results of ANFIS application

The results of an exemplary application of the ANFIS based STLF are given
in table 2 for three different households4. The underlying load profiles cover
one year and therefore many different load situations. Moreover, it can be
assumed, that the individual consumer behaviour is fully represented with a
one year load profile.

In comparison with the reference model H0, the proposed ANFIS model
shows remarkable advantages. The yearly deficient cover of energy could be
reduced by approx. 50 % while the forecasted yearly energy demand meets
the actual value pretty good. However, the results also clearly show the
complexity of forecasting household individual loads. While forecasts on a
higher aggregated level reach deviations of smaller than 1 % (cf. e.g. [3], [4],
[11]) the model proposed only reaches 10 % at the minimum (cf. table 2).
Nevertheless, taking the available data and the preliminary state of the work
into account, the results show, that the approach is promising and delivers
significant better input data for the optimization than the standard load
profile does. Furthermore, the quality is hard to be rated due to the lack of
comparable approaches.

4 Another 30 load profiles were examined with similar results.
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ANFIS based STLF for the optimization of micro-CHP operation 9

Table2. Selected Results of Exemplary Application

Profile ANFIS H0 Actual
FYED YDCE YDCE YED

01 5,420 kWh 546 kWh (10 %) 1,023 kWh (19 %) 5,412 kWh
02 4,454 kWh 596 kWh (14 %) 1,037 kWh (24 %) 4,385 kWh
03 6,154 kWh 719 kWh (12 %) 1,314 kWh (22 %) 6,048 kWh

5 Improved operation of micro-CHP unit

This section gives preliminary and exemplary results regarding the achiev-
able improvement due to forecast-optimized micro-CHP operation in com-
parison with the heat-led operating strategy5. The household considered in
the following has 4 inhabitants, a yearly electricity consumption of 6,664
kWh (2,496 due to an electric vehicle) and a yearly thermal energy demand
of 12,448 kWh.

In case of the heat-led strategy, the only trigger which initiates the op-
eration of the micro-CHP unit is the case of a thermal energy storage level
below the defined minimum level. Due to the electrical load profile, which is
not explicitly taken into account in the heat-led strategy, the produced elec-
tricity is only used locally to the extent which is demanded just at the time
of operation. Therefore, in total, a larger part of the electricity produced is
fed into the grid. On the other hand, the optimized-strategy is based on the
individual forecast and therefore takes all available data into account. The
optimization tries to shift the times of operation to the times in which the
local electricity demand is expected to be high. Simultaneously, technical
constraints ensure the coverage of the thermal energy demand at any time.

The comparison of both strategies shows, that the optimized strategy in-
creases the own consumption by 15 % which results in additional anual saving
of approx. 102 e. Although this seems to be a small effect, the projection to
the whole economic lifetime, which is assumed to be 20 years, shows an over-
all improvement of the investment’s net present value6 of approx. 1,300 e.
This economic advantage is almost equivalent to the current governmental
investment funding for micro-CHP units with 1 kWel [12].

6 Conclusions and Outlook

The application of the approach developed already shows advantages in com-
parison to a heat led operation of micro-CHP units. However, the forecasting

5 The unit assumed has a maximum electrical power of 1.2 kW and a corresponding
thermal power of 2.4 kW. Furthermore, three different points of operation are
assumed: 0 %, 50 % and 100 % of maximum power.

6 Assumed discount rate is 5 %.
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10 M. Schönfelder et al.

quality still needs to be improved to justify the application in practice and
to generate a reliable input for the optimization. Nevertheless, the appli-
cation of intelligent and adaptive techniques for household individual load
forecasting could be proved as a promising concept for the improvement of
micro-CHP operation. This was demonstrated in an exemplary application
for a real household with a time horizon of one year.

Future research will be concentrated on the identification of further in-
fluencing parameters to be used as input data and hence to improve forecast
quality. Moreover, the selection and the initial settings of the membership
functions needs to be further investigated. Another research question which
will be dealt with, is the comparison of the model with other forecasting
methods such as regression approaches or various kinds of neural networks.
Regarding the overall concept, a subsequent simulation will be developed,
which will give full information about the effects of forecasting errors on the
stability of optimized operating strategies.
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Abstract: There is a world-wide need for the development of sustainable management 
strategies to control pest infestation and the development of phosphine (PH3) resistance in 

lesser grain borer (Rhyzopertha dominica). Computer simulation models can provide a 

relatively fast, safe and inexpensive way to weigh the merits of various management 

options. However, the usefulness of simulation models relies on the accurate estimation of 
important model parameters, such as mortality. Concentration and time of exposure are both 

important in determining mortality in response to a toxic agent. Recent research indicated 

the existence of two resistance phenotypes in R. dominica in Australia, weak and strong, and 

revealed that the presence of resistance alleles at two loci confers strong resistance, thus 
motivating the construction of a two-locus model of resistance. Experimental data sets on 

purified pest strains, each corresponding to a single genotype of our two-locus model, were 

also available. Hence it became possible to explicitly include mortalities of the different 

genotypes in the model. In this paper we described how we used two generalized linear 
models (GLM), probit and logistic models, to fit the available experimental data sets for 

stochastic simulation of pest control. We used a direct algebraic approach generalized 

inverse matrix technique, rather than the traditional maximum likelihood estimation, to 

estimate the model parameters. The results show that both probit and logistic models fit the 
data sets well but the former is much better in terms of small least squares (numerical)  

errors. Meanwhile, the generalized inverse matrix technique achieved similar accuracy 

results to those from the maximum likelihood estimation, but is less time consuming and 

computationally demanding. 

Keywords: mortality estimation, probit models, logistic model, generalized inverse matrix 

approach, pest control simulation.  

1 Introduction  

The lesser grain borer, Rhyzopertha dominica, is a very destructive primary pest of 
stored grains. Fumigation with phosphine (PH3) is a key component in the 
management of the control of infestations of the pest world-wide. However heavy 
reliance on PH3 has resulted in the development of strong resistance in several 
major pest species including R. dominica. Computer simulation models can provide 
a relatively fast, safe and inexpensive way to weigh the merits of various 
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management options. But the usefulness of simulation models relies on the accurate 
estimation of important model parameters.  

In previously published modelling research “survivorship was not explicitly 

included in the model because adequate data were not available” (Hagstrum and 

Flinn, 1990) , and thus a simple single gene model was used. However, fumigant 

response analyses of PH3 resistance in R. dominica in Australia have now indicated 

two resistance phenotypes, which are labelled Weak and Strong Resistance 

(Collins, 1998). The genetic linkage analysis undertaken by Schlipalius et al. 

(2006, 2008) indicated that two loci confer strong resistance. Thus we constructed 

a two-locus model of resistance having nine possible genotypes. The experiments 

in Collins et al. (2002, 2005) then performed a series of mortality rate experiments 

on insects that had been purified to produce strains; each corresponding to a single 

genotype of our two-locus model. The results of these experiments were confirmed 

in field trials and are the basis for the current rates used to control resistant insects 

in Australia. These experiments differ from others (e.g. Pimentel at al, 2007)  

where insects are population samples from the field that contain various mixtures 

of resistance genes. Hence it becomes possible now to explicitly estimate 

mortalities for the available strains (corresponding directly to specific genotypes).  
 

Phosphine concentration and time of exposure are both important in determining the 
intensity of response to a toxic agent. In practice, a fumigation treatment needs to 
fix the initial concentration or dose C (mg/l) and exposure time t. The ability to 
estimate mortality or survival rate (1 – mortality) at a range of concentrations and 
exposure times based on experimental data is critical for the development of 
accurate simulations and management recommendations.  

In this paper we described how we used two models, probit and logistic models, to 
fit data sets from Collins et al experiments (2002, 2005) for three strains QRD14, 
QRD569 and their Combined F1 (QRD14×QRD569) which corresponds to three 
genotypes ss (with both loci homozygous susceptible), rr (with both loci 
homozygous resistant) and hh (with both loci heterozygous) respectively (Shi at al, 
2002a). We also compared the least squares errors between observed mortalities and 
predicted ones obtained using the two models.  

2     Method and Material 

In statistics, the generalized linear model (GLM) in the form of  

      Y = a+b1x1+ b2x2+…+ bkxk,                                                                      (1) 

is a flexible generalization of ordinary least squares regression that allows the linear 
model to be related to the response variable via a link function and the magnitude of 
the variance of each measurement to be a function of its predicted value (Dobson 
and Barnett, 2008). GLM includes ordinary linear regression, Poisson regression, 
logistic regression and probit regression. We used probit and logistic models to fit 
the experimental data sets. for the other two genotype beetles). 

We did not employ the statistical iterative approach – maximum likelihood 

estimation, but instead, used a novel algebraic direct approach – generalized 
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inverse matrix technique, to estimate the model parameters (Shi and Renton, 2011).  

This method has advantages over other methods: it is simple with only one key 

command, provides a more accurate estimate of parameters, and even if the 

coefficient matrix of the over-determined linear system is not numerically 

(column) full ranked it will still work and yield a solution with minimum error in 

the L2 norm sense (Ben-Israel and Greville, 2003).  

 
2.1     Probit models 

The probit (meaning “probability unit”) link function Φ(P) (Y = Φ(P)+5) is the 
inverse cumulative distribution function (CDF) associated with the standard normal 
distribution (Bliss, 1940; Finney, 1971): 






 
5

21 }2/exp{
2

1
)5(

Y

duuYP


                                      (2)                                                                       

Note that “plus 5 to Φ(P)” just makes sure all Y values are positive in practice, 
otherwise the parameter a in the following probit models differ by 5, with other 
parameters unchanged. 

Using a three-parameter probit model (Bliss, 1940), a probit plane     

          
Y = (Φ(P)+5 =)  a+b1 log(t)+ b2 log(C)                                                            (3)                                                                        

may be fitted to the data, where t and C are respectively exposure time and 
concentration, and Y is the probit mortality.   

In the case that the available independent data consist only of the products Ct (e.g. a 
range of C but a fixed constant time t), rather than separate independent values for C 
and t, the parameters b1 and b2 can be merged into a single parameter, b (two-
parameter probit model): 

Y = a+b log(Ct)                                                                                                 (4)                                                                                                                        

Whether common logarithms (base 10) or natural logarithms (base e) are used in 
probit models is immaterial because it only scales the estimated value of b.  

An extra term b3 log(t) log(C) can be added to describe the interaction of the 
variables t and C, thus obtaining a four-parameter probit model                                                                                         

Y = a+b1 log(t)+ b2 log(C) +b3 log(t) log(C)                                                     (5)  

2.2   Logistic models   

The most typical link function for logistic models is the canonical logit link: (To 
distinguish the two models we use z instead of Y in Eq. (1)) 

z=Ψ(P)=ln[P/(1-P)] or P=Ψ
-1

(z)=1/(1+e
-z
)                                                      (6) 

where P is the same P shown in Eq. (2). In this case the linear predictor z is not 
translated by 5. The two-parameter and four-parameter logistic models 
corresponding to Eqs (4) and (5) are respectively, 

z = a+b (Ct)                                                                                                       (7) 
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z = a+b1 (t)+ b2 (C) +b3 (Ct)                                                                              (8)   

2.3    Generalized inverse matrix approach 

Algebraically, when any one of the above models is fitted to a data set, we have an 
over-determined system of linear equations with respect to the parameters to be 
estimated. For example, for the model (3), the N equations with 3 variables (a, b1, 

b2) corresponding to the data set {Yi ; ti, Ci }
N

i 1  are as follows: 

Yi =1· a+ [log(ti)]· b1+ [log (Ci)]· b2 (i = 1,2,…,N) .                                      (9) 

The matrix form of the above equations is Ax = b where x = (a, b1, b2)
T
,  

 

and b =
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The method of least squares is often used to generate estimators and other statistics 

in regression analysis (Wolberg, 2005). If a solution minimizes 
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where 
~

iY = )log()log( 21 ii Cbtba  is the i
th
 predicted value, then the solution is 

called a Least Squares solution. Normally, the least squares method can be used to 
solve the regularized equations of Ax = b, i.e. A

 T
Ax =A

T
b, provided that A

 T
A is 

invertible. Actually, if we let A
+ 

be the generalized inverse of matrix A, then A
+
b is 

such a solution (Ben-Israel and Greville, 2003). Note that if A is a non-singular 
square matrix then A

+ 
= A

–1
. If A is column full-ranked, then A

T
A is non-singular and 

A
+
 = (A

T
A)

 –1
A

T
. But while this equation could theoretically be used to calculate A

+
, 

it is of limited practical use for calculating A
+
 numerically, because using QR 

decomposition or singular value decomposition (SVC) to obtain A
+ 

will give much 
smaller numerical errors than direct calculation of (A

T
A)

 –1
A

T
 (Ben-Israel and 

Greville, 2003). 

2.4    Neatened raw data sets 

Collins et al. (2002) observed mortalities under a range of phosphine concentrations 
(C: mg/l) at exposure time (t) 48 hr for susceptible (strain QRD14 – corresponding 
to genotype ss) and strong resistant (strain QRD569 – rr) phenotypes and their 
combined F1 progeny ((569×14)+(14×569) – hh). The neatened raw data are listed 
in Table 1. Note that if the response (kill) rate is P = 1 or 0 then we should give 
them a small perturbation (e.g. from 1 to 0.9999 or from 0 to 0.0001). Otherwise the 
corresponding probit or logit value is undefined.  

The LT99.9 values (lethal time to achieve 99.9% mortality) are as follows: 





















NN C

C

C

t

t

t

A

log

log

log

log

log

log

1

1

1

2

1

2

1



SMTDA           688



 

 Proceedings, 2nd Stochastic Modeling Techniques and Data Analysis International Conference 

 5 - 8 June 2012 Chania Crete Greece 

 

 

 

 

 

 

 Proceedings, 2nd Stochastic Modeling Techniques and Data Analysis International Conference 

 5 - 8 June 2012 Chania Crete Greece 

 

 

 

 

 

    C:        0.1,      0.15,    0.2,       0.3,     0.4,    0.5,      0.75,    1.0 

    LT99.9: 14.02,  12.74,  8.509,  7.144,  6.55,  5.628,  4.233,  3.74                       (12)                                    

These values are derived from the experiments of Collins et al. (2005) who 
observed data for strain QRD569 which was exposed to a series of fixed 
concentrations from 0.1 to 1.0 mg/l for a range of exposure periods. 

Table 1.  The data of phosphine dose and the aggregate response mortality rate for 

the genotypes ss, hh and rr at fixed exposure time t = 48 hrs (Collins at al, 2002) 
 

QRD14 (ss) 

Dose (mg/l) 0.001  0.0015 0.002  0.003  0.004   

Mortality  0.0201 0.32 0.7047 0.9733 1.0000  

Comb F1 (hh) 

Dose (mg/l) 0.0025 0.004 0.005 0.0075 0.01 0.02 

Mortality  0.0000 0.3445 0.3940 0.8047 0.8591 0.9868 

QRD569 (rr) 

Dose (mg/l) 0.1 0.25 0.5 1.0 1.25  

Mortality  0.0000 0.0200 0.2254 0.5203 0.5705  

 

The two-parameter probit model (4) and logistic model (7) were used to fit the data 

sets for ss and hh since only one exposure time was available. The four-parameter 

probit model (5) and logistic model (8) were used to fit the two data sets for rr 

genotype (Collins at al, 2002, 2005) since different combinations  of exposure time 

and concentration were available, allowing their interaction  to be considered and 

more accurate results obtained. Note that t (hrs) values used to fit the two data sets 

are: t = 24×(2, 2, 2, 2, 2, 14.02, 12.74, 8.509, 7.144, 6.55, 5.628, 4.233, 3.74) 

(Table 1 and (12)).   

 

3    Results and conclusion 

The fitted parameters and least squares errors between observed and predicted 
mortalities (see Eq. (11)) obtained from the two models are listed in Table 2. Also 
mortality curves (against doses) for the three strains are plotted in Figs 1, 2 and 3.   

It can be seen from Table 2 and Figs 1 and 2 that the sigmoid curves have the same 
shape for the ss and hh genotype insects and the predicted mortalities at the 
experimental doses obtained using probit and logistic models are both close to the 
observed values. 

The mortality curves for the rr insects show that the predicted values from the probit 
model are closer to the observed ones than those from logistic model.  

The least squares errors (Table 2) from the logistic models are all more than those 
from the probit models; about 4 times for the hh beetles, 10 times for the rr beetle 
and 54 times for the ss beetles.  
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Table 2. The fitted two parameters for the strain QRD14 (ss) and Comb F1 (hh) and 
four parameters for QRD569 (rr) with the least squares errors between observed and 
predicted mortalities obtained using probit and logistic models.  

 

 

 

 

 

 

 

 

a)                                                                               (b) 

 

(c)                                                                               (d) 

 

Fig.1.  Observed mortalities and predicted mortalities by probit and logistic models 
(a) for the strain QRD14 (ss) (b) for the strain Comb F1 (hh)  (c) for the strain 
QRD569 (rr). (d) Probit lines obtained using probit model with generalized inverse 
approach (Gnr Inv Matrix) and maximum likelihood estimation. 

 Model and fitted parameters 

Strain  Probit Logistic 

QRD14 Y = 14.0963+ 8.4248[ log(Ct)] z = -6.4461+ 70.5897(Ct)   

CombF1  Y =   7.6101+ 4.7740[ log(Ct)]        z = -3.0425+ 8.5558(Ct)  

QRD569 Y = -11.8492+ 10.0363 log(t) 

      -3.4563 log(C)  

      + 3.6357 log(t) log(C) 

z = -4.9769+ 0.0193(t)  

   -4.6877(C) + 0.1741(Ct) 

 Least squares error 

QRD14 0.00054 0.02924 

CombF1  0.03368 0.14878 

QRD569 0.00325 0.03357 
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The two probit lines for QRD14 are close to each other (Fig. 4). But it can be seen 
from comparing the least squares errors that the generalized inverse matrix approach 
has smaller numerical error (for the predicted probit values) in the sense of formula 
(11): 0.2214 compared with 0.3850 (maximum likelihood) for the ss beetles (also 
for the other two genotype beetles). 

To sum up, both probit and logistic models fit the data sets well but the former is 
much better in terms of small least squares (numerical) errors. Meanwhile, the 
generalized inverse matrix technique and the maximum likelihood estimation 
achieved similar accuracy, but the former is a direct algebraic approach and easy to 
use while the latter is an iterative approach that is more time consuming and 
computationally demanding.  

We used Eqs. (4) and (5) to predict mortalities for our stochastic individual-based 
two-locus models in our previous studies (Shi et al, 2012a, 2012b). Whether the 
beetle survives through the day during a period of fumigation is determined by 
whether a generated uniformly distributed random number ≤ the survival probability 
SVxy, where xy is the genotype of the beetle. 
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Abstract: In our article is shown that no matter how good is the organization of the 

enterprises in stock market, sooner or later some financial and organizational difficulties 

will appear. Hence, the idea of assigning the analytical form of the logistic law based on 

selected financial data, enabling the determination of the cycle phases and their changes has 

appeared. The presented proposal of determining the stock market cycle of life and the 

model of forecasting has been tested on financial data of selected stock market (S&P 500).  

This paper is part of Siedlecki’s grant. 

Key words: Law of Growth, Forecasting, Stock Market, Econometrics 

 

1 Introduction 
 

In theory of economy there is a view that each manufacturing activity is subjected to the 

logistic growth law, its forms are e.g. the law of decreasing income from farming or the 

law of relatively decreasing efficiency of expenditure. The above mentioned laws are 

based on experience and empirical research and lead to the conclusion that each 

manufacturing activity depends on the quantity of expenditures and the technological 

process used. You can say that in a given technological process after the beginning, which 

is characterized by a slow growth, the increase of expenditures causes the dynamic 

growth of effects to the maximum. From that moment on the growth of effects is smaller 

and smaller until its total disappearance. After that period, a rapid decrease can happen in 

some cases. Similar relations can be found in sciences concerning enterprises, where we 

talk about a limited growth of interest and the sale of a given product (product life cycle), 

or a limited growth of a market indexes. In each case we deal with the phases of growth 

that can be identified. 

 

2 Using the logistic and log-logistic functions to model logistic 

growth 
 

2.1 Law of logistic growth  
 

In theory of economy there is a view that each manufacturing activity is subjected 

to the logistic growth law, its forms are e.g. the law of decreasing income from 
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farming or the law of relatively decreasing efficiency of expenditure. The above 

mentioned laws are based on experience and empirical research and lead to the 

conclusion that each manufacturing activity depends on the quantity of 

expenditures and the technological process used. You can say that in a given 

technological process after the beginning, which is characterized by a slow growth, 

the increase of expenditures causes the dynamic growth of effects to the maximum. 

From that moment on the growth of effects is smaller and smaller until its total 

disappearance. After that period, a rapid decrease can happen in some cases. 

Similar relations can be found in sciences concerning enterprises, where we talk 

about a limited growth of interest and the sale of a given product (product life 

cycle), or a limited growth of a market share. In each case we deal with the phases 

of growth that can be identified. 

In case of the companies, we can say that their development is identified with the 

sale intensification. The cycles phases are also visible (noticeable) in income from 

sale and of course in incomes. The company’s quantity of revenue is inextricably 

linked with the change of the capital engaged by a company, cycles of market 

conditions in sector and economy and the life of a product. According to e.g. Julius 

Grodinsky
1
,  when a new business appears on the market, many enterprises try to 

enter it in its early and quick stage of development. Next stage is the time of 

domination of the strongest enterprises and elimination of the weakest ones. Strong 

(rapid) increase is characteristic of that stage, though it’s slower than in its early 

stage. According to Grodinsky’s proposal first stage is a pioneering stage and the 

second is an expansion stage. In the final stage the business in expected to stop 

growing and remain stable for some time or to be liquidated. 

 
Fig. 1. Indexes shaped in time on selected markets example       

Source: Own study 

                                                 
1 See Grodinsky J., „Investments”, The Roland Press 1953 r., New York  Part II. 
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Fig. 2. GPD shaped in time on selected countries example       

Source: Own study 

 

To identify the stages of market and economy development we need for example 

economic indicators like GDP or stock market indexes of prices.  

We can say that the values of the above mentioned financial parameters are linked 

with markets. Depending on the cycle phase, the growth of those data is different. 

In the early stage the value of the above mentioned data is not big and their growth 

rate is little. After some time the markets or economy enters the phase of crisis or 

enters the phase of intensive growth. At this stage exponential data growth such as 

GDP or indexes appears. The growth in time is smaller and smaller and the market 

enters the stability stage. We can notice that if the market is stable the shape of the 

index takes usually the form of logistic curve. Fig.s 1 and 2 show example of GDP 

and stock indexes. All data used in this paper were changed to log values. 

Phases of market and economy cycle can be isolated in all those examples. All of 

them have undergone the early and intensive growth stage. All of them have also 

undergone slight growth retardation.  

 

 

2.2 Logistic and log-logistic function 
 

Logistic function is mathematic expression of logistic growth law. This function is 

most frequently used to describe economic or natural phenomena. It’s the only 

solution of a differential equation called, in economy, the Robertson’s law: 

( ),yay
a

c

dt

dy
−

−
=  

SMTDA           695



 

 Proceedings, 2nd Stochastic Modeling Techniques and Data Analysis International Conference 

 5 - 8 June 2012 Chania Crete Greece 

 

 

 

 

 

 

 Proceedings, 2nd Stochastic Modeling Techniques and Data Analysis International Conference 

 5 - 8 June 2012 Chania Crete Greece 

 

 

 

 

 

 

on initial condition: 

( )
be

a
y

+
=

1
0 . 

And is expressed by following formula : 

ctbe

a
tf

−+
=

1
)( . 

Where: a > 0, b > 0, c > 0 

 

Logistic curve is a simple and universal, universally used and tolerably reliable 

tool of constructing the distant economic forecasts. At the same time it is also the 

way of measuring, observing and analyzing the efficiency and great complexity 

technical devices effectiveness or large scale economic systems. 

This function has two asymptotes y = 0 and y = a, assigning the interval of 

variability of a given process. The upper determines the saturation level. The 

function has one inflexion point separating the phase of accelerated growth form 

the phase of decreasing growth rate. Another important characteristic of logistic 

function is its great flexibility, which allows for very good approximation of the 

empirical data. The function is perfect for identifying the early stages of company 

development, i.e. from the origin phase through the intensive growth phase to the 

stagnation phase. However it has one serious defect, which is the horizontal 

asymptote limiting the growth.    

It is a well-known fact that after the intensive growth of the values of financial data 

mentioned above we have either collapse or slow increase. 

In many economic and financial cases it turns out that the logistic function doesn’t 

work, it concerns mainly “unlimited growth” phenomenon. As we know, quantities 

such as GDP, stock market indexes, salaries in enterprises, sales or company value 

(it is well known that the aim of a company is to maximize its value in a long term) 

cannot be limited. If their value does not decrease rapidly after the intensive 

growth phase, then it is followed by a slow increase (its rate should fall to zero) 

   The way to eliminate the logistic function limited growth defect is to modify the 

function by introducing the ln(t) factor. The modified  function is called log-

logistic function (logarithmic-logistic). The function was proposed by Z. Hellwig
2
 

and is expressed by the following formula:    

 

ctbe

ta
tf

−+
=

1

ln
)( , 

where a > 0, b > 0, c > 0 

 

When examining the function variability graph, we can show its basic properties  

 

                                                 
2 Hellwig Z., Siedlecki J., „Krzywa log logistyczna, jej własności i wykorzystanie w 

prognozowaniu rozwoju procesów społeczno-gospodarczych”, Prace Naukoznawcze i 

Prognostyczne 4 1989 r.   
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and for t1 < t2 

12 1

ln

1

ln
12

ctbctb
e

ta

e

ta
−−

+
>

+
 

0>
dt

dy
, for t ≥1    

 

As we can see log-logistic function is the function growing constantly in whole 

business. It doesn’t have extreme points and is always negative. 

 

0>
dt

dy
, for t ≥ 1. 

 

Log-logistic and logistic functions allow for far extrapolation of time series. It has 

significant meaning in  forecasting of market phases of development using the 

logistic growth law e.g. value of index or turnover.   

 
Fig. 3. S&P 500 and its forecast 

Source: Own study.  

The application of log-logistic function to define and forecast S&P 500 index has 

been shown in Fig. 3. The fig. shows smoothing data from 1964-2008 and 

forecasting of the value of the index from period 2009-2011, drawn up using the 

discussed log-logistic function up to the pattern: 
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4,37
1

ln0,7898967
)(

0,18058964,634293
+

+
=

− t
e

t
tf , 

 

The coefficient of determination for the function is R
2
= 0,98. 

The forecast errors are like this: 

 

MPE MSE 

5,24% 0,400016 

 

S&P 500 entered the stable, “decreasing” phase of sales growth in 2002 – 2003. 

Market started (after oil crisis) the intensive growth phase in 1973 – 1974.  

 

2.3 Determining the phases of logistic growth  
 

When forecasting and determining the phases of market development cycles using 

the log-logistic function, we should pay special attention to the determination of 

characteristic points. Points of inflection and points indicating changes: the early 

stage into intensive growth stage and intensive growth stage into stable stage are 

the most important ones. 

The logistic function has one point of inflection which is often close to the middle 

of intensive growth phase. The log-logistic phase has usually two points of 

inflection, where first point is of a less importance in shaping the growth cycle, and 

the second point, just like in logistic phase, usually indicates the middle of the 

intensive growth phase. Points of inflection in both functions indicate the change 

of function  convexity (from convex into concave) which is the change of growth 

rate. To determine the points of inflection we should determine zero points in the 

second derivative by solving the following equation:  

  

- For logistic function 

( ) ( ) ( )
0

23
2

3

32

2

22

=
+

−
+

−
+

bct

b

bct

b

bct

b

ee

eac

ee

eac

ee

eac
, 

 

- For log-logistic function 

 

( ) ( ) ( )
( )

0
1

112ln1
32

222

=
+

+−+−−
−

−−−−−

ctb

ctbctbctbctbctb

et

eecteteetc
a . 

As we can see, the forms of these derivatives do not allow for easy determination 

of zero points depending on b and c parameters. A parameter does not have 

influence on zero point. 

Using the analytical and expert (used to determine the point of transition to the 

intensive growth phase) methods we can determine the moments of changes of the 

cycle phases.   
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When the company managers determine the moment of transition to the intensive 

growth phase, they can try to match the logistic or log-logistic functions to the data 

they have. The moment is significant because misjudgment of the situation can 

cause a lot of errors. Matching the function is extremely difficult, we do not know 

how a market will behave in the future. Some historical data can be helpful and 

useful in many cases. Knowing the analytical form of one of some functions 

(screenplay method), and (using the expert method) the market moment of 

transition into the intensive growth phase, we can also determine the moment of 

transition into the stagnation stage.  

In order to do that we assume that derivative I is identical in both moments. 

Example 1 illustrates the determination of the moment of transition from the 

intensive growth phase and point of inflection.  

First derivatives of logistic and log-logistic functions are as follows: 

- logistic function:   

( )2ctb

ctb

ee

ace

dt

d

+
=

+

, 

 

- log-logistic function: 

( )21

ln1
ctb

ctbctb

et

tctee
a

dt

d
−

−−

+

++
=  . 

Example 1 

Let’s assume that given is following log-logistic function for S&P 500, illustrating 

the growth phases of US stock market in years 1964-2011: 

37,4
1

ln0,7481301
)(

0,1981534,9277
+

+
=

− t
e

t
tf . 

The coefficient of determination for the function is R
2
= 0,975. 

 

Its derivative has the following form: 

 

( )20,1981534,9277

0,1981534,92770,1981534,9277

1

ln0,1981531
0,7481301)('

t

tt

et

ttee
tf

−

−−

+

++
= . 

 

 

Moment of transition into the intensive growth phase, determined using expert 

method, equals t=16 (1979). If the assumption, that derivative I in that moment is 

the same as in the moment of transition into the stagnation phase, is true, we 

determine by solving the equation:  

dt

tdf

dt

df )()16(
=  

where 

 

               0,058457
)16(
=

dt

df
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We get two solutions, where the first is a point determined using the export 

method, which means: t1= 16 (1979), and t2= 37 (2000).  

 

 
Fig. 4 Points of inflection and points of market phases change of log-logistic 

function 
( )20,1981534,9277

0,1981534,92770,1981534,9277

1

ln0,1981531
0,7481301)('

t

tt

et

ttee
tf

−

−−

+

++
=  

Source: Own study.  

 

To determine the point of inflection the following equation should be solved: 

 

0
)('
=

dt

tdf
, 

where 

( )
( )

( ) ( )
( )30,1981534,92772

20,1981534,92770,1981534,92770,1981534,9277
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0,1981534,92770,1981534,927722
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110,1981532

1

ln10,198153
0,7481301)("

t

ttt

t
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−−−
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−

−
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−
=

 

We get here two solutions t1 = 7 (1970) and t2 = 24 (1987). In t1 and t2 points 

change of growth rate takes place. 

  

 

point of inflection 

change into intensive growth stage 

point of inflection 

change into stable growth stage 
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2.4 Using complementary trend (stopgap) to model crisis and re-recovery  

phases 

Logistic and log-logistic functions are useful when we describe markets with a 

correct development, which do not undergo any crisis. As we know, in a long term 

period, many markets undergo crisis, which can be connected with organizational 

problems, economic or branch recession. It leads to slump in logistic growth law, 

in that case, a given log-logistic function does not give correct estimation. We can 

distinguish the following periods in companies undergoing crisis: 

- pre-critical, 

- critical, 

- post-critical.  

We can use the log-logistic function (trend) to analyze and model a pre-critical 

situation. In each market a critical situation has a destructive influence on a market 

index or other financial parameters. 

After the crisis in most cases we cannot use the same curve to model further 

trajectory. If a market is unable to recover after the slump then it goes to crisis. 

When a market recovers from crisis then a growth takes place. The 

“convalescence” period can be longer or shorter, depending on the depth of the 

crisis and the effectiveness of anti-crisis activities.  

The curve (function) used to model the post-critical situation, completing the 

destroyed log-logistic curve, or in other words function replacing the existing log-

logistic function, can be called the completing trend or stopgap. The stopgap 

should have following qualities: 

- should linearly depend on three parameters, 

- must be monotonic function, 

- should have decreasing derivative at unlimited growth 

A modified hyperbolic function (log-hyperbolic) in a following form:  

2
)ln()(

t

c

t

b
tatf ++=  

can be an interesting proposal of a surrogate. 

Thanks to the modification the function meets all assumptions mentioned above. 

Just like the log-logistic function it is monotonic and appropriately flexible, but it 

doesn’t have the point of inflection, so it is characterized by unlimited decreasing 

growth. 

The complementary trend application has been shown using the example of 

changes of S&P 500 index (see fig. 5). In 1987 US stock market faced the critical 

situation, what influenced the value of the index and other financial parameters.     

Log-logistic function was a very good matching to (until) 1987 

37,4
1

ln112,1208
)(

0,1532899,339098
+

+
=

− te

t
tf . 

After the slump a new log-logistic function was applied as a stopgap: 

 

4,6
1

ln0,5606093
)(

0,45281372,487783
+

+
=

−− t
e

t
tf . 
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Fig. 5. Log-logistic function with a complementary trends for S&P 500 

Source: Own study 

 

Fig. 5 shows examples of complementary trends for a given log-logistic function 

Log-logistic function and its stopgap have been determined on the basis of 1988-

2011 data. As shown in the figure the market index entered a new trajectory after 

the critical situation. In that case the critical situation was only transitory and after 

it the market entered the stable growth phase. 

 

3 Conclusion 
 

From presented examples we can derive some concluding remarks: 

- log-logistic function is very good tool to smoothing time series 

because is monotonic and flexible, 

- log-logistic function allows for far extrapolation of economic and 

finance time series,  

- it is important in forecasting of economy and phases of financial 

development when using the logistic growth law,  

- it is very good tool to estimate the warning signals. 

 

SMTDA           702



 

 Proceedings, 2nd Stochastic Modeling Techniques and Data Analysis International Conference 

 5 - 8 June 2012 Chania Crete Greece 

 

 

 

 

 

 

 Proceedings, 2nd Stochastic Modeling Techniques and Data Analysis International Conference 

 5 - 8 June 2012 Chania Crete Greece 

 

 

 

 

 

 

References 

1. Berstein J., The Analysis Forecasting of Long-Term Trends,  Probus Books,  

Chicago (1989). 

2. Burns A., Mitchell W., Measuring Business Cycles, NBER, New York (1946).  

3. Grodinsky J., Investments, Part II, The Roland Press, New York  (1953). 

4. Hellwig Z., Siedlecki J., Krzywa log logistyczna, jej własności i wykorzystanie 

w prognozowaniu rozwoju procesów społeczno-gospodarczych, Prace 

Naukoznawcze i Prognostyczne 4, (1989). 

5. Makridakis S., Wheelwright S.C., Forecasting Methods for Management, 

Wiley J. and Sons, New York (1989).  

6. Papla D., Przykład zastosowania funkcji powiązań w badaniu zarażania rynków 

finansowych, Zeszyty naukowe nr 616 (2010). 

7. Prescott R.B., Law of Growth in Forecasting Demand, Journal of the American 

Statistical Association, Vol. 18, No. 140 (1922).  

8. Siedlecka U., Prognozowanie ostrzegawcze w gospodarce, PWE (1996). 

9. Siedlecki R., Finansowe sygnały ostrzegawcze w cyklu życia przedsiębiorstwa, 

C.H. Beck, Warszawa (2006). 

10. Siedlecki R., Słoński T., Prognozowanie stopy wzrostu przedsiębiorstwa na 

podstawie danych finansowych, AE (2001). 

11. Stanisz T., Funkcje jednej zmiennej w badaniach ekonomicznych, PWN (1986).  

12. Thieme J., Zarządzanie na trudne czasy, raport Conference Board, Warszawa 

(2002).  

SMTDA           703



 

 Proceedings, 2nd Stochastic Modeling Techniques and Data Analysis International Conference 

 5 - 8 June 2012 Chania Crete Greece 

 

 

 

 

 

 

 Proceedings, 2nd Stochastic Modeling Techniques and Data Analysis International Conference 

 5 - 8 June 2012 Chania Crete Greece 

 

 

 

 

 

SMTDA           704



 

 Proceedings, 2nd Stochastic Modeling Techniques and Data Analysis International Conference 

 5 - 8 June 2012 Chania Crete Greece 

 

 

 

 

 

 

 Proceedings, 2nd Stochastic Modeling Techniques and Data Analysis International Conference 

 5 - 8 June 2012 Chania Crete Greece 

 

 

 

 

 

The Optimal Allocation of Human Resources using 

Multivariate Data Analysis 

 
Andrea Spingola 

 
Revenue Agency, Rome, Italy 

Email: andrea.spingola@agenziaentrate.it 

 

Abstract: The aim of this paper is the description of a model that calculates the optimal 

allocation of human resources among the Provincial Directorates (PD) in the Italian 

Revenue Agency. The procedure adopts a multidimensional approach and takes into 

account several aspects that impact on the activity of the PD. 

The Principal Component Analysis (PCA) is used to synthesize five variables 

representing the size of the catchment area and the economic conditions of each 

geographical area. On the basis of the PCA a theoretical distribution of employees is 

obtained, under the assumption that this distribution has the same mean and the same 

standard deviation of the actual one. 

A cluster analysis, based on 40 variables, is used to group the PD into 8 homogenous 

clusters. Each cluster is characterized by a different degree of “complexity” in  fiscal 

services activities and in performing auditing. According to the different degree of 

“complexity” a specific correction factor is calculated in order to redress the theoretical 

distribution. The obtained allocation is the optimal one because it’s the best we can get, 

given the workload of each PD and the dangerousness of each cluster. 

Keywords: Multivariate data analysis, Factor analysis, Principal components analysis, 

Cluster analysis.  

 

1. Introduction 

 
The Italian Revenue Agency has mainly two objectives: provide fiscal services 

activities and perform auditing and it is composed of 111 Provincial 

Directorates (PD). This paper describes a model to calculate the optimal 

allocation of employees among the PD.  

At first, to calculate this allocation, we considered the theoretical workload of 

each PD. To quantify the theoretical workload we used  the following 

variables: 

 

• Number of tax returns for employees; 

• Number of tax returns for self-employed; 

• Number of  corporate and non-profit companies;  

• Number of  Acts recorded; 

• Value Added (Source: Italian Institute of Statistics). 

 

In a few words, we considered the variables that describe the size of the 

catchment area and the economic conditions of each geographical area. With 
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the use of the Principal Component Analysis (PCA) a synthetic indicator of the 

workload of each PD has been calculated, from which we obtained the 

theoretical employees, according to the methodology showed in the third 

paragraph. 

Furthermore, in a second step, the result obtained through the PCA was 

corrected by considering the different degree of “complexity” in providing 

fiscal services and performing auditing in each PD. For this purpose, we used 

the results of a cluster analysis (Carbone et al, 2010) and, after the correction, 

we obtained the optimal allocation of employees. 

 

2. Building a composite indicator 

The fundamental theoretical problem in this paper is the synthesis of several 

indicators into a composite indicator. The basic approach consists in uniform 

weighing, for example through an un-weighted geometric mean. This 

methodology was originally developed in a research on infrastructures 

promoted by the European Commission and was subsequently adjusted in 

several other studies (Mazziotta et al., 2010). 

The synthesis with the Wroclaw taxonomic method, originally developed at the 

University of Wroclaw in the 50's, is used especially for the development of 

economic and social indicators (Mazziotta et al., 2010). It develops the 

composite index by calculating the distance of each unit from one that 

represents the maximum value (in absolute value) for each indicator; summing 

the distances of each indicator we have a summary measure that provides the 

ranking among the units. It is not possible, however, to quantify the distance 

between two units. 

In the method of penalty coefficient of variation (Mazziotta and M. Pareto, 

2007), after standardized indicators, we calculated the mean and coefficient of 

variation for each territorial unit. The introduction of a "penalty", proportional 

to the coefficient of variation, helps to correct this mean. 

The analysis of the correlation allows an aggregation of the indicators in pairs 

with a decreasing weight as the Pearson correlation coefficient grows up. In the 

extreme case of perfect collinearity, the synthetic indicator could also be 

represented by a single indicator (Nardo et al., 2005). 

The methodology Benefit of the Doubt (BOD), originally proposed to retrieve 

an efficiency frontier (Charnes et al, 1981) is an application of Data 

Envelopment Analysis (DEA), recently adapted to the theory of indicators 

(Cherchye et al., 2008). However, it greatly depends on the type of 

normalization of the indicators and comparisons in time series are not possible 

(Rinaldi et al., 2008). 

The objective of the exploratory factor techniques (Bolasco, 2002) is to reduce 

the multidimensionality of the matrix, through the transformation of data into 

new variables (factors) uncorrelated with each other, and to build synthetic and 

undetectable dimensions (factorial axes),  characterized by a continuum, which 
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represent the interpretative models of the phenomenon. The factorial 

techniques, through optimization of the objective function, reproduce the linear 

variation on the factorial axes. The aggregation of indicators using PCA has the 

advantage of not involving any manipulation of the weights, although the 

correlation may not indicate the true weight of the indicators. 

 

3. The optimal allocation of employees  

Among the results of the PCA, we obtained the values of the principal 

components for each PD (p): we made calculation of a linear combination of 

the first two principal components (c
1
p, c

2
p), with weights equal to the 

eigenvalues of the factors (λ
1

p,  λ
2

p):  

 
2211

ppppp ccs λλ +=
 

 

which are standardized and represent the 97% of the total variance. The 

variable obtained (ŝp), for each Provincial Directorate, may be regarded as the 

standardized variable of the number of theoretical employees (Dp). Assuming 

that the theoretical and actual employees have the same mean (M) and standard 

deviation (σ), it is possible to hypothesize the following relationship: 

 

 

 

 

 

Which gives the theoretical number of employees for each DP: 

 

 

 

 

We used the results of a cluster analysis to take into account the dangerousness 

of the territory. The basic idea is to give, for each cluster, a hazard index 

obtained by the weighted average of the levels of a matrix of risk. The final 

goal is to obtain a correction factor that multiplying the number of theoretical 

employees, gives the optimal number of employees.  

We considered 40 variables divided into 7 thematic areas ( 1. size of catchment 

area, 2. fiscal dangerousness, 3. social dangerousness,  4. production structure, 

5. IT services, 6. standard of living, 7. infrastructures). Adopting the Cluster 

analysis, the PD have been grouped into 8 homogenous clusters 

The matrix of variables X(nxm), where n = 111 is the number of PD and m = 

40 is the number of variables considered, has been transformed in a matrix of 

score, adopting the following algorithm for each element xij, i= 1, .., 111, j= 1, 

.., 40: 

 

pp sMD ˆσ+=

σ

MD
s

p

p

−
=ˆ
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If  MINi (xij) ≤ xij < MINi (xij) + 2/5 [MEANi (xij ) - MINi (xij)] then scij = 1 

Else If MINi (xij) + 2/5 [MEANi (xij ) - MINi (xij)] ≤ xij < MINi (xij) + 4/5 

[MEANi (xij ) - MINi (xij)] then scij = 2 

Else If MINi (xij) + 4/5 [MEANi (xij ) - MINi (xij)] ≤ xij < MEANi (xij ) + 1/5 

[MAXi (xij) - MEANi (xij )] then scij = 3 

Else If MEANi (xij ) + 1/5 [MAXi (xij) - MEANi (xij )] ≤ xij < MEANi (xij ) + 

3/5 [MAXi (xij) - MEANi (xij )] then scij = 4;  

Else if MEANi (xij ) + 3/5 [MAXi (xij) - MEANi (xij )] ≤ xij ≤ MAXi (xij) then 

scij = 5.  

 

In essence, the intervals between the minimum and the mean and between the 

mean and maximum were each divided into 5 intervals of equal size. Grouping 

together, two by two, contiguous ranges we obtained 5 classes. 

The score matrix SChk, where h = 1, …, 8 number of cluster and k = 2, …, 7 

number of thematic areas, has been obtained as an arithmetic mean of the 

scores xij belonging to the different thematic areas and cluster (table 1). At this 

step the thematic area number 1 has been excluded because it was already 

considered in PCA.  

 

 Thematic area 

Cluster 2 3 4 5 6 7 

1 Sc12 Sc13 Sc14 Sc15 Sc16 Sc17 

… … … … … …  

8 Sc82 Sc83 Sc84 Sc85 Sc86 Sc87 

Table 1: Score matrix by thematic area and cluster. 

 

The scores were ordered by increasing values of risk. Consequently the 

maximum  indicates the value corresponding to the maximum risk, which could 

coincide with the minimum number, if the variable has a positive influence on 

the activity of the Revenue Agency. 

In order to obtain a synthetic score for each cluster a weighted mean of the 

scores of each area was calculated. The weights were obtained using a Delphi 

method (Linstone and Turrof, 2002) performed among the officials of the 

Planning and Control Sector of the Italian Revenue Agency. 

The weighted average, which ranges from 1 to 5, was reported to the range 0.9 

- 1.1, because we decided to give the risk a weight not exceeding the 10%, 

compared to the size. Thus the correction factors obtained can be applied to the 

theoretical number of employees of each cluster to get the results. The Simplex 

Linear Programming Solving method (Fylstra et al., 1998) was used to fix the 

Optimal total number of employees equal to the Theoretical total number of 

employees, varying the correction factors in the range 0.9 - 1.1.  
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4. Results 

Figure 1 shows the actual, theoretical and optimal distribution of PD divided 

into classes of number of employees, and table 2 shows some fundamental 

indicators about them. Actual and Theoretical distributions have the same 

mean and standard deviation by definition (respectively 251.99 and 152.83), 

while the optimal has a smaller standard deviation (144.53). The Theoretical 

and the Optimal distributions are more asymmetric and far from Normal than 

the Actual. 

Table 3 shows, for each cluster: the number of PD, the number of actual 

employees, the number of theoretical employees, the correction factor, the 

optimal number of employees, the difference between optimal and actual 

number of employees.  

To identify the cluster, we use a four-digit code, with which are expressed, 

respectively, the levels (increasing from 1 to 5) of: size of catchment area, 

fiscal dangerousness, social dangerousness and wealth (mean of areas 4 and 6). 

The result of the cluster analysis is that the north - central Italy is divided into 

four groups (2223, 4214, 5245,1353) as the south - central Italy and islands 

(1541, 3552, 4352, 2432).  

We came to the conclusion that the PD employees in the north - central are 

undersized (with the exception of 1353), on the contrary in the south - central 

area are oversized. In fact despite a high level of risk observed in the south –

central area the size of the catchment is very small. 

 

 
Figure 1: Actual, theoretical and optimal distribution of PD by number of 

employees 
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  Mean Median St Dev CV Skewness Kurtosis 

Actual 251,99 198,00 152,83 0,61 1,26 4,38 

Theoretical 251,99 193,13 152,83 0,61 1,64 5,97 

Optimal 251,99 196,96 144,53 0,57 1,61 5,96 

Table 2: Mean, Median, Standard deviation, Coefficient of Variation, 

Skewness and Kurtosis of Actual, Theoretical and Optimal distribution. 

 

Cluster 
Number  

of PD 

Actual  

employees 

Theoretical  

employees 

Correction  

factor 

Optimal  

employees  
Difference 

2223 46 7.668 8.226 1,01 8.314 646 

4214 15 4.827 5.746 0,93 5.367 540 

1541 22 3.786 3.315 1,10 3.646 -140 

4352 5 2.438 2.046 1,03 2.112 -326 

3552 5 1.967 1.321 1,09 1.436 -531 

2432 4 1.105 891 1,03 914 -191 

1353 4 632 541 1,03 555 -77 

5245 10 5.548 5.885 0,96 5.627 79 

Table 3: Aggregation of  actual, theoretical and optimal number of employees 

for each cluster. 

 

5. Conclusion  

In this paper, was showed a method to calculate the optimal allocation of HR 

of the Italian Revenue Agency in the PD using the results of a PCA, which are 

a synthesis of different variables representing the size of the catchment area, 

with the assumption that the theoretical distribution of employees has the same 

mean and same standard deviation of the actual one. 

A cluster analysis can be properly used to redress the theoretical number of 

employees with a correction factor, based on the dangerousness of the cluster, 

to get the optimal allocation of employees for each PD. The obtained allocation 

is the optimal one because it’s the best we can get, given the workload of each 

PD and the dangerousness of each Cluster. 

This method represents a multidimensional approach to allocate the total 

number of employees that takes explicitly into account the demand of the 

territory regarding the requested services. In the case of the Revenue Agency 

these services are mainly two: provide fiscal services activities and perform 

auditing.  

Identifying appropriate “demand” indicators, this method could be generalized 

to determine the optimal allocation of Human Resources in a company or in a 

public institution among different territorial units. 
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Measuring Xenophobia in Greece using neural
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Abstract. The present paper concerns the application of neural network and fuzzy
techniques to data drawn from a large-scale survey conducted by the National
Centre of Social Research of Greece in order to investigate opinions and attitudes
on social stereotypes towards the other, foreigner. The main motivation of the paper
is first to examine whether and to what extend neural networks give meaningful
results when applied to social data and the measurement of attitudes in particular
and second to develop a neurofuzzy system that classifies the respondents into
xenophobic levels.
Keywords: Likert scales, neural networks, fuzzy systems.

1 Introduction

Measuring an attitude has always been an important issue in social sciences
and numerous rating scales have been suggested in the past for that reason.
The most commonly used rating scale is the Likert scale developed in 1932 by
Rensis Likert. It is composed of third-person items/questions and it rates the
respondents by asking them to place themselves on a scale of favor/disfavor
with a neutral midpoint. Therefore a respondent is asked to choose between
several response categories, indicating various strengths of agreement and
disagreement. The response categories are assigned scores and the respon-
dents’ attitudes are measured by their total score, which is the sum of the
scores of the categories the respondents have selected for each item-question.

When this particular type of methodology is used the respondent’s at-
titude is assesed by examining the response categories he/she choses in a
number of items/questions. It has already been stated in the literature that
central tendency, social desirability and acquiescence response bias interfere
with the assessment of the attitude of the respondent and therefore a need
for introducing an improved method for measuring attitudes arises. In Syme-
onaki et al [5] a fuzzy system based on factor analysis is proposed whereas in
Symeonaki and Michalopoulou [4] cluster analysis is used in order to produce
a more reliable final scale. Moreover, in Symeonaki and Kazani [3] a fuzzy
system that measures xenophobia in Greece is suggested and Lalla et al [1]
proposed a fuzzy system to analyze qualitative ordinal data produced by a
course-evaluation questionnaire. In the present paper we focus on developing
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2 M. Symeonaki and A. Kazani

a neurofuzzy system that will measure the specific attitude, taking into ac-
count a number of factors that are important, such as the number of missing
values, the way each question is aswered by all respondents and the respon-
dent’s final score. The proposed system also takes into account the series
of answers for each respondent and distinguishes between questionable and
non-questionable answers. The intelligent system put forward in the present
paper not only considers the respondent’s final score but a number of other
crucial factors and therefore is able to classify the respondents in xenophobic
levels reducing the uncertainty.

The paper has been organized in the following way. Section 2 provides
some preleminaries and the notation used. The next Section discusses the
methodology used and the structure of the proposed neurofuzzy system.

2 Preliminaries and notation

The Likert scale examined is included in the questionnaire of a large-scale sur-
vey by the National Centre for Social Research1 (Michalopoulou et al[2]) and
was designed in order to explore opinions and attitudes on social stereotypes
between foreigners and others:

1. Foreigners who live in our country must have equal rights with us.
2. Many of the foreigners who live in our country are responsible for the

increase in the crime rate.
3. Foreigners must have lower wages even when they do the same job as we.
4. A foreigner’s children must attend the same schools as our children.
5. The foreigners in our country increase unemployment for Greeks.
6. The local authorities must organize events so we get to know the foreign-

ers who live and work here.
7. I would never marry a foreigner.
8. Foreigners who live in our country gave us the chance to get to know new

people.
9. I would never work for a foreigner.

10. We should facilitate foreigners who want to settle in our country.
11. Foreigners who work in our country do harm to our economy.
12. The state must organise programmes of further education to help those

foreigners who live in our country.
13. The more foreigners there arrive the lower the wages get.
14. We must create reception departments in our schools for the foreigners

children.
15. Only as tourists should foreigners come.
16. Work permits must be given to foreigners who want to live here.
17. We must close our borders to foreigners who come to work here.

1 National Centre of Social Research of Greece: www.ekke.gr
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Measuring xenophobia using neurofuzzy techniques 3

The units had 5 response categories, ranging from total agreement to total
disagreement. The sample of the survey was 1200 individuals, aged 18-80
years, residents of Macedonia, Northern Greece, during the time of the field-
work.

Let us now provide a brief introduction to the theory of Fuzzy Logic pre-
sented by L. A. Zadeh [6] in 1965 and the theory of artificial neural networks.
In fuzzy set theory when A is a fuzzy set and x is a relevant object, the state-
ment, x is a member of A, is not necessarily either true or false, but it may
be true only to some degree represented by the membership function of the
fuzzy set A, mx(A). A membership function is a curve that defines how each
point in the input space is mapped to a membership value in [0, 1]. Fuzzy
systems are systems in which variables have as domain fuzzy sets encoding
structured, heuristic knowledge in a numerical framework.

The operation of an artificial neural network is based on a reccurent in-
terconnection of simple processing units, namely the neurons. Each neuron
receives an input, a vector x and produces an output y (Figure 1) through
the equations:

U = f(x,w)− θ,

y = a(u)

where θ represents the activation threshold and f is known as the transfer
function that relates the input information x with the weights w that are
stored in the neuron. In most cases it is of the form:

f(x,w) =
∑m

i=1 wixi.

y
f

w1

w2

wm

x1

x2

xm

...

...

a(u)

Fig. 1. General form of an artificial neuron.

The function a is called the activation function and it generally takes
values according to:

a(u) = 1, if u > 0 and a(u) = 0, if u < 0.
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4 M. Symeonaki and A. Kazani

Neural nerworks are actually a mass of interconnected simple units and the
way the interconnection is carried out defines the network’s structure and
therefore its operation. In order to describe the structure of a network, the
nodes (i.e. the neurons) are assumed to be laying in different layers and the
basic architecture consists of three types of neuron layers: input, hidden, and
output. The nodes belonging to the same layer are being evaluated simulta-
neously. Another important issue concering an artificial neural network is its
ability of learning, its ability of adjusting and changing its elements in order
to simulate a given behaviour. The neural network that was implemented in
the present paper was a three layer neural network and the learning method
used was the Back Propagation method.

Moreover, we denote by x(i) the response vector of the i−th respondent
to items-questions Q1, Q2, ..., Q17, i.e. x(i) = [Q1(i), Q2(i), ..., Q17(i)], where
Qj(i) denotes the answer of the i−th respondent to the Qj question and
Qj(i) = 1, 2, 3, 4, 5, ∀j = 1, 2, ..., 1200.

3 The structure of the system

Our objective here is to develop a neurofuzzy system that classifies respon-
dents into xenophobic levels. A first step would be to distinguish between
questionable and non questionable answers. We assume that non questionable
answers are those based on which we can classify the respondent to differ-
ent levels of xenophobia without uncertainty. For example, if the response
vector of the i−th individual is x(i) = (1, 1, 1, ...1) then the respondent can
be clasified into a category denoting a non xenophobic person. Questionable
answers include a series of responses that lead to a questionable outcome, for
example, when a respondent aswers that he/she would be willing to marry
a foreigner but strongly disagrees with working for a foreigner. There exist,
therefore, certain sets of responses that may lead to an uncertain classifica-
tion. In those cases there are more factors that need to be taken into account.
Let us now denote by QA the questionable answers and by NQA the non-
questionable answers. The artificial neural network system determines the
classification of the respondents in the case of NQA. For the case of the QA
we develop two fuzzy systems, since there exist several factors that need to
be considered and the classification is not obvious. The first fuzzy system
takes into account the statistical analysis and a set of factors and determines
how strict each answer will be marked. The second fuzzy system determines
the xenophobic level, considering the ”STRICTNESS” which is the output
of the first fuzzy system. Subsequently, a final level is provided for each re-
sponent based on the results (outcomes) of all systems. The structure of the
proposed intelligent classification system is shown in Figure 2 and a part of
the NQA is shown in Table 1. The neural network that was implemented is
a three-layer Back Propagation network (Figure 3).
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Measuring xenophobia using neurofuzzy techniques 5

Questionnaire 

Respondents' 
answers  

N-QA

Statistical 
analysis

Classification of 
the answers

QA

Neural network 
determining a 

xenophobic level

Fuzzy system 
determining 
strictness

Fuzzy system 
determining a 

xenophobic level 

Results' merging 

Determination of 
xenophobia

Fig. 2. The structure of the proposed system.

Answers Xenophobic level

x = (1, 1, ..., 1) 1

x = (2, 2, ..., 2) 2
...

...

Table 1. Part of the classification of the NQA.

Now, the level of the question is estimated based on the answers of the
other respondents on this specific question. For example, having a consid-
erable number of respondents giving favorable answers, which reflect a non
xenophobic attitude, and a respondent who gave an oposite answer means
that the ”STRICTNESS” of the scoring of the respondent’s answer would
be ”greater”. The respondent’s level is estimated based on the respondent’s
final score on the Likert scale. The first fuzzy system estimates how strict a
respondent’s answer would be marked. Apparently, ”STRICTNESS” takes
values in the interval [0, 1] and is used in order to classify the respondent to a
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6 M. Symeonaki and A. Kazani

x1

x2

x3

y1

y2

y3

Fig. 3. The stucture of the implemented neural network.

level of xenophobia. The proposed system has three inputs and one output.
The inputs are the factors that influence the scoring of each QA: how many
missing values correspond to the respondent answers, what is the level of the
question and what is the respondent’s level; the output is ”STRICTNESS”.
In Figure 4 the input and the output of the system are respresented. The
values of each input range between two values. The question’s level and the
number of missing values range between 0 and 100 the former and 0 and 17
the latter. The respondent’s level range between 0 and 85. The x−axis is
normalized and the values considered range between 0 and 100. We define
fuzzy partitions A1, A2 and A3 of order di = 3, i = 1, 2, 3, on the universe
of discourse of ”QuestionLevel”, ”MissingValues” and ”RespondentLevel” re-
spectively. We define moreover a fuzzy partition B on the universe of dis-
course [0, 1] of the output. The fuzzy partitions are linguistic representations
of their universe of discourse and therefore their elements are linguistic trems
such as ”BIG”, ”PLENTY”, ”MEDIUM”, etc. In Figures 4, 5 and 6 the
fuzzy partition of the 1st, 2nd and 3rd input is represented, respectively,
where Figure 8 shows the input-output structure of the proposed-system.

LevelQuestion

MissingValues

RespondentLevel

Strictness

FIS Variables

0

0.5

Membership function plots

1

input variable "LevelQuestion" 

HIGH MEDIUM LOW

100

Fig. 4. The fuzy partition of the 1st input: The Question’s Level (LevelQuestion).
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Measuring xenophobia using neurofuzzy techniques 7

LevelQuestion

MissingValues

RespondentLevel

Strictness

FIS Variables

0

0.5

Membership function plots

1

input variable "MissingValues" 

FEW AVERAGE PLENTY

100

Fig. 5. The fuzy partition of the 2nd input: Missing Vlues (MissingValues).

LevelQuestion

MissingValues

RespondentLevel

Strictness

FIS Variables

0

0.5

Membership function plots

1

input variable "RespondentLevel" 

LOW MEDIUM HIGH

85

Fig. 6. The fuzy partition of the 3rd input: The Respondent’s Level (Respon-
dentLevel).

The fuzzy partition on ”STRICTNESS” is defined in an analogous man-
ner.

LevelQuestion

MissingValues

RespondentLevel

Strictness

FIS Variables

0

0.5

Membership function plots

1

output variable "Strictness" 

LOW MEDIUM HIGH

100

Fig. 7. The fuzy partition of the output: Strictness
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8 M. Symeonaki and A. Kazani

LevelQuestion

MissingValues

RespondentLevel

strict1

Strictness

mamdani

Fig. 8. The input-output structure of the proposed system.

The next step is to define the rules of the system:

1. If ”QuestionLevel” is ”BIG” then STRICTNESS is ”HIGH”.
2. If ”QuestionLevel” is ”AVERAGE” then STRICTNESS is ”MEDIUM”.
3. If ”QuestionLevel” is ”LOW” then STRICTNESS is ”LOW”.
4. If ”MissingValues” is ”FEW” then STRICTNESS is ”LOW”.
5. If ”MissingValues” is ”AVERAGE” then STRICTNESS is ”MEDIUM”.
6. If ”MissingValues” is ”PLENTY” then STRICTNESS is ”HIGH”.
7. If ”RespondentLevel” is ”LOW” then STRICTNESS is ”LOW”.
8. If ”RespondentLevel” is ”MEDIUM” then STRICTNESS is ”MEDIUM”.
9. If ”RespondentLevel” is ”HIGH” then STRICTNESS is ”HIGH”.
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Abstract. In the present paper an analysis on intergenerational occupational mo-
bility is presented based on data from a representative sample of the Greek popula-
tion. Using data drawn from EU-SILC and the ad-hoc module on Intergenerational
Transmission of Poverty, our purpose is to trace the individuals transitions, in order
to explore whether and to what extent the occupational status of ones parents has
an effect on one’s position in the labour market. Having estimated the transition
probabilities among occupational categories the absolute and relative mobility rates
are calculated. Furthermore, a synchronic cohort analysis was carried out to com-
pare the mobility patterns of individuals who belong to different birth cohorts.
Keywords: Intergenerational occupational mobility, Markov mobility matrices,
mobility indices, cohort analysis, EU-SILC.

1 Introduction

In recent years, intergenerational social mobility, i.e. the trajectories ob-
served in a society from one generation to another and between different
social classes, has become an issue of central concern for both scientists and
policymakers. The term has closely been related to concepts such as class
structure, social stratification, social exclusion and inclusion and the degree
of intergenerational mobility has been considered as a measurement of social
equality and social justice as well as a major indicator of ”openess of the
society”[7],[10].

At the empirical level, occupational status is considered in practice as
a proxy for social class mobility, as well as a key factor of social classifica-
tion and as a result it has traditionally played a role of utmost importance
in the study of intergenerational mobility. In this context, numerous com-
parative studies investigating the way mobility patterns change over time
and across countries have proved an association in occupational outcomes
between classes of origins and destination (see e.g. [1],[2],[6]). According to
recent evidence from OECD[3], Nordic countries rank as the most mobile
in Europe, while Luxembourg and the southern European countries appear
to be the less mobile, as the relationship between parental socio-economic
profile and individuals’ outcomes is proved to be stronger.
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In the present paper, we examine the intergenerational occupational mo-
bility in Greece. The main aim is to answer whether the occupational status
of social origins affects the chances that individuals have in the labour mar-
ket and to what extend that status passes on from parents to children. For
that reason, data from the 2005 European Survey on Income and Living
Conditions (EU-SILC) have been used in the analysis. This dataset gives an
excellent opportunity to explore the trends of intergenerational mobility in
occupational status, as it includes an ad-hoc module on ”Intergenerational
Transmission of Poverty” that provides information on both parental and the
individuals’ occupational status.

EU-SILC1 is a set of independent national sample surveys conducted
annually by the respective Statistical Offices of the member countries. In
Greece, the survey is conducted by the National Statistical Service of Greece
(NSSG, renamed since 2010 as the Hellenic Statistical Authority, ELSTAT)
under auspices of Eurostat and complies with all regulations. SILC provides
detailed information on living conditions, income, occupation, education and
health and has enabled research on social exclusion, poverty and labor mar-
ket. The survey population is defined as all private households, excluding
collective dwellings. The final sample of the 2005 Greek SILC consisted of
5568 private households, i.e. 12381 individuals, aged 16 years and over. The
ad-hoc module was administered to 7850 individuals, born during 1939-1979.

The paper is structured as follows. Section 2 describes the methods used,
in order to explore the intergenerational occupational mobility. Section 3
deals with the main findings of our analysis and presents the transition prob-
ability matrices, as well as the estimated mobility indicators, while Section 4
discusses the results.

2 Intergenerational social mobility

In order to measure the movements of individuals in a society, two main
methodologies have been developed in recent years: the mobility matrix
method and the regression/correlation method. The former approach, used
mostly by sociologists, is based on the calculation of a mobility matrix,
in which classes of origins and destination are cross-tabulated. On the
other hand, the regression/correlation method, often used by economists,
is based on the estimation of correlations between parental and individual
outcomes.([5],[9])

For our purposes, the mobility matrix method is more appropriate, since
occupational status is measured as a categorical scale. The construction of
Markov transition probability matrices is required, the elements of which
show the transitions that take place between social classes, denoted here by
S = {1, 2, ..., n}. Each element pij , ∀i, j = 1, 2, ..., n of a Markov matrix P
describes the probability of an individual to move from state i (social status of

1 EU-SILC: http://www.statistics.gr
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origins) to state j (individual’s social status). The transition probabilities of
individuals can be extracted from the elements located off the main diagonal
of matrix P, while pii denotes the probabilities of individuals, ∀i, j = 1, 2, ..., n
being immobile.2

Having estimated the transition probability matrices, mobility indices can
be calculated which show whether and to what extent parental social status
is transmitted to children. At this point, the clarification of absolute and
relative mobility indices is required. Absolute mobility indices, expressed
mainly in deterministic terms, refer to the absolute number of individuals
moving from one state to another and are influenced by the structural changes
that occur in the labour market. In contrast, relative mobility rates are
stochastic models, referring to the probabilities that individuals have to move
upwards or downwards in the social hierarchy. These indices could well be
used to indicate the ”openess” of the society and the rate of social fluidity, as
they are not influenced by the marginal occupational distribution ([6],[11]).

In this respect, we estimated two absolute mobility indices[11], which
reflect the direction of the movements. Equations (1) and (2) define an
upward and downward mobility index, respectively, as follows:

u =
1

N

∑
j>i

nij (1)

d =
1

N

∑
j<i

nij (2)

Furthermore, we computed the Prais-Shorrocks index[12][13], which is
defined by Equation (3):

MPS =

(
1

n− 1

)
(n− tr(P)) (3)

where tr(P) is the sum of the diagonal elements of a transition matrix P, n
is the number of states and MPS ∈ [0, 1].3

Moreover, the immobility ratio[8] is computed based on the Equation (4):

IM =

(
tr(P)

n

)
(4)

and gives the rate of individual’s persistence in the social state of their origin.
For analytical purposes, both parental and individual’s occupations were

transformed from the two-digit classification of ISCO-88 (International Stan-

2 The same methodology is also used in Symeonaki and Stamatopoulou[14], where
the intergenerational transmission of educational attainments in Greece is exam-
ined.

3 MPS = 1 indicates perfect mobility and MPS = 0 implies perfect immobility.
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dard Classification of Occupations) into four occupational states, as indicated
in Table 1.4

States ISCO-88 Occupational categories

1 91–93 Elementary occupations

2 61–83 Skilled manual

3 41–52 Lower skilled non-manual

4 11–34 Highly skilled non-manual

Table 1. Occupational states represented as occupational categories according to
ISCO-88 classification used by EU-SILC.

In order to compare the mobility patterns between individuals belonging
to different generations, a synchronic cohort analysis was carried out. Three
birth cohorts were defined (1939–1954, 1955–1969, 1970–1979) to ensure suf-
ficiently large number of cases in each cell.

The transition probabilities matrices and the calculated mobility indices
for all cohorts are presented in the following section.

3 Intergenerational occupational mobility in Greece:
empirical results

The transition probabilities of the individuals, according to father’s occupa-
tional position are reported in Table 2. The rows of the data matrix give the
occupational status of origins (i), while the columns show that of individuals
(j). Thus, when the father holds skilled manual or highly skilled non-manual
occupations (States 2 and 4), individuals appear to have more chances to
remain at the same occupational state (p22 = 0.487, p44 = 0.533). On the
contrary, when father belongs to elementary or lower skilled non-manual oc-
cupations, the effect on the individuals’ position in the labour market seems
weaker, as more upward movements are observed (p12 = 0.318, p34 = 0.396).

A similar picture is provided in Table 3, where we examine the transi-
tion probabilities, according to mother’s occupational profile. More upward
movements are also observed, when the mother belongs to States 1 or 3.

The results of the cohort analysis are presented in Tables 4 to 6, in which
we analyse the patterns of the transition probabilities for each birth cohort
separately. As indicated in Table 4, the individuals of older birth cohort
(1939–1954) are more likely to remain at the same occupational state as their

4 Occupations are classified according to the Central Statistical Office[4] and Whe-
lan et al.[15], because the information provided by SILC does not allow for the
adaptation of Goldthorpe’s crassification[6] used extensively in sociological re-
search.
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Individual’s occupation
1 2 3 4

Father’s
occupation

1 0.164 0.318 0.283 0.235
2 0.083 0.487 0.221 0.209
3 0.077 0.195 0.333 0.396
4 0.037 0.159 0.271 0.533

Table 2. Individual’s occupation - Father’s occupation

Individual’s occupation
1 2 3 4

Mother’s
occupation

1 0.174 0.374 0.265 0.187
2 0.083 0.561 0.184 0.173
3 0.057 0.203 0.332 0.408
4 0.060 0.147 0.207 0.586

Table 3. Individual’s occupation - Mother’s occupation

parents, apart from those, whose parents belong to elementary occupations,
and seem to move upwards.

Individual’s occupation
1 2 3 4

Father’s
occupation

1 0.151 0.417 0.245 0.187
2 0.089 0.578 0.159 0.174
3 0.049 0.270 0.352 0.328
4 0.033 0.246 0.221 0.500

Mother’s
occupation

1 0.178 0.478 0.178 0.167
2 0.087 0.647 0.132 0.134
3 0.000 0.348 0.391 0.261
4 0.077 0.256 0.154 0.513

Table 4. Individual’s occupation - Parents’ occupation (1939 – 1954)

The pattern seems to be somewhat similar in Table 5 for those belonging
to the next birth (1955–1969). The only difference here is that, when the
parents belong to lower skilled non-manual occupations, children have greater
chances to attain a higher occupational position. The younger birth cohort
(1970–1979) seems to be the most mobile, while the occupation of this cohort
seems to be more independent from their parental profile (Table 6).

Having estimated the transition probabilities matrices over all and for
each birth cohort separately, we now proceed with the presentation of the
estimated absolute and relative mobility rates. In Table 7, the patterns
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Individual’s occupation
1 2 3 4

Father’s
occupation

1 0.145 0.320 0.250 0.285
2 0.080 0.445 0.231 0.244
3 0.113 0.145 0.295 0.447
4 0.044 0.148 0.250 0.558

Mother’s
occupation

1 0.167 0.382 0.240 0.211
2 0.085 0.492 0.203 0.220
3 0.079 0.238 0.262 0.421
4 0.070 0.123 0.184 0.623

Table 5. Individual’s occupation - Parents’ occupation (1955 – 1969)

Individual’s occupation
1 2 3 4

Father’s
occupation

1 0.208 0.221 0.376 0.195
2 0.078 0.399 0.314 0.209
3 0.044 0.216 0.373 0.368
4 0.031 0.099 0.344 0.526

Mother’s
occupation

1 0.181 0.303 0.348 0.168
2 0.067 0.491 0.276 0.166
3 0.048 0.156 0.377 0.419
4 0.045 0.136 0.242 0.576

Table 6. Individual’s occupation - Parents’ occupation (1970 – 1979)

of intergenerational occupational mobility, based on father’s occupational
profile are provided. The Prais-Shorrocks mobility index is quite high for the
whole sample (MPS = 0.828), while between birth cohorts, the index ranges
from 0.806 to 0.853, with those belonging to the second birth cohort (1955–
1969), being the most mobile. As a result, the immobility ratio is relatively
low for all birth cohorts and it seems to slightly decrease over time, indicating
that the effect of father’s background on individuals’ occupational status is
becoming weaker.

Now, with respect to the direction of the movements, one could say that
though the upward mobility predominates over the downward movements
and is increasing over time, individuals have limited chances to move to an
”upper” occupational position than that of their father’s.

In Table 8, the estimated mobility indices, with respect to mother’s oc-
cupational status, seems to follow the patterns described above. Although
lower in comparison to that based on father’s occupational status, the Prais-
Shorrocks index is also high and therefore the immobility rates are quite low
for all birth cohorts. Comparison between cohorts shows a slight increase
of upward mobility through generations, while the downward mobiliy seems

SMTDA           726



 

 Proceedings, 2nd Stochastic Modeling Techniques and Data Analysis International Conference 

 5 - 8 June 2012 Chania Crete Greece 

 

 

 

 

 

 

 Proceedings, 2nd Stochastic Modeling Techniques and Data Analysis International Conference 

 5 - 8 June 2012 Chania Crete Greece 

 

 

 

 

 

Birth
cohorts

Index
Mobility
MPS

Immobility
IM

Upward
Mobility
UM

Downward
Mobility
DM

1939 – 1979 0.828 0.379 0.391 0.157

1939 – 1954 0.806 0.396 0.324 0.147

1955 – 1969 0.853 0.360 0.427 0.153

1970 – 1979 0.831 0.377 0.422 0.174

Table 7. Intergenerational occupational mobility based on father’s occupation, by
birth cohorts

Birth
cohorts

Index
Mobility
MPS

Immobility
IM

Upward
Mobility
UM

Downward
Mobility
DM

1939 – 1979 0.782 0.413 0.391 0.114

1939 – 1954 0.757 0.432 0.296 0.098

1955 – 1969 0.819 0.386 0.448 0.117

1970 – 1979 0.792 0.406 0.438 0.134

Table 8. Intergenerational occupational mobility based on mother’s occupation,
by birth cohorts

to take lower values. The effect of occupational transition on individuals’
attainments seems to be stronger in the case of mother than that of father.

4 Concluding remarks

In the present paper, we have attempted to investigate intergenerational oc-
cupational mobility in Greece, based on data drawn from the 2005 Greek
SILC. The main aim was to measure whether, and to what extent, parental
occupational profile affects ones position in the labour market. Using the
mobility matrix method and by estimating both absolute and relative mobil-
ity indices, our analysis revealed that movements do take place in the Greek
labour marker, though occupational association between generations still ex-
ists and the individuals’ occupational position still depends to some extent
on their family background. Mother’s occupational background seems to in-
fluence more the individuals’ outcomes than that of father’s. Regarding the
direction of mobility, though limited (less than 0.5 for all cohorts), upward
movements are more evident than downward mobility and seems to increase
over time.
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Abstract. The nature of data mining algorithms depends largely on the distance
metric used for the data collection provided. A learned metric can significantly
improve the performance in classification, clustering and retrieval tasks. The offered
in this paper method proposes an alternative approach for the cluster validation
problem based on the most appropriate metric learned for the given data collection.
We consider distances of the Mahalanobis type and draw random samples from the
whole population. If the weight matrices learned upon these samples within the
partition’s clusters are close then we conclude that the cluster structure is stable. It
is indirectly assumed that the quality of a partition is reflected by weight matrices
estimated via different samples. In order to obtain valid results, we perform the
calculations on sufficiently large amount of samples drawn. Empirical distributions
of the differences between the weight matrices are constructed. The distribution
most concentrated at the origin is proposed to indicate the true number of clusters.
Numerical experiments imply high ability of the developed concept.
Keywords: Cluster analysis, Clustering, Cluster stability, Distance learning.

1 Introduction

Cluster analysis is an important tool in machine learning, typically employed
in order to identify meaningful groups i.e., clusters amid the data. It is
implicitly assumed that there is an internal similarity between elements of
the data and each group of appropriate similar elements defines a cluster.
An attribute of each partition, often formulated as the expected value of the
partition distortion, is frequently used as a criterion aimed to be minimized.

Partitioning clustering methods are roughly divided into two categories:
The first type focuses on partitioning data elements into a given number of
clusters. The second group of methods, called validation methods, determines
the optimal (”true”) number of clusters for a given data. Here, the clustering
solutions, obtained for several numbers of clusters are compared according
to the chosen criteria. The sought number yields the optimal quality in
accordance with the chosen rule. This essential cluster analysis problem
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2 Volkovich Z., Toledano Kitai D. and Avros R.

arising in many applications may have more than one solution and is known
as an ”ill posed” [13] and [10]. For instance, an answer here can be depended
on the scale in which the data is measured. Many approaches were proposed
to solve this problem, thus far none has been accepted as superior.

From a geometrical point of view, cluster validation has been studied in
the following papers: Dunn [8], Hubert and Schultz [12], Calinski-Harabasz
[4], Hartigan [11], Krzanowski -Lai [18], Sugar- James [21], Gordon [9], Milli-
gan and Cooper [19] and Tibshirani, Walter and Hastie [23] (the Gap Statistic
method). Here, the so-called ”elbow” criterion plays a central role in the in-
dication of the ”true” number of clusters.

Another methodology is based on stability concepts where pairs of clus-
tered samples from the same data source are compared. Differences between
results obtained via rerunning a clustering algorithm for those pairs yields a
measure of cluster solutions variability. The number of clusters minimizing
partitions’ changeability is used to evaluate the ”true” number of clusters.
In papers by Levine and Domany [7], Ben-Hur, Elisseeff and Guyon [2] and
Ben-Hur and Guyon [3], stability criteria are understood to be the proportion
of times that pairs of elements maintain the same membership under a rerun
of the clustering algorithm. Mufti, Bertrand, and El Moubarki [20] exploit
Loevinger’s measure of isolation to determine a stability function.

In the papers Volkovich, Barzily and Morozensky [24], Barzily, Volkovich,
Akteke-Ozturk and Weber [1], Toledano-Kitai, Avros and Volkovich [22],
methods using the goodness of fit concepts are suggested. As opposed to
the previous approaches described, the source cluster distributions are con-
structed here based on a model designed to represent well-mixed samples
within the clusters.

The nature of data mining algorithms depends largely on the distance
metric used for the data collection provided. Assuming we want to find a set
of ”similar” elements in the d-dimensional Euclidean space R

d, the question
is how you can learn about the most appropriate distance metric for detecting
this similarity. A learned metric can significantly improve the performance in
classification, clustering and retrieval tasks: e.g. K-NN classifier, spectral
clustering. The aim of the distance metric learning process is to study a
distance metric for the input space of data from a given collection of pair
of similar/dissimilar points that preserves the distance relation among the
training data pairs. There are many algorithms suggested for this purpose
(see, for example [27]).

The offered in this paper method proposes an alternative approach for the
cluster validation problem based on the study of the most appropriate Ma-
halanobis type metric. We draw random samples from the whole population
and if the weight matrices learned upon these samples within the partition’s
clusters are close, then we conclude that the cluster structure is stable. It
is indirectly assumed that the quality of a partition is reflected by weight
matrices estimated via different samples. In order to obtain valid results,
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Distance Learning for Cluster Validation 3

we perform the calculations on sufficiently large amount of samples drawn.
So, empirical distributions of the differences between the weight matrices are
constructed. The distribution most concentrated at the origin is proposed
to indicate the true number of clusters. Numerical experiments imply high
ability of the developed concept.

The remainder of the paper is organized in the following form. Section 2
presents several facts according to the learning distance metrics methodology.
In section 3 we introduce a new approach suggested to handle the cluster val-
idation problem based on the weight matrices cluster quality model. Section
4 is dedicated to a discussion of a practical implementation of the method
and numerical experiments provided on artificial and real word databases. In
section 5 we summarize with conclusions.

2 Distance Learning

Assume the given data is represented as n vectors X = {x1, x2, ..., xn} in the
d-dimensional Euclidean space R

d. Moreover, it is presumed that the degree
of similarity between pairs of elements of data collection is known:

S : {(xi, xj) ; if xi and xj are similar} (1)

and
D : {(xi, xj) ; if xi and xj are not similar} (2)

the goal is to learn a distance metric d(x, y) which brings equivalent points
closer together while staying far from inequivalent points. To this end, we
consider a distance metric of the form:

d2
A(x, y) = ‖x − y‖2

A = (x − y)T · A · (x − y) , (3)

where A is a positive semi-definite matrix (PSD) (A � 0). Recall that the
positivity requirement of the matrix A stems from the need to meet the
definition of the metric. In the case where A = I the metric coincides with
the Euclidean metric definition. Actually, we can view dA as the squared
Euclidean distance after applying a linear transformation. In particular, by
using the Cholesky decomposition, the matrix A can be represented as A =
CT · C and then we get

d2
A(x, y) = ‖Cx − Cy‖2

A = (Cx − Cy)T · (Cx − Cy) (4)

This way we can formulate a constrained optimization problem where we aim
to minimize the sum of similar distances concerning pairs in S while maxi-
mizing the sum of dissimilar distances related to pairs in D in the following
way:

min
A

∑
(xi,xj)∈S

‖xi − xj‖2
A (5)
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4 Volkovich Z., Toledano Kitai D. and Avros R.

s.t ∑
(xi,xj)∈D

‖xi − xj‖2
A ≥ 1 (6)

A � 0 (7)

Since the constrains are convex we can classify this optimization problem
as a convex one that can be solved by well known local-minima techniques.
Usually, the number of parameters is quadratic in the number of features
which makes it difficult to scale a large number of features. In this paper we
concentrate in the special case where the similarity matrix A is a diagonal
one A = diag(A11, A22, ..., Add). Under this assumption the optimization-
problem complexity is O(d) instead of O(d2). Another postulation here is
that all clusters obtained are spherical and have the same size and therefore
the assumptions of the classical k-means algorithm are correct.

As we suggest that the metric matrix is diagonal. In this case [26] the
minimizing the function

h(A) = h(A11, A22, ..., Add) =
∑

(xi,xj)∈S

‖xi − xj‖2
A−log

( ∑
(xi,xj)∈D

‖xi − xj‖A

)

(8)
is equivalent to to solving the optimization problem (5) − (7) up to a mul-
tiplication of A by a positive constant, Here a variant of Newton-Raphson
method to resolve this alternate task was suggested.

3 An application to the cluster validation problem

In this section we apply the stated methodology to the cluster validation
problem. The weight matrices derived from the described above learning
process are used as a cluster stability characteristic. We draw samples from
the whole population and study the weight matrices based on those samples.
In case of a stable cluster solution, the basic assumption suggests that the
matrices attained are closed. Drawbacks of the k-means algorithm together
with the complexity of the dataset structure add to the uncertainty of the
process outcome. To overcome this ambiguity, a sufficient quantity of data
has to be used. This is achieved by drawing many samples and the resulting
matrices are compared by means of a matrix norm. (Note that it is natural
to employ the same norm which is involved in the stopping criteria.) The
empirical distribution of the norm differences within the samples’ pairs is
constructed such that the one most concentrated at the origin indicates the
distribution corresponding to the appropriate clusters’ number.
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Distance Learning for Cluster Validation 5

Algorithm
Input parameters:

• X the clustered dataset;
• K− maximal number of clusters to be tested;
• J− number of the drawn samples;
• m− the samples size;
• DN− a matrix norm;

Output:

• k∗− an estimated number of clusters in the dataset

1. For k= 2 to K do
2. For j= 1 to J do
3. Y (j) = sample (X, m);
4. Pk

(
Y (j)

)
= k − means

(
Y (j), k

)
( Use k − means algorithm to

obtain a partition of Y (j) into k clusters);
5. Find the sets S

(
Y (j)

)
and D

(
Y (j)

)
and calculate the weight matrix

W (j)

6. end for j;
7. For j= 1 to J do
8. For i= j + 1 to J do
9. Calculate DN

(j,i)
k = DN

(
W (j), W (i)

)
10. end for i;
11. end for j;
12. Calculate a concentration index Vk of the distances distribution

{
DN

(j,i)
k

}
;

13. end for k;
14. The “true” number of clusters k∗ is chosen according to the distribution

most concentrated at the origin.

In the case of a scalar matrix of the form A = aI, a ∈ R, the target
function obtained from (8) is:

h(a) = a · ∑
(xi,xj)∈S

‖xi − xj‖2 − log(a) − log

( ∑
(xi,xj)∈D

‖xi − xj‖
)

(9)

The minimal value of h(a) is given by the solution of the equation h′(a) = 0
which is derived once

∑
(xi,xj)∈S

‖xi − xj‖2 − 1
a

= 0 (10)

In summery, in the case of of a scalar matrix, there is a simple analytical
solution

a =
1∑

(xi,xj)∈S ‖xi − xj‖2 . (11)
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6 Volkovich Z., Toledano Kitai D. and Avros R.

For a diagonal matrix of the form A = diag(A11, A22, ..., Add) we can make
use of a version of the Newton-Raphson method offered in [26] to resolve this
alternate minimization problem.

As mentioned above, we draw a sample S from the whole population and
use the k −means algorithm to find the partition of this sample into k clus-
ters in order to classify similar and dissimilar items. This step is repeated
for a given numbers of drawn samples and in the case of a scalar weight
matrix, for each partition we obtain the empirical value of a. For k in the
range 2 ≤ k ≤ K we attain a distribution of the appropriate values of a.
The basic assumption is actually to turn out the number of clusters where
the parameter a exhibits the most stable behavior. It is equivalent to the
most stable behavior of the denominator of the expression presented in (12)
which is de-facto an empirical value of the object function minimized during
the clustering process. Essentially, a similar idea was offered in [14] where
dispersions of such an empirical distributions were chosen as a stability mea-
sure. As shown here, distance learning for scalar matrices leads us to the
same approach but from the analytical point of view.

4 Numerical Experiments

In order to demonstrate the ability of the offered methodology, several nu-
merical experiments have been provided on syntactical and real datasets. To
exhibit the matrices variability the vector inf-distance is used:

D(diag(a1, .., ad), diag(b1, .., bd)) = max
i

(abs(ai − bi))

In all tests we set K = 7 , J = 100 and m = 100 and execute 10 trials for
each experiment. The outcomes are presented via the error-bar plots built
within the trials for two statistics. The first one is the relative frequency of
the lowest group f obtained by dividing the distance area into 10 equally
spaced containers. The second one is

V =
C50

C75

where C50 is the median and C75 is the 75-th percentile or the third quartile
of the distances’ values.

4.1 Scalar weight matrices

Synthetic Datasets The synthetics dataset, containing 5, 000 items, are
constructed as mixes of five two-dimensional Gaussian components with in-
dependent coordinate owning the same standard deviation σ = 0.2 (G02)
and σ = 0.3 (G03). The scatter plots of these data are given in Fig 1.
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Fig. 1. Scatter-plots of the five components simulated datasets with σ = 0.2 and
σ = 0.3.

The results presented in Fig 2 demonstrate that a five clusters structure
is indicated in this case for (G02).
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Fig. 2. Error-bar plots of the indexes f and V found for (G02).

Analogous results obtained for (G03) are presented in Fig 3.

As was expected, the results attained for the G02 dataset are more stable
in comparison with ones found for G03. However, the index V is obviously
still indicating a five cluster structure.

Real Datasets

A three text collection set This dataset is composed from three text collections
selected from: (http : //www.dcs.gla.ac.uk/idom/ir resources/test collections/)

• DC0–Medlars Collection (1033 medical abstracts);
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Fig. 3. Error-bar plots of the indexes f and V found for (G03).

• DC1–CISI Collection (1460 information science abstracts);
• DC2–Cranfield Collection (1400 aerodynamics abstracts).

The dataset was studied in [6] using the spherical k–means algorithm and
it was also analyzed in [16], [15], [17] and [25]. Following the common ”bag
of words” approach, 600 and 300 best” terms are selected (see, [5] for term
selection details). A dimension reduction is provided here by the Principal
Component Analysis (PCA). This data set is known to be well separated
using only the two leading principal components. So, we employ here this
data representation and the datasets as D600 and D300 correspondingly. In
both cases the true number of clusters has been derived.
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Fig. 4. Error-bar plots of the indexes f and V found for D600.

Note that the second dataset can be considered as a ”blurred” version of the
first one. Consequently, the solution obtained here is more imprecise, but the
correct value is found in both cases.
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Fig. 5. Error-bar plots of the indexes f and V found for D300.

The Iris Flower Dataset Next considered real dataset is the well known Iris
Flower Dataset found in

http : //fmwww.bc.edu/ec− p/data/micro/iris.dta.
This dataset contains features of three different classes of flowers:

• 0 - Iris Setosa,
• 1 - Iris Versicolour
• 2 - Iris Virginica.

Each class contains 50 items where every item is represented as a four
dimensional feature vector. It is well known that one cluster is linearly sep-
arable from the others while the other two are not.
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Fig. 6. Error-bar plots of the indexes f and V found for Iris dataset.

4.2 Diagonal weight matrices

In this section we present the results obtained under the assumption that a
weight matrix is a diagonal one.
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10 Volkovich Z., Toledano Kitai D. and Avros R.

Synthetic Datasets The outcomes found for two synthetic datasets are
similar to the outcomes stated earlier for the scalar weight matrices and
presented in Fig. 7 and Fig. 8.
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Fig. 7. Error-bar plots of the indexes f and V found for (G02) for diagonal weight
matrices.
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Fig. 8. Error-bar plots of the indexes f and V found for (G03) for diagonal weight
matrices.

Real Datasets

A three text collection set Similarly, in both versions of the three text collec-
tion, we obtain analogous results to those former received in the case of the
scalar weight matrices. The outcomes are presented in Fig. 9 and Fig. 10.
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Fig. 9. Error-bar plots of the indexes f and V found for D600 for diagonal weight
matrices.
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Fig. 10. Error-bar plots of the indexes f and V found for D300 for diagonal weight
matrices.

5 Conclusion

The offered method in this paper proposes an alternative approach for the
cluster validation problem based on the most appropriate metric for the given
data collection. Random samples are drawn from the whole population and
the quality of a cluster is reflected by its weight matrix estimated via different
samples. If the weight matrices learned upon the drawn samples within the
partition’s clusters are close, then the cluster structure is considered to be a
stable one. In order to obtain valid results, we perform the calculations on
sufficiently large amount of samples drawn. So, empirical distributions of the
differences between the weight matrices are constructed. The distribution
most concentrated at the origin is proposed to indicate the true number of
clusters. Numerical experiments imply high ability of the developed concept.
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Abstract: The complexity of a sequence of symbols is a useful feature for the purposes of 

classification of musical rhythms in music information retrieval, and more general temporal 

sequences in data analysis. A plethora of different measures of rhythm complexity exist for 

a variety of applications. In the context of musical rhythm it is often desirable to use a 

mathematical measure that correlates well with human judgments. Since the complexity of a 

sequence is related to its irregularity, one way to measure it is by means of a suitable 

distance between the given rhythm and a perfectly regular one. A well-known and 

successful measure of distance between two rhythms is the edit (also Levenshtein) distance, 

defined as the minimum number of symbol insertions, deletions, and substitutions, required 

to convert one rhythm into the other. In the past the edit distance has been used exclusively 

as a measure of similarity between sequences. Here it is explored as a novel measure of 

rhythm complexity, and it is tested on several data sets, to determine how well it correlates 

with human perceptual and performance complexities. 

Keywords: Edit distance, Musical rhythm complexity, Sequence similarity, Music 

information retrieval, Pattern recognition, Classification 

 

1  Introduction 
 

At its most rudimentary level, musical rhythm may be modeled simply by a binary 

sequence of symbols such as [x..x..x...x.x...], where the symbols ‘x’ and ‘.’ 

represent, respectively, sounded and unsounded pulses, and each pulse denotes a 

duration of one unit. Although such a concise representation of musical rhythm, as 

a mere sequence of binary symbols, ignores all the other aspects of music that 

make rhythm so rich and compelling, such as loudness dynamics, timbre, pitch, 

melody, and harmony, it turns out nevertheless to be quite useful (Liu and 

Toussaint, 2010). Rhythm is arguably the most important feature of music, and its 

complexity a useful feature for the purposes of classification and information 

retrieval in computational music and, more generally, for the study of temporal 

sequences in data analysis (Toussaint, 2005; Toussaint, 2010). Different measures 

of rhythm complexity have been proposed that are suitable for a variety of 

applications (Coyle and Shmulevich, 1998; Shmulevich and Povel, 1998, 2000; 

Flanagan, P., 2008; Liou, C.-Y., Wu, T.-H., and Chia-Ying Lee, C.-Y., 2009). In 

the context of music it is often desirable to use a mathematical measure of rhythm 

complexity that correlates well with human judgments. Since the complexity of a 

sequence is related to its irregularity, one way to measure complexity is by means 

of a suitable distance between a given rhythm and a perfectly regular one. Indeed, 

several distance measures have already been investigated for this purpose (Thul 

and Toussaint, 2008). A well-known, measure of the distance between two rhythms 
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is the edit (also Levenshtein) distance, defined as the minimum number of symbol 

insertions, deletions, and substitutions needed to transform one rhythm to the other. 

The edit distance has been used successfully almost exclusively for measuring the 

similarity of rhythms, with one exception, and that is as a measure of the structural 

complexity of spatial landscapes (Papadimitriou, 2009). Here the edit distance is 

explored as a novel measure of musical rhythm complexity, by testing it on three 

data sets previously compiled by Essens, (1995), Fitch and Rosenfeld, (2007), and 

Povel and Essens, (1985), to determine how well it correlates with perceptual and 

performance complexities. 
 

2  Performance and Perceptual Complexities 
 

Povel and Essens (1985) tested whether rhythms that induce a strong metrical 

representation may be better reproduced than those inducing weaker metrical 

versions. In a series of experiments they compared a clock-model to human 

perceptual complexity (Shmulevich and Povel, 2000), and human performance 

complexity (Povel and Essens, 1985). The perceptual complexity is determined by 

judgments of the listeners, whereas the performance complexity is obtained from 

measuring the difficulty that subjects experience in reproducing the rhythms by 

tapping them with their fingers. They did not address the relationship between 

these two facets of complexity, which is relevant to the present investigation. One 

of the general goals of the research encompassing the present study is to develop 

mathematical measures of rhythm complexity that correlate well with either of 

these complexities, and to discover how they differ. It is well known that 

performance is easier than recognition. 

 

A scatter plot of the perceptual versus performance complexities of the Povel-

Essens rhythms is shown in Figure 1. A spearman rank correlation analysis of the 

two lists of values yields a correlation coefficient of r = 0.713 with a significance 

of p < 0.001. Thus, for this data, the two measures are highly and significantly 

correlated. In a similar study, Essens, P., (1995), also tested models against both 

performance and perceptual complexities, but as the scatter diagram in Figure 2 

shows, for the Essens rhythms the two complexities are not correlated at all. 

  
Fig. 1. Perceptual vs performance 

complexities - Povel-Essens rhythms. 

Fig. 2. Perceptual vs performance 

complexities - Essens rhythms. 
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3  Edit Distance 
 

The edit distance (also Levenshtein distance), was originally proposed in 1966 by 

Vladimir Levenshtein, in the context of information theory, to measure the 

similarity between two symbol sequences. Since then it has found wide application 

in many disciplines including language processing, bioinformatics, and music, 

fields that are all concerned with sequence similarity of one sort or another (Orpen  

and Huron, 1992). Recent experiments have shown that in some contexts the edit 

distance correlates well with human judgments of rhythm similarity (Post, O., and 

Toussaint, G. T., 2011). Given two symbol sequences X and Y, the edit distance is 

defined as the minimum number of mutations consisting of symbol insertions, 

deletions, and substitutions, that are needed to convert X into Y. An insertion of a 

symbol into a sequence lengthens the sequence, a deletion shortens it, and a 

substitution replaces one symbol for another without changing its length. Consider 

the sequences X = [x . . x . . x . . . x . x . . .] and Y = [x . x . . x . . . x . x . . . .], 

where 'x' denotes a sounded pulse and '.' denotes a silent pulse. Here X may be 

converted into Y by deleting the second silent pulse in X, and inserting a silent 

pulse at the end of X, resulting in an edit distance of 2. The edit-distance may be 

computed using dynamic programming in O(mn) time, where m and n are the 

lengths of the two strings being compared. The algorithm for calculating the edit 

distances was programmed by Malcolm Campbell (Toussaint, G. T., Campbell, M., 

and Brown, N., 2011). 

 

4  Rhythm Complexity as Deviation from Regularity 
 

There are many ways to measure the complexity of a rhythm. Thirty-two measures 

of complexity were compared in Thul and Toussaint, (2008). Included in their list 

were various measures of syncopation, a concept closely related to complexity, as 

well as several geometric properties that measure some form of irregularity, such 

as off-beatness and rhythmic oddity (Chemillier, M. and Truchet, C., 2003, 

Toussaint, 2005). In the present study the edit distance is used as a measure of 

irregularity of a rhythm by calculating it between a given rhythm and a perfectly 

regular rhythm. For the 16-pulse rhythms that are used in all three data sets there 

are two natural perfectly regular rhythms that may be used for comparison, the 4-

beat meter [x...x...x...x...] and the 8-beat meter [x.x.x.x.x.x.x.x.]. 

 

5  Results and Discussion 

 
The results of the previous three experiments performed with human subjects were 

compared to those obtained with the edit distance, using as underlying meters both 

4-beat and 8-beat regular rhythms. Each measure of complexity, human as well as 

edit distance, yields for each data set, a list of complexity values. Two lists are then 

compared by means of the Spearman rank correlation coefficient. The results 

obtained with each data set are tabulated in the tables below. To interpret the 

results it helps to describe some properties of the rhythms used in the three data 
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sets. Due to space limitations the rhythms themselves are not listed here, but may 

be obtained either from Thul, E. and Toussaint, G. T., (2008), or the original 

sources. 

 

The Povel-Essens Data: This data consists of 35 rhythms, all of which have a total 

length of 16 pulses. They all contain 9 attacks, all start with an attack on the first 

pulse, and all end with the same longest interval [x . . .]. The rhythms do not 

resemble the rhythmic timelines (ostinatos) used in traditional world music, but 

rather have the hallmark of what one might call artificial laboratory rhythms. This 

is not too surprising since the rhythms are made up of all the permutations of the 

inter-onset interval (IOI) pattern {1,1,1,1,1,2,2,3,4}. Every rhythm in the collection 

has five intervals of duration 1, two intervals of duration 2, and one interval of 

durations 3 and 4, each. The results obtained with the edit distance are shown in 

Table 1. Notably, there is a marked difference between the 4-beat and 8-beat 

versions. The 8-beat edit distance does not give good results. However, the 4-beat 

edit distance shows a statistically significant high degree of correlation with both 

performance and perceptual complexities. 

 

Table 1 

Povel-Essens Rhythms - Spearman Rank Correlations 

 4-Beat-Edit-Distance 8-Beat-Edit-Distance 

Performance Complexity r = 0.563    p < 0.01 r = 0.171    p < 0.2 

Perceptual Complexity r = 0.575    p < 0.01 r = 0.226    p < 0.1 

 

The Essens Data: This data consists of 24 rhythms, all of which have 16 pulses. 

The number of onsets varies between 8 and 13, and is generally greater than that of 

the Povel-Essens data. All the rhythms start with an attack on their first pulse. The 

densest 13-onset rhythm is [xxxxxxx.xxx.xxx.], and the sparsest 8-onset rhythm is 

[xxx.xx..x.x.x...]. These rhythms were generated specifically to test certain 

hypotheses regarding a psychological internal regular clock. Like the rhythms in 

the Povel-Essens data, they bear little resemblance to the rhythms used as timelines 

in musical practice. The results with the edit distance are shown in Table 2. Here 

again, there is a marked difference between the 4-beat and 8-beat versions, but the 

results are contrary to those obtained with the Povel-Essens data. Here it is the 4-

beat edit distance that gives poor results, whereas the 8-beat edit distance shows a 

statistically significant moderate degree of correlation with both performance and 

perceptual complexities, somewhat favoring the latter. 

 

Table 2 

Essens Rhythms - Spearman Rank Correlations 

 4-Beat-Edit-Distance 8-Beat-Edit-Distance 

Performance Complexity r = -0.0699    p < 0.4 r = 0.373    p < 0.04 

Perceptual Complexity r = 0.0009     p < 0.5 r = 0.423    p < 0.02 

The Fitch-Rosenfeld Data: This data consists of 30 rhythms, also spanning 16 

pulses each. The number of onsets in the rhythms is smaller than in the other two 
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data sets; six rhythms have four onsets and the rest have five. Also noteworthy is 

that unlike the other two data sets, 17 rhythms have anacrusis (i.e., they start on a 

silent pulse). Furthermore, in contrast to the two data sets described above, these 

rhythms were generated in such a way as to vary the amount of syncopation among 

the rhythms, as measured by Fitch and Rosenfeld’s implementation of the Longuet-

Higgins and Lee measure of syncopation (Longuet-Higgins, H. and C. Lee, 1984). 

Their goal was to generate a set of rhythms that exhibited a range of different 

syncopation values. Surprisingly, what they did not appear to realize, is that most 

of their rhythms (or their cyclic rotations) are actually existing timelines found in 

either Sub-Saharan African music, or talas used in Indian music. 

 

Fitch and Rosenfeld measured performance complexity, but did not obtain any 

judgments of perceptual complexity. However, they calculated two additional 

behavioral measures of complexity, which they call beat tapping, and number of 

resets. Beat tapping reflects the complexity that subjects experience when they 

have to tap the underlying meter while hearing the rhythm, and therefore it is also 

referred to as metrical complexity. The number of resets refers to the number of 

times during a listening experiment that the subject alters his or her tapping of the 

meter, in effect reinterpreting the rhythm as less syncopated by re-setting the 

inferred meter. The values of this measure were calculated by counting the number 

of times a subject tapped a beat halfway between where the beat should have been. 

The results with the edit distance are shown in Table 3. In contrast to the results 

with the other two data sets, here both versions of the edit distance measures yield 

statistically significant correlations with performance complexity, highly correlated 

with the 8-beat-edit distance and moderately correlated with the 4-beat edit 

distance. The beat tapping and number of resets measures tell a different story 

however; they correlate highly with the 8-beat edit distance but not at all with the 

4-beat edit distance. It is worth adding that although the beat tapping and number 

of resets measures are highly correlated with each other (r = 0.962, p = 0.000001), 

they are only moderately correlated with performance complexity, yielding r = 

0.416, p = 0.011 for beat tapping, and r = 0.427, p = 0.009 for number of resets. 

 

Table 3 

Fitch-Rosenfeld Rhythms - Spearman Rank Correlations 

 4-Beat-Edit-Distance 8-Beat-Edit-Distance 

Performance Complexity r = 0.363    p < 0.03 r = 0.513    p < 0.01 

Beat Tapping r = 0.105    p < 0.3 r = 0.574    p < 0.01 

Number of Resets r = 0.162    p < 0.2 r = 0.564    p < 0.01 

 

The fact that the results were so different with the Povel-Essens rhythms as 

compared with the others, raised questions about the robustness of the edit distance 

used in this way, and motivated a deeper analysis of the structure of the rhythms, 

and the behavior of the edit distance in this context. Analysis of the edit distance 

computations revealed that whereas for the Essens and Fitch-Rosenfeld rhythms 

the edit distance took on six different values, for the Povel-Essens rhythms only 
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two values (5 and 6) were observed. It was concluded that this data is anomalous in 

this respect due to the combinatorial nature of its generation, leading to unstable 

edit distance values due to the presence of too many ties. 

 

Fig. 3: Attack histograms for the three sets of rhythms. 

 

One property of rhythms that influences their complexity is the amount of 

syncopation (or its opposite - metricity) that they possess. This in turn depends on 

the attacks that occur at pulse locations that engender syncopation, most notably, 

for 16-pulse rhythms, positions 3, 7, 11, and 15. The presence of attacks on 

positions 1, 5, 9, and 13, on the other hand, tend to increase metricity or regularity. 

To obtain some insight into this aspect of the rhythms, the attack histograms of the 

three data sets were computed, and are shown in Figure 3. The three histograms 

have notably different characteristics. The Povel-Essens rhythms (left histogram in 

Figure 3) all have onsets at the metrical pulses 1 and 13, and the remaining pulses 

are pretty much evenly distributed, apart from the three empty columns at pulses 

14, 15, and 16. There is no emphasis on the syncopated pulses 3, 7, 11, and 15. 

Indeed, pulse 15 is not used at all. Therefore this data may be characterized as 

lacking syncopation, and apart from the start and end attacks at pulses 1 and 13, 

these rhythms resemble random rhythms. The Essens rhythms (center histogram in 

Figure 3) also do not favor the syncopated pulses 3, 7, 11, and 15. Indeed pulse 15 

is again almost absent. Furthermore these rhythms possess a high degree of 

metricity since all 24 rhythms have onsets at pulses 1, 5, 9, and 13, the 

fundamental beat structure of a 4/4 time signature. The remaining pulses are fairly 

evenly distributed (apart from pulses 15 and 16). The Fitch-Rosenfeld rhythms 

(right histogram in Figure 3) have attack histograms that are considerably different 

from their counterparts. These rhythms make copious use the syncopated pulses 3, 

7, 11, and 15, especially at pulse number 3. Therefore these rhythms may be 

characterized as being highly syncopated relative to the others. Thus we may 

conclude that Fitch and Rosenfeld’s employment of the Longuet-Higgins and Lee 

measure of syncopation is quite successful at selecting syncopated rhythms. 

 

Musical rhythms may also be described in terms of their metricity. One measure of 

metricity is the degree to which the attack histograms of the data correlate with the 

Generative Theory of Tonal Music (GTTM) hierarchy (Post, O., and Toussaint, G. 

T., 2011, Lerdahl, F. and Jackendoff, R., 1983). The GTTM hierarchy assigns a 

relative weight to each pulse in the measure, which indicates the expectancy of an 

attack occurring at that location. The sixteen relative weights in GTTM are given 

by [5,1,2,1,3,1,2,1,4,1,2,1,3,1,2,1]. The numbers in bold face highlight the 

emphasis that GTTM makes on the regular 4-beat metric pattern. These values 
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provide a ranking of the 16 pulses that may be compared to the rankings obtained 

from the heights of the attack histograms of the three data sets (Figure 3). The 

resulting Spearman rank correlation coefficients are listed in Table 4. All three 

histograms are significantly correlated with the GTTM hierarchy. It may appear 

surprising, at first glance, that the rhythms with highest syncopation (Fitch-

Rosenfeld) should also have the highest correlation with GTTM. However, a 

strong feature of the GTTM hierarchy, other than the rank of column heights, is its 

contour, which has the structure of a constant alternation of increasing and 

decreasing values, or the up-down (U-D) patterns, for short. It consists of 8 U-D 

pairs occurring at all the odd-even numbered pulse positions. From the attack 

histograms in Figure 3 it may be observed that for the Povel-Essens, Essens, and 

Fitch-Rosenfeld histograms the corresponding numbers of U-D patterns are, 

respectively, 3, 5, and 7. This helps to explain the results in Table 4. 

 

Table 4 

GTTM Hierarchy - Spearman Rank Correlations 

Povel-Essens Rhythms r = 0.46 p  < 0.04 

Essens Rhythms r = 0.50 p  < 0.03 

Fitch-Rosenberg Rhythms r = 0.59 p  < 0.01 

 

6  Conclusions 
 

The results obtained in this study suggest that the edit distance measure of rhythm 

complexity models human performance and perceptual complexities better for 

rhythms that are highly syncopated, as with the Fitch-Rosenfeld data. Only for the 

Fitch-Rosenfeld data, do both the 8-beat and 4-beat edit distance measures 

correlate at a statistically significant level, with performance complexity, 

suggesting that the measure does better with real-world rhythms than with 

artificially generated rhythms that bear little resemblance to rhythms used in 

practice. That the correlation is higher with the 8-beat than with the 4-beat edit 

distance suggests the hypothesis that with the Essens and Fitch-Rosenfeld rhythms 

the subjects were internally constructing an 8-beat rather than a 4-beat meter. 

However, this is speculation that warrants further investigation. 
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Abstract. In this paper we investigate dependencies between associated diseases
that a person has at the end of his live and the cause of death. We analyze public
data about cause-specific mortality in conjunction with the problem of average
risk estimation on empirical data. The use of the theory of Vapnik-Chervonenkis
provides informative results about differences between distributions of associated
diseases in group of people who died of cancer and group of people who died of
another disease. This difference uncovers a relationship between some groups of
associated diseases and risk of death of cancer.
Keywords: survival analysis, cancer mortality.

1 Introduction

The World Health Organization predicted cancer as an increasingly impor-
tant cause of morbidity and mortality in the next few decades in all regions of
the world. Even if current global cancer rates (in accordance with forecasted
changes in population demographics) remain unchanged, the estimated in-
cidence of 12.7 million new cancer cases in 2008 will rise to 21.4 million by
2030. Moreover, these cancer rates are expected to increase too [5].

Experts associate the increase in cancer prevalence with population ageing
and improving the quality of life. According to the World Bank income
groups, the cancer rates for all cancers combined (excluding non-melanoma
skin cancers) rose with increasing levels of country income. High-income
countries had more than double the rate of all cancers combined of low-
income countries [5]. The questions are: why the cancer is more distributed in
developed countries, how can it be connected with longevity increase observed
from the second part of XX century?

The main goal of this research is to analyze relationships between cancer
mortality and associated diseases that a person had at the end of his live on
the basis of USA mortality-comorbidity data. We track these relationships
during the second part of XX century and the beginning of XXI century,
investigate differences and underline diseases that are associated with cancer
mortality.
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In the research the Multiple Cause-of-Death Public-Use Data by the Na-
tional Center for Health Statistics USA [6] is analyzed. Distribution of associ-
ated diseases presented by the ICD10 codes among people who died of cancer
(C00-C97) is compared with the same distribution among people who died
of another disease. In order to select more “important” diseases associated
with cancer mortality we solve a problem of contrasting the distributions. By
the problem of contrasting we mean the selection of associated diseases for
which we have the most distinguishable distributions.

We used symmetrized Kullback-Leibler divergence as a difference mea-
sure between the two distributions. For a set of associated diseases the sym-
metrized Kullback-Leibler divergence was estimated from the data as a half
sum of mixed entropies corrected by a penalty term. This term takes into
account both the amount of empirical data and the number of considered
associated diseases and it construction based on the Vapnik-Chervonenkis
dimension.

The results show associated diseases connected with cancer death, dif-
ferences between associated diseases depending on age, dynamics of the de-
velopment and distribution of different diseases depending on year of death.
This research contains the medical interpretation of the results.

2 Definitions

In this section we introduce some definitions and notations that will be used
throughout the paper.

We consider the problem of estimation a distance between two distribu-
tions p1(x) and p2(x) on empirical data, where p1(x) is a distribution of
associated diseases among people who died of cancer (let’s name this group
as a cancer group), p2(x) – a distribution of associated diseases among peo-
ple who died of another disease (non cancer group). Associated diseases are
grouped into blocks according to their ICD10 classification, x is a block of
associated diseases.

For each ith block (i = 1, . . . , k) of associated diseases a number of people
of cancer group which had a disease from the ith block (ni) and a number
of people of non cancer group which had a disease from the ith block (mi)
are calculated. Cancer and non cancer groups have histograms of associated
diseases: g1 = (n(1), n(2), . . . , n(k)) and g2 = (m(1),m(2), . . . ,m(k)), blocks of
associated diseases are sorted in descending order of the absolute difference

between the values ni/
k∑
i=1

ni and mi/
k∑
i=1

mi.

Our goal is to find a set of blocks of associated diseases which are the
most important for difference between cancer and non cancer death. Let α
be a variable which labels what set of blocks we use now, Σ is a set of
all possible sets α. In an experimental part we create follow sequence of
variables α: α(1) – the first block of associated disease, α(2) – the first and
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the second blocks,. . . , α(k) – all blocks, where the order of blocks is the same
as in histograms above.

Let p̂1(x, α), p̂2(x, α) are estimates of distributions p1(x, α) and p2(x, α)
on empirical data. We use symmetrized Kullback-Leibler divergence as a
distance between empirical estimates p̂1(x, α), p̂2(x, α) and p2(x, α), p1(x, α):

D(α) =− 1

2

(∑
x

p2(x, α) ln
p̂1(x, α)

p2(x, α)
+
∑
x

p1(x, α) ln
p̂2(x, α)

p1(x, α)

)

3 Formalization of The Problem

Our goal is to find such set of blocks of associated diseases for which distribu-
tion of associated diseases in cancer group maximally differ from the distribu-
tion in non cancer group. In terms of Kullback-Leibler divergence: D(α)

α→
max

In the rest of the article we consider a functional of average risk as a
characterizing criterion of the distance D(α):

M(α) =− 1

2

(∑
x

p2(x, α) ln p̂1(x, α) +
∑
x

p1(x, α) ln p̂2(x, α)

)
(1)

The distributions p1(x, α) and p2(x, α) are unknown and they are ap-
proximated by frequencies. We can use a trivial approximation by frequen-
cies ν1(x, α) and ν2(x, α) which are equal to a portion of people who had
an associated disease from block x and died of cancer or of another disease
respectively. If x is an ith block of associated disease, α consists of k blocks,
then frequencies are defined as:

ν1(x, α) =
ni
k∑
i=1

ni

, ν2(x, α) =
mi

k∑
i=1

mi

,

To avoid zero value under logarithm in (1) we use empirical estimates p̂1(x)
and p̂2(x) of distributions p1(x) and p2(x) in form:

p̂1(x, α) =
ni + 1
k∑
i=1

ni + k

, p̂2(x, α) =
mi + 1
k∑
i=1

mi + k

(2)

These expressions are Bayes estimates of probabilities if a priori distribu-

tion of probabilities on the k-fold simplex given by ∆k = {p1, . . . , pk :
k∑
i=1

pi =

1, pi ≥ 0, i = 1, . . . , k} is uniform.
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By substitution of ν1(x, α) and ν2(x, α) instead of p1(x, α) and p2(x, α)
in (1) we obtain so called empirical risk

Me(α) =− 1

2

(∑
x

ν2(x, α) ln p̂1(x, α) +
∑
x

ν1(x, α) ln p̂2(x, α)

)
=

=− 1

2

(
1

k∑
j=1

mj

k∑
i=1

mi ln
ni + 1
k∑
j=1

nj + k

+
1

k∑
j=1

nj

k∑
i=1

ni ln
mi + 1
k∑
j=1

mj + k

)

(3)

The deviation between the average risk and the empirical risk can be
estimated in form of an inequality

M(α) > Me(α)− d(α, η),

which is valid with probability 1− η.
By maximizing on α the right part of the inequality we determine the

set of blocks of associated diseases for which distribution of the associated
diseases in cancer group maximal differs of the distribution of the associ-
ated diseases in non cancer group. The penalty term d(α, η) is estimated by
Vapnik-Chervonenkis evaluation.

Let xα1i, i = 1, . . . , Lα1 denote a block of associated diseases which ith
person form the cancer group had, where Lα1 is a number of people who
belonged to the cancer group and had an associated disease from a set α.
In the same way, let xα2i, i = 1, . . . , Lα2 denote a block of associated diseases
which ith person form the non cancer group had. Then we can obtain the
following expression for the empirical risk (3):

Me(α) = −1

2

(
1

Lα2

Lα2∑
i=1

ln p̂1(xα2i, α) +
1

Lα1

Lα1∑
i=1

ln p̂2(xα1i, α)

)
(4)

To present the functional of average risk as an expectation and the func-
tional of empirical risk as a mean assume additional notation Fi(x, α) =
− ln p̂i(x, α), i = 1, 2. Functions Fi(x, α), i = 1, 2 are bounded. Functionals
of average and empirical risks take form:

Me(α) =
1

2

(
1

Lα2

Lα2∑
i=1

F1(xα2i, α) +
1

Lα1

Lα1∑
i=1

F2(xα1i, α)

)

M(α) = EF1(x, α) + EF2(x, α) =

∫
F1(x, α)dP (x) +

∫
F2(x, α)dP (x)

For such forms of functionals we can use the Vapnik-Chervonenkis result
from [1] about the uniform convergence of means to expectations in a class
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of bounded functions and obtain an equation for penalty term d(α, η):

d(α, η) = 2

√
r
(
ln 2l

r + 1
)
− ln η

5

l − 1
,

where l – the number of sample objects, r – the Vapnik-Chervonenkis dimen-
sion [1].

Substitution paraments of the task instead l and r leads to the inequality
which holds with probability not less than 1 − η for all sets of blocks of
associated diseases composed not more than k blocks

M(α) > Me(α)− 2

√√√√2k−1
(

ln
2(Lα1 +Lα2 )

2k−1 + 1
)
− ln η

5

(Lα1 + Lα2 )− 1
(5)

4 Experimental Results

In this section we present the analysis of the data of human comorbidity and
mortality. We are interested in differences between two groups of people:
people who died of cancer and people who died of another disease. Usually
a person in addition to underlying disease (the cause of death) has a list
of associated diseases. Hence there are certain distributions of associated
diseases in these two groups of people.

For the analysis the Multiply Cause-of-Death Public-Use data are used
which was provided by the International Center of Health Statistics (USA) [6].
We considered the data for 1985-2008 years. Data are splitted into files yearly
and for each particular year file contains the information about persons who
died this year. For each person we have following information: age, date of
death, a cause of death (one for each person), a list of associated diseases (up
to 30 diseases for each person). Analysis is performed for three age groups:
15-34, 35-64, 65+ years old. All associated diseases are grouped into standard
blocks by the first letter and two digits of their ICD10 codes and we work
with more than 150 blocks.

On the figure 1 normalized histograms of associated diseases in cancer

and non cancer groups are plotted (according to our definitions ni/
k∑
i=1

ni

and mi/
k∑
i=1

mi, i = 1, . . . , k). There are three figures for different age groups.

Histograms are plotted on the data about mortality and morbidity in 2008
year. Associated diseases are coded according their ICD10 classification.
Blocks of associated diseases are sorted in descending order of the absolute
difference between normalized histograms in cancer and non cancer groups.

Figure 1 illustrates that such associated diseases as bacterial diseases
(A30-A49) and anaemias (D60-D64) are spread in the youngest age group

SMTDA           755



 

 Proceedings, 2nd Stochastic Modeling Techniques and Data Analysis International Conference 

 5 - 8 June 2012 Chania Crete Greece 

 

 

 

 

 

 

 Proceedings, 2nd Stochastic Modeling Techniques and Data Analysis International Conference 

 5 - 8 June 2012 Chania Crete Greece 

 

 

 

 

 

Fig. 1. Distributions of associated diseases in three age groups

(15-34 years old). Diseases of circulatory (I00-I99) and respiratory systems
(J00-J99) are more common in elder age group. Over the age of 65 years old
anaemias again become more significant in cancer death, and roles of obesity
and other hyperalimentation (E65-E68) become less significant.

To evaluate the empirical and average risks on the experimental data
and to find a set of associated diseases which are the most important for
difference between cancer and non cancer death we consider different sets α
of blocks of associated diseases. Then we create the sequences of sets α =
(α(1), α(2), . . . , α(n)): for the age group 15-34 years old and 2008 year of death
we have the following sets: α(1) = {J95−J99}, α(2) = {J95−J99,A30−A49}
and α(k) — which includes all considered classes with the order of classes same
as defined above.

Using the mortality data we calculate values of the functional of empirical
risk (3) for each set α. According to inequality (5) we evaluate the lower
bound of the average risk.

Figure 2 describes the lower bounds of the average risk M(α) for three
age groups (data of 2008 year).

Each curve of the lower bound of the average risk reaches its maximum
on some set of blocks of associated diseases and determines diseases for which
the distribution of associated diseases in the cancer group maximally differs
from the distribution of associated diseases in the non cancer group. Using
these curves we calculate the portion of people died of cancer among all who
had particular associated disease.

Obtained sets of blocks of associated diseases (for which cancer group
maximally differs from non cancer group) and the portions of people died of
cancer in these sets are compared for the different age groups and years of
death.
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Fig. 2. Lower bound of average risk

First we observe the youngest age group (15-34 years old) in which among
the others important blocks we have the bacterial diseases block. This block
was selected in each performed analysis over the years from 1985 till 2008.
Each 5th person who had bacterial disease and died at the age 15-34 years
old died of cancer. However, it looks like this pattern has no medical inter-
pretation and it can be explained by the widespread of bacterial diseases in
the youngest age group.

The second block of associated diseases selected in the youngest age group
is aplastic and other anaemias. The portion of people who had these diseases
and died of cancer increased from 20% in 1985 year to 45% in 2008 year. It
is a common fact that anaemia often is the first symptom of leukemia, so a
cause-effect connection between these two diseases definitely exists.

Now proceeding to the middle age group (35-64 years old). In this group
pneumonia and influenza are very “important” diseases in terms of difference
between cancer and non cancer group. This block of associated diseases is
selected in all considered years. The approximate portion of people who had
these diseases and died of cancer is 30%, which means that each 3rd-4th
person who had pneumonia or influenza at the end of his life died of cancer.
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The relationship between pneumonia and cancer is commonly known: on the
one hand lung cancer can develop on the base of chronic inflammation caused
by repeated pneumonia [8]; on the other pneumonia can appear because of
week immune system provoked by cancer or a treatment of cancer.

Aplastic and other anaemias were widely spread among people who died
of cancer at 35-64 years old between 1985 and 1995 years. The portion of
people who died of cancer and had anaemias was about 40% in 1985 and 1990
years and about 30% in 1995 year, but this block of associated diseases wasn’t
selected by the method of maximizing of average risk in this age group after
1995. We also can observe the proliferation of aplastic and other anaemias
in the younger age groups after 1999.

Next selected associated disease connected with cancer death for middle
age group is Viral hepatitis (B15-B19), which is the well-known factor of
cancer risk. The portion of people who died of cancer at the age 35-64 years
old is 35% in 2008 year.

Finally, in the eldest age group (65+) we can observe the aplastic and
other anaemias are becoming significant in terms of differences between can-
cer and non cancer groups. About 30% of people who had a disease from this
block died of cancer.

Diseases of liver are selected in the eldest group in all considered years.
Approximately 20% of people in this group who had a disease of liver died
of cancer and after 1999 year the portion increased to 30%. Cancer of liver
can develop on the basis of inflammation provoked by these diseases.

These diseases are not the only diseases on which the functional of aver-
age risk reaches its maximum. Nevertheless, only them are selected in each
considered year from 1985 to 2008 and the portions of people who had these
diseases and died of cancer are more than 20%.

5 Conclusion

This paper is devoted to the problem of investigation of links between risk
of cancer death and associated morbidity. It is mathematically formalized
as the problem of contrasting the distributions of associated diseases among
people died of cancer and among people died of another disease. To solve
this problem we evaluate the average risk on the empirical data using the
Vapnik-Chervonenkis inequalities. We select associated diseases for which
distribution in cancer group maximally differs from the distribution in non
cancer group. Three age groups and five years of death are analyzed sepa-
rately.

Results for different years and ages are compared, common blocks of as-
sociated diseases are emphasized for different years of death. Thus anaemias
are connected with cancer death for all considered years and age groups.
Pneumonia is selected as linked with cancer only in middle age group in all
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analyzed years. Relationships between diseases of liver and cancer are ob-
tained for eldest age group and all years of death. The performed connections
are interpreted from the medical point of view.

The aim of the future investigations is consideration of the more “tiny”
links between cancer mortality and associated diseases, division cancer in-
cidence by different types of neoplasms. For such analysis one should use
more precise estimation for the average risk than estimation based on the
Vapnik-Chervonenkis approach.
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Abstract: In this paper are proved the existence theorems for delay stochastic differential 

equation 

( ) ( , ( ), ) ( , ( ), ) ( )t tdX t f t X t X dt g t X t X dW t= + , 0t > , dX R∈ , 

where { ( ) | 0} ([ ,0], )d

t
X X t h C h Rτ τ= + − ≤ ≤ ∈ − , ( )W t  is 

2l -valued Brownian motion, 

the functions f  and g  are measurable locally bounded, g  is a partially nondegenerate 

operator. Skorokhod’s representation theorem and a version of Krylov’s estimates play the 

key role in the prove of the existence theorems. 

 

Keywords: Stochastic differential equation, Brownian motion, Weak solution. 

 

1  Introduction 
 

Consider stochastic differential equation with a constant delay 0h > : 

 ( ) ( , ( ), ) ( , ( ), ) ( )
t t

dX t f t X t X dt g t X t X dW t= + , 0t > , 
dX R∈ , (1) 

with Borel measurable functions : d d

h
f R R C R+ × × → , 

2 2
: ( , )d d

h
g R R C L l R+ × × → , where ([ ,0], )d

t h
X C h R C∈ − = , ( )W t  - is 

2
l -

valued Brownian motion with the covariance operator Q , tr( )Q < ∞ , 
2 2
( , )dL l R  - 

is the space of Hilbert-Shmidt operators 
2

: dB l R→ . 

The aim of the present paper is to extend the results of papers [1] and [2] on the 

case of infinite-dimensional Brownian motion. There are obtained the estimates of 

functionals of solutions (Lemma 1 and Corollaries 1, 2). With help of these 

estimates we prove the existence theorems of weak solutions for Eq. (1) assuming 

that the functions ( , , )f t X ϕ  and ( , , )g t X ϕ are Borel measurable, locally bounded, 

uniformly continuous at 
h

Cϕ ∈ , and the operator ( ) ( )gQ gQσ ∗
=  is a partially 

nondegenerate (Condition A). 

 

2  Basic Definitions and Assumptions 
 

We use the following notation: min{ ; }a b a b∧ = ; xP  is the probability 

distribution of a random variable x , the relation x yP P=  means that the 
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distributions of random variables x  and y  coincide; ( )E x  is the expectation of a 

random variable x ; a.s. stands for “almost surely”; [0, )R+ = ∞ ; R+  is the set 

[0, ]∞  with the metric ( , ) /(1 ) /(1 )d x y x x y y= + − + ; ( ), ( )S SB  is a measurable 

space S  with the Borel σ -algebra ( )SB . 

Definition 1. Let λ  be a probability measure on the space ( , ( ))
h h

C CB . If there 

exist: a probability space ( , , )F PΩ  with a filtration ( )
t

F , ;t h≥ −  an ( )
t

F -

stopping time τ  with values in R+  ( 0τ >  a.s.); ( )
t

F -adapted process ( )X t , 

defined for [ , )t h τ∈ − ; a continuous ( )
t

F -adapted process ( )tψ , [ ,0]t h∈ − , with 

the distribution λ ; an 
2

l -valued Brownian motion ( )W t , t R+∈ , with the 

covariance operator Q , such that the following conditions are satisfied: 1) the 

process ( )X t  has continuous trajectories for [ , )t h τ∈ −  a.s., and 

limsup ( )
t

X t
τ↑

= ∞ , if τ < ∞ ; 2) for any ( )
t

F -stopping time σ , 0 σ τ≤ < , the 

integral ( )2

0
( , ( ), ) ( , ( ), )

s s
f s X s X g s X s X ds

σ
+∫  is converging a.s.; 3) with 

probability 1 the relations ( ) ( )X t tψ= , [ ,0],t h∈ −  

0 0
( ) (0) ( , ( ), ) ( , ( ), ) ( )

t t

s s
X t f s X s X ds g s X s X dW sψ= + +∫ ∫ , [0, )t τ∈ , are valid. 

Then the tuple ( , , , , ( ), ( ), )
t

F P F W t X t τΩ  (or, briefly, ( ),X t  t τ< ) is called a 

weak solution of Eq. (1) with the initial distribution λ , and the random value τ  is 

named as explosive time of the weak solution ( )X t . 

Definition 2. A function : d

h
h R R C E+ × × →  ( E  is one of the spaces dR , 

2 2
( , )dL l R )  is said to be locally bounded, if for each 0a >  there exists a constant 

( )N a  such that ( , , ) ( )h t X N aϕ ≤  for all [0, ]t a∈ , dX R∈ , ,
h

Cϕ∈  X a≤ , 

aϕ ≤ . 

Let l  be a fixed natural number, 1 l d≤ ≤ . Denote by 1f  the vector consisting of 

the first l  components of the vector f , and let 2f  be the vector consisting of the 

remaining components of the vector f . Denote by 1g  and 2g  the functions with 

values in 
2 2
( , )lL l R , 

2 2
( , )d lL l R −  respectively such that 

1

2

g q
g q

g q

 
=  
 

o
o

o
, 

2
q l∈ . 

Let 
x

X
y

 
=  
 

, lx R∈ , d ly R −∈ , ( )( )*
1 1 1

( , )
l l

g Q g Q L R Rσ = ∈  (for convenience 

we’ll identify the space of linear bounded operators ( , )l lL R R  with the Euclidean 

space l lR × ), { }1 l

a
B x R x a= ∈ ≤ , { }2 ( , ) ,d l

a h
B y R C y a aϕ ϕ−= ∈ × ≤ ≤ , H  is 

a closure of the set of points ( , ) lt x R R+∈ ×  with the property: either 0a∃ > : 
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( )
2

1
1

( , )

( , ) : sup det ( , , , )
a

a
y B

R t x t x y
ϕ

σ ϕ
−

∈

= = ∞ , or for any open ball U  with the center 

in ( , )t x  there exists a constant 0b >  such that the integral ( , )
b

U
R z d dzτ τ∫  is 

divergent.  

Denote ( ) \c lH R R H+= × , ( ){ }
( , )

( ) ( , ) inf
l

s z H
H t x R R t s x zε ε+ ∈

= ∈ × − + − < , 

( ) ( ) \ ( )c lH R R Hε ε+= × .  

We say that a function ( , , , )h t x y ϕ , ( , , , ) l d l

h
t x y R R R Cϕ −

+∈ × × × , satisfies 

condition A, if the function h  is continuous at ( , )y ϕ  and continuous on the set 

d l

h
H R C−× × . We say that a function ( , , )h t X ϕ , ( , , ) d

h
t X R R Cϕ +∈ × × , satisfies 

condition B, if 0a∀ > : 
1 2

1 2

1 2
0 ( , , ),( , , ) ,

lim sup ( , , ) ( , , ) 0
at X t X B

h t X h t X
ε ϕ ϕ

ϕ ϕ ε

ϕ ϕ
↓ ∈

− ≤

− = , where 

{ }( , , ) , ,d

a h
B t X R R C t a X a aϕ ϕ+= ∈ × × ≤ ≤ ≤ . 

 

3  Estimates for Functionals of Solutions 
 

Let us rewrite Eq. (1) in the following way: 
1 1

2 2

( ) ( , ( ), ( ), ) ( , ( ), ( ), ) ( ),

( ) ( , ( ), ( ), ) ( , ( ), ( ), ) ( ).

t t

t t

dx t f t x t y t X dt g t x t y t X dW t

dy t f t x t y t X dt g t x t y t X dW t

 = +


= +
             (2) 

Lemma 1. Let λ  be a probability measure on the space ( , ( ))
h h

C CB , 

( )
( )

( )

x t
X t

y t

 
=  
 

 be a weak solution of system (2) with the initial distribution λ , the 

functions 1f , 2f , 1g , 2g  be locally bounded and Borel measurable. Then for 

arbitrary 0a >  and 0T >  there exists a constant ( , )c a T  such that 

( )( )

1
2

1/( 1)
1

0

1/( 1)

1

[0, ]
( , )

det ( , ( ), ( ), )

( , ) sup ( , , , )

a

a
a

T l

t

l

l

T B
y B

E h t x t y t X dt

c a T h t x y dsdx

τ

ϕ

σ

ϕ

∧ +

+

+

× ∈

  ≤ 
 

 
≤  

 

∫

∫
 

 for any nonnegative Borel measurable continuous at ( , )y ϕ  function ( , , , )h t x y ϕ , 

t R+∈ , lx R∈ , d ly R −∈ , 
h

Cϕ ∈ , such that , 0b q∀ >  the mapping 

2( , )

( , ) sup ( , , , )
ay B

t x h t x y
ϕ

ϕ
∈

→  belongs to the Lebesgue space 1 1([0, ] , )l

b
L q B R+ × , 

where { }inf ( )
a

t R X t aτ += ∈ > . 
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Corollary 1. Let the assumptions of Lemma 1 be valid and let ( , , , )t x yψ ϕ  be a 

nonnegative locally bounded Borel measurable function continuous at ( , )y ϕ . 

Then for arbitrary 0a >  and 0T >  there exists a constant ( , )c a T  such that 

( )

( ) ( )1
2

0

1/( 1)

1

[0, ]
( , )

1 ( , ( )) ( , ( ), ( ), )

( , ) ( , ) sup ( , , , )

a

c

c
a

a

T

tH

l

l

a
T B H

y B

E t x t t x t y t X dt

c a T R t x t x y dtdx

ε

ε

τ

ϕ

ψ

ψ ϕ

∧

+

+

× ∈

  ≤ 
 

 
≤  

 

∫

∫ I

 

 for any 0ε > . 

Let sequences of functions 
n

f  and 
n

g  satisfy the following conditions 1.1 – 1.3 or 

2.1 – 2.3: 1.1) the functions ( , , , )
n

f t x y ϕ  and ( , , , )
n

g t x y ϕ  are Borel measurable 

bounded and continuous at ( , )y ϕ ; 1.2) lim ( , , , ) ( , , , )
n

n
f t x y f t x yϕ ϕ

→∞
= , 

lim ( , , , ) ( , , , )
n

n
g t x y g t x yϕ ϕ

→∞
= , ( , , , ) l d l

h
t x y R R R Cϕ −

+∀ ∈ × × × ; 1.3) 

det ( , , , ) 0
n n

t x yσ ϕ α≥ >  ( , , , ) l d l

h
t x y R R R Cϕ −

+∀ ∈ × × × , where 

( )( )*

n n n
g Q g Qσ = ; 2.1) the functions 

n
f  and 

n
g  are continuous and locally 

bounded (uniformly on n ); 2.2) lim ( , , , ) ( , , , )
n

n
f t x y f t x yϕ ϕ

→∞
= , 

lim ( , , , ) ( , , , )
n

n
g t x y g t x yϕ ϕ

→∞
=  for almost all ( , , ) l d lt x y R R R −

+∈ × ×  and for all 

h
Cϕ ∈ ; 2.3) inf det ( , , , ) 0

n
n

t x yσ ϕ α≥ > , where ( )( )*

n n n
g Q g Qσ = . We divide 

the matrices 
n

f  and 
n

g  into submatrices 1

n
f , 2

n
f , 1

n
g , 2

n
g  in the same way as the 

matrices f  and g  have been divided into the submatrices 1f , 2f , 1g , 2g . Let 

( )( )*
1 1 1

n n ng Q g Qσ = . Consider the systems 

1 1

2 2

( ) ( , ( ), ( ), ) ( , ( ), ( ), ) ( ),

( ) ( , ( ), ( ), ) ( , ( ), ( ), ) ( ).

n t n t

n t n t

dx t f t x t y t X dt g t x t y t X dW t

dy t f t x t y t X dt g t x t y t X dW t

 = +


= +
                  (3) 

Corollary 2. Let a R+∈  and T R+∈ . Let f and g  be locally bounded 

measurable functions, λ  be a probability measure on the space ( , ( ))
h h

C CB . Let 

( )
( )

( )

n

n

n

x t
X t

y t

 
=  
 

 be a sequence of weak solutions of systems (3). Let ( )nX t , 1,n ≥  

be a sequence of continuous processes such that 
( ) ( ), ,

a
a

n n
n n

X X
P P

τ τ
=  and 

( )
( ) ( )

( )
n

n

x t
X t X t

y t→∞

 
→ =   

 
 locally uniformly in [ , )h− ∞  a.s., 

a a

n
n

τ τ
→∞
→  a.s., where 

,a

n
τ  

a

nτ , 
a

τ are stopping times with values in R+  such that ( )
n

X t a≤  a

n
t τ∀ ≤ , 

( )nX t a≤  
a

nt τ∀ ≤ , ( )X t a≤  
a

t τ∀ ≤ . Then 
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( )

( ) ( )1
2/ 2

0

1/( 1)

1

[0, ]
( , )

1 ( , ( )) ( , ( ), ( ), )

( , ) ( , ) sup ( , , , )

a

c

c

a
a

T

t
H

l

l

a
T B H

y B

E t x t t x t y t X dt

c a T R t x t x y dtdx

ε

ε

τ

ϕ

ψ

ψ ϕ

∧

+

+

×
∈

 
≤ 

 

 
≤  

 

∫

∫ I

 

for any 0ε >  and any nonnegative Borel measurable locally bounded 

function ( , , , )t x yψ ϕ  continuous at ( , )y ϕ , where the constant ( , )c a T  is the same 

constant as in Lemma 1. 

Let 
1

,
( , ) ( , )

l

n l
J t x n nt nxζ+= , where ( , )t xζ  is a real nonnegative infinitely 

differentiable function vanishing for 1x > , | | 1t >  and satisfying 

| | 1 1
( , ) 1

t x
dt t x dxζ

≤ ≤
=∫ ∫ . Denote by 

,
( )( , )

n l
z J t x∗  the convolution of the functions 

( , )z t x  and 
,
( , )

n l
J t x : , ,

| | 1/ , 1/
( )( , ) ( , ) ( , )n l n l

t n x n
z J t x z J t x d d

τ η
τ η τ η τ η

− ≤ − ≤
∗ = − −∫ . 

Lemma 2. Let ( , , , )h t x y ϕ  be a real Borel measurable locally bounded function 

continuous at ( , )y ϕ  and satisfying condition B. Let 

,
( , , , ) ( , , , ) ( , )

n n l
h t x y h t x y J t xϕ ϕ= ∗ , 1n ≥ . Then 

( ) ( )1
2

1

[0, ]
( , )

lim ( , ) sup ( , , , ) ( , , , ) 0
c

a
a

l

a n
T B Hn

y B

R t x h t x y h t x y dtdx
ε ϕ

ϕ ϕ
+

×→∞ ∈

− =∫ I
 

for arbitrary a R+∈ , T R+∈  and 0ε > . 

The proofs of Lemmas 1, 2 and Corollaries 1,2 is similar to the proofs of the 

analogous statements from paper [1]. 

 

4  Existence results 
  

Theorem 1. Let ( , , )f t X ϕ  and ( , , )g t X ϕ  be Borel measurable bounded functions 

continuous at ϕ  and satisfying condition B. Suppose that there exists a constant 

0ν >  such that det ( , , )t Xσ ϕ ν≥  ( , , ) d

h
t X R R Cϕ +∀ ∈ × × . Then for any given 

probability measure λ  on ( , ( ))
h h

C CB , Eq. (1) has a weak solution ( ),X t  t τ< , 

with the initial distribution λ , where the explosive time τ  is infinite a.s. 

Proof. We introduce sequences of bounded continuous functions 
n

f , 
n

g  and 
n

σ  

satisfying conditions 2.1 – 2.3 before Corollary 2. A trivial exstension of Theorem 

1.2.9 [3] implies the existence of weak solutions 
,

( , , , , , , )
n n n n t n n n

F P F W X τΩ  of Eq. 

(1) with the right-hand sides 
n

f  and 
n

g , such that the distribution of the processes 

( )
n

X t , [ ,0]t h∈ − , coinsides with λ  and the explosive time 
n

τ  is infinite a.s. 

Since there exists a constant 0C >  such that ( )4 2
sup ( ) ( ) | |n n

n

E X t X s C t s− ≤ −  

,t s R+∀ ∈ , and 
( ( ), [ ,0])nX t t h

P λ∈ − = , so the sequence 
n

X , 1n ≥ , is tight in 
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([ , ), )dC h R− ∞ . The Skorokhod and Prokhorov theorems imply the existence of a 

probabilty space ( , , )F PΩ , a subsequence ( )
k

n  of sequence ( )n  and continuous 

processes 
knX , X , defined on ( , , )F PΩ , such that ( ) ( )

kn
k

X t X t
→∞
→  locally 

uniformly on [ , )h− ∞ , n nk k
X X

P P= . To simplify the notation we’ll write n  instead 

of 
k

n . Denote by tF  the filtration generated by the process X . Let us proof that 

the process 
0

( ) ( ) (0) ( , ( ), )
t

M t X t X f X X dττ τ τ= − − ∫ , t R+∈ , is a locally square 

integrable ( )tF -martingale with the quadratic variation 

0
( ) ( , ( ), )

t

M t X X dτσ τ τ τ= ∫ . Take arbitrary ,s t R+∈ , s t≤ , an arbitrary 

continuous bounded ( )( ([ , ), ))
d

s C h R− ∞B -measurable function 

: ([ , ), )dq C h R R− ∞ → . We have to verify the conditions: 

( ) ( )( )( ) ( ) 0E M t M s q X− = ,                                    (4) 

( ) ( )2 2

( ) ( ) tr ( , ( ), ) 0
t

s
E M t M s X X d q Xτσ τ τ τ − − = 
 ∫ .                  (5) 

Since 
n

X  is a weak solution of Eq. (1) with the right-hand sides 
n

f , 
n

g  and 

nnX XP P= , so we have the relations: 

( ) ( )( )( ) ( ) 0n n nE M t M s q X− = ,                                    (6) 

( ) ( )2 2

,( ) ( ) tr ( , ( ), ) 0
t

n n n n nn
s

E M t M s X X d q Xτσ τ τ τ − − = 
 ∫ ,                  (7) 

where ,
0

( ) ( ) (0) ( , ( ), )
t

n n n n nn
M t X t X f X X dττ τ τ= − − ∫ . 

By Corollaries 1, 2 and Lemma 2, passing to the limit, as n  tends to infinity, in 

equalities (6) and (7) (see details in paper [1]), we get the validity of relations (4) 

and (5). By Theorem 8.2 [4], there exist an extension '( ', ', ', )
t

F P FΩ  of the filtered 

probability space ( , , , )tF P FΩ , a continuous ( )'tF -adapted process '( )X t , 

[ , )t h∈ − ∞ , and ( )'tF -Brownian motion '( )W t  with the covariance operator Q , 

defined on ( ', ', ')F PΩ , such that there hold the relations '( ) ( )X t tψ= , [ ,0],t h∈ −  

' '

0 0
'( ) (0) ( , '( ), ) ( , '( ), ) '( )

t t

s s
X t f s X s X ds g s X s X dW sψ= + +∫ ∫ , t R+∈ , with 

probability 1 , where Pψ λ= . Lemma is proved. 

Theorem 2. Let ( , , )f t X ϕ  and ( , , )g t X ϕ  be Borel measurable locally bounded 

functions, and let the functions ( , , )f t X ϕ  and ( , , )t Xσ ϕ  satisfy conditions A and 

B. Then for any given probability measure λ  on ( , ( ))
h h

C CB , Eq. (1) has a weak 

solution with the initial distribution λ . 

SMTDA           766



 

 Proceedings, 2nd Stochastic Modeling Techniques and Data Analysis International Conference 

 5 - 8 June 2012 Chania Crete Greece 

 

 

 

 

 

 

 Proceedings, 2nd Stochastic Modeling Techniques and Data Analysis International Conference 

 5 - 8 June 2012 Chania Crete Greece 

 

 

 

 

 

Proof. We construct functions 
n

f , 
n

g  and 
n

σ  satisfying Condition B and 

properties 1.1 – 1.3 before Corollary 2. By Theorem 1, for each natural n  there 

exists a weak solution 
,

( , , , , , , )
n n n n t n n n

F P F W X τΩ  of Eq. (1) with the right-hand 

sides 
n

f  and 
n

g , such that the distribution of the processes ( )
n

X t , [ ,0]t h∈ − , 

coinsides with λ  and the explosive time 
n

τ  is infinite a.s. Let 

{ }inf ( )
m

n nt R X t mτ += ∈ > , ( ) ( )m m

n n
X t X t τ= ∧ . Then for each fixed natural m  

the sequence ( ),
m m

n nX τ , 1n ≥ , is tight in ([ , ), )dS C h R R+= − ∞ × . Hence the 

double sequence ( ){ }, 1
1

: ,
m m

m n n n m
n

X τ
∞∞

= =
Ψ =  is tight in ... ...NS S S S= × × × × (the set 

NS  with the proper metric is a Polish space). It follows from the Skorokhod and 

Prokhorov theorems that there exist: a probability space ( , , )F PΩ , a subsequence 

( )
k

n  of the sequence ( )n , which we denote by ( )n  again; new double sequence 

( ),

1
1

: ,
m m

m n n n

m
n

X τ
∞∞

= =

 
Ψ =  

 
; a sequence ( ) ( )

1 1

: ,
m m

m
m m

X τ
∞∞

= =
Ψ = Ψ = , defined on this 

probability space, with members ( ),
m m

n nX τ , ( ),
m m

X τ  from the space S , 

satisfying the following conditions: 1) ,, m nm nP P
Ψ Ψ= ; 2) ,m n m

n→∞
Ψ → Ψ  a.s.; 3) 

{ }'

inf ( )
m m

nn t R X t mτ += ∈ ≥  for 'm m≥ ; 4) ( ) ( )m m m m

n nn nX t Xτ τ+ =  t R+∀ ∈ , if 

m

nτ < ∞ ; 5) 
1

( ) ( )
m m

X t X t
+

=  for 
m

t τ< ; 6) 
1m m

τ τ
+

≤ ; 7) ( )m m

X mτ = , if 

0
m

τ< < ∞ . Let process ( )X t  and random variable τ  be defined by the following 

settings: ( ) ( )
m

X t X t=  for [ , )
m

t h τ∈ −  for each natural m , lim
m

m
τ τ

→∞
= . Let ( )tF  

be the filtration generated by the processes ( )
m

X t , 1m ≥ . Then process ( )X t  is 

well-defined for all ( , ) [ , )t hω τ∈ − ×Ω , ( )X t  is ( )tF -adapted process with 

continuous trajectories up to moment τ , and the random variable τ  is the 

explosive time of the process ( )X t . We prove that for each fixed natural m  the 

process 
0

( ) ( ) (0) ( , ( ), )

m
tm m m m m

M t X t X f X X d
τ

ττ τ τ
∧

= − − ∫ , t R+∈ , is a locally 

square integrable ( )tF -martingale with the quadratic variation 

0
( ) ( , ( ), )

m
tm m m

M t X X d
τ

τσ τ τ τ
∧

= ∫ . Take arbitrary: ,s t R+∈ , s t≤ ; natural 
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number r ; continuous bounded ( )( ([ , ), ))
d

s C h R− ∞B -measurable function 

: ([ , ), )dq C h R R− ∞ → . We need to check the following conditions: 

( ) ( )( )( ) ( ) 0
m m r

E M t M s q X− = ,                                    (8)   

( )
2 2

( ) ( ) tr ( , ( ), ) 0

m

m

tm m m m r

s
E M t M s X X d q X

τ
τ

τ
σ τ τ τ

∧

∧

  
− − =  

  
∫ .           (9) 

Since 
n

X  is a weak solution of Eq. (1) with the right-hand sides 
n

f , 
n

g  and 

,, m nm nP P
Ψ Ψ= , so there hold the relations: 

( ) ( )( )( ) ( ) 0
m m r

n n nE M t M s q X− = ,                                    (10)              

( )2 2

,( ) ( ) tr ( , ( ), ) 0
m
n

m
n

tm m m m r

n n n n nn
s

E M t M s X X d q X
τ

τ
τ

σ τ τ τ
∧

∧

  
− − =  

  
∫ ,        (11) 

where ,
0

( ) ( ) (0) ( , ( ), )

m
ntm m m m m

n n n n nn
M t X t X f X X d

τ
ττ τ τ

∧
= − − ∫ . 

Passing to the limit, as n  tends to infinity,  in relations (10) and (11), with help of 

Lemmas 1, 2, Corollary 1, 2 and Condition A (see [1]), we obtain (8) and (9). 

There exist an extension '( ', ', ', )
t

F P FΩ  of the filtered probability space 

( , , , )tF P FΩ , a continuous ( )'tF -adapted process '( )X t , defined up to an 

explosive time 'τ , having continuous trajectories up to moment 'τ , and ( )'tF -

Brownian motion '( )W t  with the covariance operator Q , defined on ( ', ', ')F PΩ , 

such that there hold the relations '( ) ( )X t tψ= , [ ,0],t h∈ −  

' '

0 0
'( ) (0) ( , '( ), ) ( , '( ), ) '( )

t t

s s
X t f s X s X ds g s X s X dW sψ= + +∫ ∫ , [0, ')t τ∈ , with 

probability 1 , where Pψ λ= . So '( )X t , 't τ< , is a weak solution of Eq. (1). 
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A model for the forecasting of socioeconomic

status mortality differentials

Andres M. Villegas and Steven Haberman

Cass Businnes School, City University, London, UK
(E-mail: Andres.Villegas.1@cass.city.ac.uk)
(E-mail: S.Haberman@city.ac.uk )

Abstract. In any country, mortality rates and indices such as life expectancy
usually differ across subpopulations, for example, defined by geographic area or
socioeconomic variables. Typically, mortality forecasts are prepared independently
for each subpopulation. We propose a Lee-Carter based model for the simultaneous
modelling of mortality in a group of socioeconomic subpopulations. Compared to an
independent modelling approach, a simultaneous modelling approach facilitates the
consideration of coherency constraints among the subpopulations’ mortality. We
illustrate the proposed model using England mortality data for subpopulations,
which are defined using a deprivation index. Projections of deprivation specific
mortality rates and life expectancies at pensioner ages are presented.
Keywords: Lee-Carter model, socioeconomic status mortality differentials, mor-
tality forecasting.

1 Introduction

In any country, mortality rates and indices such as life expectancy usually
differ across subpopulations, for example, defined by geographic area or so-
cioeconomic variables (e.g. occupation, level of education, income). For
instance, Bajekal [1] reports a difference of 5.9 years in the life expectancy
at birth of males in the least and most deprived areas of England. These so-
cioeconomic status (SES) differentials in mortality pose important challenges
for the design of policies for tackling social inequalities, as well as for the de-
sign of public pension systems and the management of private life annuity
businesses.

In this paper we build on previous demographic and actuarial research in
multi-population mortality forecasting, to develop a Lee-Carter based model
for the simultaneous modelling of the mortality in a group of socioeconomic
subpopulations. This model permits the quantification of SES mortality dif-
ferentials and the projection of their possible future evolution.

2 Modelling mortality differentials

In order to model SES mortality differentials, we follow a relative modelling
approach whereby subpopulation mortality is modelled relative to the mor-
tality of a reference population. In most cases, the reference population
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would be the total population obtained by adding up the subpopulations, or
the national population of the country from which the subpopulations come
from. A relative modelling approach offers several advantages. First, national
mortality data is normally available for a longer periods than mortality data
disaggregated by SES, permitting a more precise estimation of the long-run
mortality trend. Second, as opposed to SES mortality data which is normally
available in an age-grouped format, national mortality data is typically avail-
able for individual ages, enabling the consideration of the effect of year of
birth (cohort) in mortality.

Formally, let the random variable nDxtg represent the number of deaths
in year t for people age [x, x + n) in subpopulation g. Also let the random
variable D′

xt represent the number of deaths at time t for people age [x, x+1)
in the reference population. Assume that a cross-classified mortality expe-
rience is available containing the observed number of deaths ndxtg at ages
[x, x + n), x ∈ X := {x1, . . . , xk}, in year t, t ∈ T := {t1, . . . , tn}, for sub-
population g, g ∈ G := {g1, . . . , gm}, with matching exposure extg. Similarly,
assume that for the reference population the number of deaths d′xt at age
x, x ∈ X ′ =: {x′

1, . . . , x
′
k′}, in year t, t ∈ T ′ := {t′1, . . . , t

′
n′} and its cor-

responding exposures e′xt are available, possibly covering a wider age range
and a longer period of time than in the subpopulations’ data, i.e., x′

1 ≤ x1,
x′
k′ ≥ xk + n, t′1 ≤ t1, and t′n′ ≥ tk.
We follow a modelling approach similar to that of Jarner and Kryger [6]

and model the subpopulations death rates, nµxtg, relative to the reference
population death rates, µ′

xt. Thus, under a Poisson error structure, we model
the number of deaths in the reference population as

D′
xt ∼ Poisson(e′xtµ

′
xt) with µ′

xt = exp
(

α′
x + β′

xκ
′
t + γ′

t−x

)

(1)

and the number of deaths in the subpopulations as

nDxtg ∼ Poisson(nextg nµxtg) with nµxtg =n µ̄′
xt exp (αxg + βxκtg) ,

(2)
where

nµ̄
′
xt =

(

n−1
∏

i=0

µ′
x+i,t

)
1

n

= exp

(

1

n

n−1
∑

i=0

(

α′
x+i + β′

x+iκ
′
t + γ′

t−x−i

)

)

is the geometric average of the mortality rates in the reference population
between age x and age x+ n− 1. In order to ensure the identifiability of the
model we impose the following parameter constraints

∑

x∈X ′

β′
x = 1,

∑

t∈T ′

κ′
t = 0,

∑

z=t−x
t∈T

′,x∈X
′

γ′
z = 0 (3)

∑

x∈X

βx = 1, and
∑

t∈T

κtg = 0 for all g ∈ G (4)
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The parametric structure defined by (1) was introduced by Renshaw and
Haberman [10] as a generalisation of the structure proposed by Lee and Carter
[7] to allow for the consideration of the cohort effect identified in some pop-
ulations (see, e.g., Willets [11] for the UK). In (1), α′

x captures the general
age-specific mortality pattern in the reference population, κ′

t represents the
overall time trend of mortality in the reference population, β′

x measures the
age-specific response to changes in the general level of mortality, and γ′

t−x

captures the cohort effect.

Equation (2) models mortality in the subpopulations relative to mortality
in the reference population. Within this parametric structure αxg captures
mortality level differentials, whilst βx and κtg capture mortality improvement
differentials. Specifically, the term exp(αxg) quantifies the average percentage
deviation of subpopulation g from the pattern of mortality in the reference
population. That is, if exp(αxg) > 1 then at ages [x, x + n) mortality in
subpopulation g is higher than in the reference population and if exp(αxg) < 1
then mortality is lower. The subpopulation-specific time index κtg measures
the deviations of mortality improvements in population g from the mortality
improvements of the reference population. Thus, a decreasing trend in κtg

implies that mortality in subpopulation g is improving at a faster rate than in
the reference population, whereas an increasing trend means that mortality
is improving at slower pace than in the reference population.

The age-modulating parameter βx indicates the magnitude of mortal-
ity improvement differentials at each particular age. In principle, we could
consider a model structure where the age-modulating parameter is subpop-
ulation specific (i.e, βxg as opposed to βx) as in Li and Lee [8]. However, a
subpopulation-independent specification of the age-modulating parameter is
convenient in the forecasting of mortality in socioeconomic subpopulations,
where an ordering of mortality levels is natural (subpopulations with a lower
socioeconomic status tend to have higher mortality than subpopulations with
a higher socioeconomic status). Notice that if subpopulation g1 has histor-
ically had lower mortality than subpopulation g2 (i.e. αx,g1 < αx,g2 for all
x ∈ X ), then a sufficient condition for maintaining this ordering in the fore-
casted mortality rates (i.e. nµx,tn+h,g1 < nµx,tn+h,g2 , h > 0) is βx > 1, and
(κtn+h,g1−κtn,g1) > (κtn+h,g2−κtn,g2), h > 0. Hence, the problem of preserv-
ing the mortality ordering among the subpopulations reduces to modelling
appropriately the multivariate time index κtg.

In order to fit the model parameters, we follow Renshaw and Haberman
[10] and use a two-stage estimation procedure comprising the estimation of
α′
x as

α̂′
x =

∑

t∈T ′

w′
xt log

(

d′xt
e′xt

)

/

∑

t∈T ′

w′
xt (5)

and the estimation of the remaining parameters by maximising the model
log-likelihood under the assumption of independence between D′

xt and Dxtg:
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(6)

where nd̂xtg = nextg exp
(

1

n

∑n−1

i=0

(

α′
x+i + β′

x+iκ
′
t + γ′

t−x−i

)

+ αxg + βxκtg

)

,

d̂′xt = e′xt exp
(

α′
x + β′

xκ
′
t + γ′

t−x

)

, and w′
xt, wxtg are 0-1 weights that indi-

cate empty or omitted data cells. We notice that by fixing α′
x as in (5) the

last two identifiability contraints in (3) become unnecessary.

3 Case study: Mortality by deprivation in England

In this section we apply the proposed model in the investigation of the rela-
tionship between deprivation and mortality in England. We use the English
Index of Multiple Deprivation 2007 (IMD 2007) to measure socioeconomic
status at a small area level ([9]). The IMD 2007 is a composite index of
deprivation comprising seven deprivation domains: income deprivation; em-
ployment deprivation; health deprivation and disability; education, skills and
training deprivation; barriers to housing and services; crime; and living en-
vironment deprivation. The IMD 2007 is based on small geographies called
Lower Layer Super Output Areas (LSOAs), of which there are 32,482 in Eng-
land with an average population of approximately 1,500 people. In our anal-
ysis LSOAs are grouped into deprivation quintiles based on their IMD 2007
score. For each deprivation quintile we have population and deaths estimates
for the years 1981-2007, classified by sex and age groups 50-54,. . .,80-84.

We model deprivation-specific mortality relative to mortality in England
and Wales. Thus, we use England and Wales mortality experience for cal-
endar years 1960-2009 and individual ages 10, 11, . . . , 99, obtained from the
“Human Mortality Database” (www.mortality.org).

Due to space constraints, we limit our discussion to the male population.
Figures 1 and 2 depict the parameter estimates for the England and Wales
male population and for the deprivation subpopulations, respectively. The
plot of the cohort effect reveals the impact of the 1919 influenza pandemic
and the rapid mortality improvement experienced by the generation born
between 1925 and 1945 as reported by Willets [11]. The supbpopulation pa-
rameters reveal very different subpopulation mortality rate levels as well as
very different evolutions of these rates over time. Specifically, the plot of
αxg shows an steep increase in mortality rate levels with increasing depriva-
tion, whereas the plot of κtg indicates that, in spite of the overall decrease
in mortality levels, less deprived quintiles have experienced faster mortality
reductions than more deprived ones, evidencing a widening of the mortality
gap between the least and the most deprived areas of England. However,
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Fig. 1. Parameter estimates for England and Wales male population. Dotted lines
in the period index κ

′

t frame indicate forecasts based on a random walk with drift.
Dots in the cohort index frame represent the 15 more distant and recent cohorts
for which a zero weight was assigned for the estimation of the parameters.
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Q5

Fig. 2. Parameter estimates for the deprivation subpopulations. “Q1” and “Q5”
represent the least and most deprived quintile, respectively. Dotted lines in the
period index κtg indicate forecasts based on a multivariate random walk with drift.

the convergence of αxg and βx towards 0 as age increases indicates that both
mortality level and mortality improvement differentials narrow with age.

In order to project age-specific mortality rates and examine the possible
future evolution of mortality differentials, we extrapolate the period indexes
κ′
t and κtg. The presence of a mild curvature in κ′

t complicates its forecast-
ing. Although second order ARIMA models should produce good time series
fits, Haberman and Renshaw [4] give some compelling reasons to avoid this
approach. Instead, we use the approach proposed by Denuit and Goderniaux
[3] and curtail the time series at a perceived point of departure from linearity.
Thus, we model κ′

t post 1976 using a random walk with drift. Since κtg does
not show any significant departure from linearity, we use a multivariate ran-
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dom walk with drift (see, e.g., Haberman and Renshaw [5, Appendix B]) to
model its dynamics. This approach permits the consideration of correlations
in the mortality evolution of the different subpopulations, an important point
for the forecasting of SES differentials in mortality.

We use the forecasted values of κ′
t and κtg together with the estimated

α′
x, β

′
x, γ

′
t−x, αxg, and βx to obtain forecasts of subpopulation specific mor-

tality rates. These projected mortality rates are then employed to compute:
the ratio between the mortality rates of the most and least deprived quintiles

5µx,t,Q5
/5µx,t,Q1

, subpopulation specific period life expectancies

e̊xtg = 0.5 +

110−x
∑

h=1

{

h−1
∏

i=0

exp(−µx+i,t,g)

}

, (7)

and the life expectancy gap between the most and least deprived quintiles
e̊x,t,Q1

− e̊x,t,Q5
. The implementation of the life expectancy formula (7) re-

quires subpopulation mortality rates for individual ages x, x + 1, . . . , 110,
which are not available due to the age-grouped format of our subpopula-
tion dataset and its truncation at age 84. To tackle this problem, we set
µ′
110,t = 0.7 and extrapolate the England and Wales mortality rates along

the age axis up to age 110 using the technique proposed by Haberman and
Renshaw [4], which is a variant of the widely used demographic method in-
troduced by Coale and Kisker [2]. These mortality rates are then used as
a reference to expand the abridged subpopulation mortality rates under the
assumptions that 5µxtg/5µ̄

′
xt ≈ µx+2,t,g/µ

′
x+2,t and that mortality differences

vanish at age 100, i.e., µx,t,g = µ′
x,t for x ≥ 100. As a way of illustration, the

top left frame of figure 4 depicts the set of mortality rates used to compute
period life expectancies in 2015. The kink observed in mortality rates around
age 95 reflects the cohort effect associated with the 1919 influenza pandemic.

Figures 3 and 4 depict the projected evolution of deprivation-specific mor-
tality rates at age 65-69 and period life expectancies at age 65, respectively.
Central predictions are accompanied by 90% prediction intervals (fan charts)
obtained by simulating paths of the random walk model of κ′

t and the mul-
tivariate random walk model of κtg.

Figure 3 reveals a clear widening of the relative difference in mortality
between the extreme deprivation quintiles, reflecting the faster mortality im-
provements experienced by subpopulations with higher socioeconomic status.
The mortality rate at age 65-69 of the most deprived quintile passed from
being 1.8 times the mortality rate of the least deprived quintile in 1981, to
being 2.3 times in 2007. In addition, if this widening were to continue at the
same pace observed between 1981 and 2007, the ratio between the mortality
rate of the the most deprived quintile and the least deprived quintile at age
65-69 is forecasted to be around 2.9 in 2030.

From Figure 4 we note that forecasted life expectancies exhibit a coherent
behaviour, in the sense that there are no cross-overs between the subpopu-
lations. We also note that despite the overall increase in life expectancy, the
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Fig. 3. Mortality rate projections at ages 65-69.
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Fig. 4. Period life expectancy projections at age 65. The top left frame depicts the
individual age mortality rates used to calculate life expectancies in 2015.

most deprived quintile is apparently departing from the rest of the quintiles.
In fact, the life expectancy gap between the most and the least deprived
quintile increased from 2.9 years in 1981 to 3.8 years in 2007. Moreover, this
life expectancy gap is projected to reach a value of 4.1 years in 2030.

4 Conclusion

We have presented a Lee-Carter based approach for the modelling of mortality
in a group of socioeconomic subpopulations. The proposed approach allows
the quantification of both level and trend differentials in mortality. In addi-
tion, it provides a simple methodology for producing subpopulation-specific
mortality rates that preserve the inverse relationship between socioeconomic
status and mortality.

We have applied the proposed model to analyse the extent of mortality
differentials across deprivation subgroups in England for the period 1981-
2007. This analysis reveals a clear association between area deprivation and
mortality rates, with people living in more deprived areas having higher mor-
tality rates than those living in less deprived areas. In addition, our analysis
indicates a widening mortality gap between more and less deprived areas.

There are some areas that deserve further investigation. Of particular
interest is the use of multivariate time series techniques (e.g. co-integration,
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vector autoregressive models) in the modelling of the subpopulation time
indexes. This would enable a more complex relationship between the mortal-
ity improvements of the subpopulations and the consideration of a possible
future reversing of the observed mortality inequalities.
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Abstract: In this paper the notion of a state of an object at some time granule in a temporal 

conceptual system is presented and explained by examples. This notion covers the 

continuous and discrete states in physics as well as the states in automata theory. An 

important advantage of this notion of a state is its compatibility with respect to changes in 

the chosen granularity of the data describing the system. Examples of applications in 

chemical industry as well as in bio-medicine are shown.   
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1  Introduction 
 

The main purpose of this paper is to present the broad applicability of the notion of 

a state of an object at some time granule in a temporal conceptual system as 

developed in Temporal Concept Analysis (TCA), the temporal branch of Formal 

Concept Analysis (FCA). FCA has been developed since 1979 in a research group 

at Darmstadt University of Technology as “a field of applied mathematics based on 

the mathematization of concept and conceptual hierarchy” [5]. For the main 

notions of  formal contexts, formal concepts, and concept lattices see section 2. 

TCA started in 1993 on Crete when the author, visiting Knossos, had the idea that 

a state of a temporal conceptual system should be described by a formal concept. 

This idea proved to be very successful for several reasons. Firstly, concept lattices 

generalize the classical state spaces, as for example continuous and discrete state 

spaces in physics. Secondly, the temporal conceptual systems in TCA allow for 

introducing not only the notion of a state of a system, but also the notion of a state 

of a temporal object of a given system – using a quite general notion of a temporal 

object (see section 5.3). Thirdly, the conceptual systems in FCA allow for a 

practically very important granularity method, namely conceptual scaling, which 

allows to study any given conceptual system in a great variety of different 

granularities. Finally, line diagrams of concept lattices can be drawn in the plane 

even for multi-dimensional data as shown in Fig.1 (order dimension 4) and Fig. 2 

(order dimension 6) which is very useful in practice.  

The dynamics of temporal conceptual systems can be visualized by transitions and 

life tracks of objects, if the objects behave like particles in physics, namely that 

“they are at each time granule at exactly one place”.  We also introduce distributed 

objects which behave like a wave, “being at each time granule at several places”. 

These notions can be applied also to temporal relational systems [10].  
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2  Formal Concept Analysis 
 

In this section we give a short overview over the main ideas and notions in FCA. 

For details the reader is referred to  Ganter, Wille [5]. 

 

2.1 Lattices 

Garrett Birkhoff [3] has introduced the theory of lattices as an abstraction from 

hierarchies in logic, algebra, and geometry. He emphasized to use lattices for 

applications in practice. That was done first by Barbut and Monjardet [1] and later 

by  Wille [6] who established with the mathematical theory of Formal Concept 

Analysis [5] the powerful connection to the philosophical understanding of 

concepts. 

 

2.2 Formal contexts and concept lattices 

A (formal) context K := (G,M,I) consists of two sets G and M and a binary relation 

I⊆ G × M.  If (g,m)∈I we write “g I m” and read it  “the formal object g has the 

formal attribute m”.  For any X ⊆ G the set X
↑
 := {m∈M | ∀g∈X  g I m}  is called 

the upper derivation of X , for any Y ⊆ M the set Y
↓
 := {g∈G | ∀m∈Y g I m}  is 

called the lower derivation of Y.  A formal concept of K is a pair (A,B) where  

A ⊆ G, B ⊆ M and A
↑
 = B and B

↓
 = A. A is called the extent and B the intent of 

the concept (A,B). On the set B(K) of all concepts of K the subconcept-

superconcept-relation  ≤  is defined by: (A1, B1) ≤ (A2, B2) if  A1 ⊆ A2 (which is 

equivalent to B2 ⊆ B1). The ordered set (B(K), ≤) is a complete lattice, called the 

concept lattice of K. 

The context K can be reconstructed from its concept lattice since G is the extent of 

the largest concept, M is the intent of the smallest concept and  

(1) ∀g∈G, m∈M  g I m  ⇔  γ(g) ≤ µ(m)  

where γ(g) := ({g}
↑↓

, {g}
↑
}  is the object concept of g, and µ(m) := ({m}

↓
, {m}

↓ ↑ 
} 

is the attribute concept of m. 

The object concepts play a special role in Temporal Concept Analysis where they 

are used to define the notion of a state. The simplest notion of a state will occur in 

the next section; the general notion of a state will be explained in section 5. 

 

3  States of a Distillation Column:  
 

3.1 Temporal data of a distillation column 

This example of the dynamical behavior of a distillation column in a German 

chemical company shows one of the first applications of the conceptual notion of a 

state of a system. The system, a distillation column, had been observed for 20 days 

of a month each day once, using 13 variables from which the following Tab. 1 

shows 4 important ones. The values are per mill values. 

To obtain a suitable insight into these data we transform Tab. 1 into the formal 

context K := (G, N, J) shown in Tab. 2 where G := {1, …, 20} is the set of  20 

days, and N := {(input,<=630), …, (energy1,514-693)} is the set of 10 attributes 

used in Tab. 2. The attribute (input,<=630) is denoted as “input:<=630” in Fig. 1. 
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We explain the relation J only by an example: day 1 has the attribute (input,<=630) 

since the input at day 1 is 616 <=630. The construction of Tab. 2 from Tab. 1 is a 

small example of conceptual scaling which constructs from a given data table a 

formal context, called the derived context. For details see [5]. 

 

Tab. 1 Temporal data of a distillation column 

 

day input pressure reflux energy1 

1 616 119 129 616 

… … … … … 

20 664 120 127 556 

 

 

Tab. 2 The derived context 

 

day input pressure reflux energy1 

 <=630 <=660 
600-

675 
<=120 100-130 <=140 126-183 <=570 <=630 

514-

693 

1 ×××× ×××× ×××× ×××× ×××× ×××× ××××  ×××× ×××× 

… … … … … … … … … … … 

20   ×××× ×××× ×××× ×××× ×××× ×××× ×××× ×××× 

 

The concept lattice of this context is shown in Fig. 1 in a line diagram which we 

explain before talking about states, transitions and the life track of the distillation 

column. 

A line diagram is a Hasse diagram of a concept lattice (B(K)),≤) where each 

concept is represented by a small circle such that for each formal object g the circle 

of its object concept γ(g) is labeled  by “g” a little bit under the circle, and for each 

formal attribute m the circle of its attribute concept µ(m) is labeled  by “m” a little 

bit above the circle. That allows for representing condition (1) in section 2.2 by the 

following reading rule: a formal object g has a formal attribute m if and only if 

there is an upwards leading path from the circle representing γ(g) to the circle 

representing µ(m). For example, it can be seen from Fig. 1 that the formal object 

16 has exactly the attributes “pressure:<=120”, “reflux:<=140”, “energy1:<=630” 

as well as the four attributes at the top concept.   

 

3.2 States, transitions, and the life track of the distillation column 

In the concept lattice (B(K)),≤) of the derived context K the object concepts have 

an important meaning: at each day g its intent {g}
↑
 determines the set of all 

attributes which hold at this day in the distillation column – clearly with respect to 

the granularity of the chosen conceptual scaling. Therefore, we call the object 

concepts of “such” a temporal context the states of this “system” [8]. 
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Fig. 1: The life track of a distillation column in a 4-dimensional state space 

 

To explain the arrows in Fig. 1 we look at the states γ(1) and γ(2) represented in 

Fig. 1 by the circles labeled with 1 respectively 2. They are connected by an arrow 

leading from (the circle of) γ(1) to γ(2). While it is obvious that this arrow 

represents a transition of the distillation column it is not yet explained how this 

transition is defined in TCA. That will be done later in this paper. To prepare the 

intended definition of a transition we just mention the transitions from γ(4) to γ(5) 

and from γ(7) to γ(8). Note that γ(4) = γ(7) and γ(5) = γ(8). We do not define a 

transition as a pair of two states, in this case the pair (γ(4),γ(5)), as it is done in 

Automata Theory where no explicit time representation is used. We shall define a 

transition as a pair of pairs, in this case by “((4,5), (γ(4),γ(5))” where (4,5) is called 

a base transition which tells that 4 is the predecessor of 5 in the usual ordered set 

of natural numbers. The general definition will be given in section 5.5.   

The two different transitions ((4,5), (γ(4),γ(5)) and ((7,8), (γ(7),γ(8))  are 

represented in Fig. 1 by two arrows which are indeed graphically superposed such 

that a double arrow head is shown. The transition ((6,7), (γ(6),γ(7)) is an example 

of a loop, since γ(6) = γ(7). Loops are not shown in the transition diagram in Fig.1. 

Following the arrows from γ(1) to γ(2) and so on to γ(20) we follow the life track 

of this distillation column in a concept lattice of order dimension 4 [5]. The general 

definition of a life track will be given in section 5.5.   
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4 Life tracks of arthritic patients 
 

In a bio-medical application [12] cells of six arthritic patients labeled 87, 220, 221 

(suffering from rheumatoid arthritis) and 190, 202, 205 (osteoarthritis) have been 

stimulated with two proteins TNFα and TGFB1. At 0, 1, 2, 4, 12 hours after 

stimulation the mRNA-concentration has been measured for 18 genes. Using for 

each stimulation a suitable threshold scaling a TNFα- and a TGFB1-context have 

been generated. The attributes of these contexts indicate whether a certain gene is 

on; for example “SMAD3:=1” means that the gene SMAD3 is on, that is, its 

mRNA concentration is above the chosen threshold [12]. 

  

 
 

Fig. 2: Life tracks of six arthritic patients 

 

Fig. 2 shows a nested line diagram of the concept lattice of that part of the TGFB1-

context which is determined by the view (see section 5.4) given by the set of the six 

attributes {SMAD7:=1,…, MMP9:=1} used in Fig. 2. Reading example: Patient 

190 has at 4 hours after treatment the attributes MMP1:=1 (in the outer diagram) 

and SMAD3:=1 and SMAD4:=1 (in the inner diagram), and he has at that time 

none of the other three attributes. All states in the life tracks of the patients 87, 220, 

221 (suffering from rheumatoid arthritis; dashed lines) fall under the attribute 

TIMP1:=1. These diagrams activate bio-medical discussions considerably [12]. 
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5 Temporal Concept Analysis 
 

Temporal Concept Analysis (TCA) is the theory of temporal phenomena described 

with tools of Formal Concept Analysis (FCA). In the following we give a very 

short insight into TCA mentioning first the main ideas, defining the main 

structures, and explaining the notions of a state of a temporal object at some time 

granule with respect to a chosen selection and a chosen view as well as the notion 

of a transition and a life track of a temporal object. 

 

5.1 Temporal Conceptual Systems 

Several temporal conceptual systems have been introduced in the past: Conceptual 

Time Systems (CTS), where the states (of “the system”) have been introduced as 

object concepts; Conceptual Time Systems with actual Objects and a Time Relation 

(CTSOT), where life tracks of objects have been introduced [8]; Temporal 

Conceptual Semantic Systems (TCSS) where a general notion of objects and  

distributed objects have been introduced such that particles and waves can be 

clearly defined [7,9]; Temporal Relational Semantic Systems (TRSS) [10] where 

arbitrary k-ary temporal relations can be represented such that the state of a k-ary 

relation at some time granule is defined in the same way as in a TCSS.  

Each temporal conceptual system is basically a data table, represented by a 

mapping λ: G×M→W; furthermore, for each m ∈M there is a formal context Sm := 

(Gm, Nm, Im), called the scale of m; from λ and (Sm) m∈M one can construct the 

derived context K := (G, N, J) which represents the given data in the granularity of 

the chosen scales; there is also some specified set T⊆M of time attributes [10]. 

  

5.2 Representing relations 

To explain the main ideas in the definition of a TRSS – which generalizes all the 

other mentioned temporal conceptual systems – we show in Tab. 3 a small TRSS. 

 

Tab. 3 A data table of a TRSS 

 

row relation object month day place 

1 *was at**in* Tom May 5 London 

2 *was at**in* Tom May 7 Paris 

3 *was at**in* Mary May 7 Paris 

4 *lives in* Mary   Paris 

 

The first row is intended to express that “Tom was at May 5
th

 in London” and the 

fourth row says “Mary lives in Paris”. In the formal definition of a TRSS for each 

“relation” c of arity α(c) its “position mapping” πc is an injection, which assigns to 

each natural number in [1,α(c)] a many-valued attribute (different from the 

attribute “relation”). For example, for the relation  c:=*lives in* of arity 2 the 

values of πc are: πc(1) = object, πc(2) = place. For details see [10]. 

 

5.3 Representing time granules and objects 
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As indicated in Tab. 3 we represent time granules like “May 5
th

“ as tuples of 

values of time attributes, for example as “(May, 5)”. For each TRSS we introduce a 

set O of temporal objects each represented as a tuple of values. For the definition 

of the state of an object o at time granule t where o and t are tuples we use the 

concatenated tuple (o,t), for example (Tom, May, 5). For details see [10]. 

 

5.4 Views, selections, traces, and states 

For the data table of a TRSS we use conceptual scaling (as shown in Tab. 1 and 

Tab. 2), but in a version described in [9] where each value of an attribute m in the 

data table is interpreted as a formal concept of a given semantic scale Sm := (Gm, 

Nm, Im). That yields a derived context K := (G, N, J) which represents the given 

data table without any loss of information. For any subset Q ⊆ N, called a view, the 

concept lattice of the Q-part KQ:=(G, Q, J∩(G×Q)) of K plays the role of a map 

into which further information of the given data is embedded in the same way as 

weather information, like isobars, are embedded into a geographical map. For that 

purpose we now employ the usual data base selection σ (or a generalization of it, 

see [9,10]) which selects for a given tuple of values all rows where this tuple 

occurs. For a given view Q and a given object o we define the σ-Q-trace of o as the 

set γQσ(o) that is the set of all object concepts γQ(g) in KQ of rows g ∈ G where “o 

occurs” [10]. The σ-Q-trace of o is a subset of the set of all object concepts in the 

Q-part of K. Special cases of this notion are for example the notions of the volume 

of a body and the habitat of  a biological species. 

In physics, particles are assumed to be at each time t on exactly one place x(t). 

Clearly, an arbitrary “object” like a wave or a ball is distributed in the sense that it 

is at each time at many places. That leads to the following definition of the σ-Q-

state of an object o at a time granule t as γQσ(o,t). Clearly, an object o whose state 

consists of at most one object concept for all time granules t is called particle-like. 

An object whose state has for all time granules at least two elements is called 

wave-like [10]. 

 

5.5. Transitions and life tracks  

To define transitions of a temporal object in a TRSS we introduce for each o in O a 

binary time relation Ro on the set of tuples of formal concepts from the scales Sm 

where m is a time attribute. The elements of a time relation are called base 

transitions. For example, in Tab. 3 we might introduce for Tom his time relation 

{((May,5), (May,7))} which in this small example has only one base transition. 

Each base transition (s,t)∈Ro generates a σ-Q-transition of o, namely (((o,s), (o,t)), 

(γQσ(o,s), γQσ(o,t))) leading from the initial place ((o,s), γQσ(o,s)) to the final place 

((o,t), γQσ(o,t)). The set of all “labelled places” ((o,t), γQσ(o,t)) where t is a time 

granule is called the labelled life space of o. It is called the labelled life track of o, 

if o is particle-like. In this case the set of all σ-Q-states of o is called the σ-Q-life 

track of o. For details see [10]. The transition diagrams have been generated using 

the program CERNATO for conceptual scaling and the program SIENA with its 

TCA menu for drawing life tracks. SIENA is a part of the tool TOSCANAJ [2]. 

7  Conclusion 

SMTDA           783



 

 Proceedings, 2nd Stochastic Modeling Techniques and Data Analysis International Conference 

 5 - 8 June 2012 Chania Crete Greece 

 

 

 

 

 

 

 Proceedings, 2nd Stochastic Modeling Techniques and Data Analysis International Conference 

 5 - 8 June 2012 Chania Crete Greece 

 

 

 

 

 

 

We have presented a short application-based introduction into the notions of states, 

transitions and life tracks in Temporal Relational Semantic Systems. These notions 

have been applied successfully not only in chemical industry [8] and bio-medicine 

[12], but also in psychoanalysis [8] and crime prevention [4].  
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A stochastic model for rota scheduling in
public bus transport
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Abstract. In the rota scheduling problem (RSP) in public bus transport, the re-
serve shifts currently are evenly planned for all drivers without considering more
detailed information such as historical or weekday-depended sickness absence rates.
In case that the absence rate exceeds the available reserve personnel, usually ad-
ditional drivers are called manually. This causes discontent for the drivers as well
as continuous organizational effort for the bus company. In order to reduce the
discrepancy between a planned roster and the actual one, a new stochastic opti-
mization model for the RSP is presented in this paper. In addition to the present
reserve shifts, optional reserve shifts are introduced.
Keywords: stochastic model, rota scheduling, public bus transport.

1 Introduction

The rota scheduling problem (RSP) presented in this paper is a sub-problem
of the crew rostering problem (see Ernst et al.[4]), which assigns drivers to
a set of crew duties while complying with constraints, labor laws etc. Each
duty has its corresponding shift-type (for example early shift). The RSP aims
at developing a cyclic-based rota for a single group of drivers and a given set
of shifts and free days as well as reserve shifts to be served while management
considerations, labor laws and the preferences of drivers are considered. The
drivers within a group have the same qualification and preferences. The
columns of the rota represent the consecutive days of a week, from Monday
to Sunday, while the rows represent consecutive weeks, and there are as
many rows as drivers in the group. The first driver begins in the first week,
the second driver in the second week etc., until they accomplish the rota
completely, after that they begin at their starting point again. A cyclic-
based rota for a group of drivers is generated to simplify the problem, since
the generation of a rota for each driver individually would imply a much
higher complexity of the problem. Moreover, a cyclic-based rota is widely
adopted because it is inherently completely fair, i.e. each driver has to share
the same shifts in the given time period even those that are not popular at
all. Lau [5] showed that even a very restricted case of RSP is NP-hard.

The RSP applied to public bus transport has not been given much at-
tention in recent years. Emden-Weinert et al. [3] cooperating with Bremen
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Strassenbahn AG modeled the RSP as an integer linear program and com-
pared this with a metaheuristic approach for small input data. Sodhi and
Norris [6] developed a network-based model for the RSP at London Under-
ground and were able to solve data instances limited to 150 drivers and 1000
shifts in a reasonable time.

Reserve shifts are used to cover the absences of drivers. Generally, the
number of reserve shifts is planned as a certain fixed number (see Sodhi and
Norris [6]) or a certain percentage of the total shifts per day. More detailed
information such as historical or weekday-depended sickness absence rates
are usually not considered. This inaccurate planning of reserve shifts causes
more costs for the reserve shifts than necessary. Besides, it causes discontent
for the drivers and also creates a day-to-day managerial burden for the bus
company. A new stochastic optimization model is therefore formulated for
the RSP and is compared to deterministic optimization. The scenarios of
the stochastic program are created depending on historical and weekday-
dependent sickness absence rates. In addition to the present reserve shifts
optional reserve shifts are introduced. This offers better working-conditions
for the reserve drivers and enables a specific reaction on the sickness absence
rate of the day by exercising the optional reserves. Optional reserves can,
but must not, be exercised. Besides costs, we also consider a risk measure to
evaluate our solutions.

2 Model formulation

This chaper introduces the stochastic optimization model. The model is a
two-stage stochastic model written in its extensive form. The model assigns
the shift types to the working days of the drivers. It also plannes the free days,
on hand-reserves and optional reserve shifts. All these decisions are stage-1
variables while the usage of the optional reserves are a two-stage variables.
The model can be solved as deterministic equivalent with a standard MIP-
solver.

ST set of shift-types
G set of rota-groups
S scenarioset
Wg/D set of weeks in group g/ week days
nt,d no. of shift-type t to assign on d
cu penalty cost for unassigned shift
ct,g,d penalty cost for undesired shift t
crg,d costs for one reserve shift on d
cog,d costs for opt. reserve shift on d
coeg,d additional cost for exercising
ut working duration of shift t
bt start time of shift t
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et end time of shift t
ur working duration of reserve
br begin time of a reserve shift
er end time of a reserve shift
rd min. rest period between shifts
aw max. total work time per week
rw min. rest period per week
wdmaxg max. no. of working days in g
wdming min. no. of working days in g
fdg max. no. of free days in g
sfg min. no. of single frees in g
dfming min. no. of double frees in g
dfmaxg max. no. of double frees in g
absd,s no. of absent on day d in s
day(w, d, i) returns (week w2, day d2) representing the date i days after (w,d)

Variables and auxiliary variables:
yt,g,w,d ∈ {0, 1} shift type t is assigned on weekday d in week w in group g
yfg,w,d ∈ {0, 1} free day on weekday d in week w in group g
yrg,w,d ∈ {0, 1} on-hand reserve shift on weekday d in week w in group g
yog,w,d ∈ {0, 1} optional reserve shift on weekday d in week w in group g
yoeg,w,d,s ∈ {0, 1} opt. reserve usage on day d of week w in group g in scenario s
yund,s ∈ N0 no. of unassigned shifts on day d in scenario s
f2g,w,d ∈ {0, 1} a two-day free period begins on day d in week w in group g
f1g,w,d ∈ {0, 1} a one-day free period begins on day d in week w in group g

min
∑
t∈ST

∑
d∈D

nt,d −
∑
g∈G

∑
w∈Wg

yt,g,w,d

 · cu +
∑
g∈G

∑
d∈D

∑
w∈Wg

∑
t∈ST

yt,g,w,d · ct,g,d

+
∑
g∈G

∑
d∈D

∑
w∈Wg

(
yrg,w,d · crg,d + yog,w,d · cog,d

)

+
1

|S|
·
∑
s∈S

∑
g∈G

∑
d∈D

∑
w∈Wg

yoeg,w,d,s · coeg,d +
∑
d∈D

yund,s · cu


s.t.

yfg,w,d + yrg,w,d + yog,w,d +
∑
t∈ST

yt,g,w,d = 1 ∀g, w, d (1)∑
g∈G

∑
w∈Wg

yt,g,w,d ≤ nt,d ∀t ∈ ST, d ∈ D

(2)
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1440−
∑
t∈ST

yt,g,day(w,d,−1) · et − yrg,day(w,d,−1) · er

+
∑
t∈ST

yt,g,w,d · bt + yrg,w,d · br + 1440·(
yfg,day(w,d,−1) + yog,day(w,d,−1) + yfg,w,d + yog,w,d

)
≥ rd ∀g, w, d (3)∑

d∈D

(
ur · yrg,w,d + ur · yog,w,d +

∑
t∈ST

ut · yt,g,w,d

)
≤ aw ∀g ∈ G,w ∈Wg

(4)∑
d∈D

(
ur · yrg,w,d + ur · yog,w,d +

∑
t∈ST

ut · yt,g,w,d

)
≤ |D| · 1440− rw ∀g, w

(5)∑
w∈Wg

∑
d∈D

(
yrg,w,d + yog,w,d +

∑
t∈ST

yt,g,w,d

)
≤ wdmaxg ∀g ∈ G (6)

∑
w∈Wg

∑
d∈D

(
yrg,w,d +

∑
t∈ST

yt,g,w,d

)
≥ wdming ∀g ∈ G

(7)∑
w∈Wg

∑
d∈D

yfg,w,d + yog,w,d ≤ fdg ∀g ∈ G (8)

(
1− yfg,w,d

)
+ yfg,day(w,d,1) + yfg,day(w,d,−1) + f1g,w,d ≥ 1 ∀g, w, d(

1− f1g,w,d

)
+ yfg,w,d ≥ 1 ∀g, w, d(

1− f1g,w,d

)
+ (1− yfg,day(w,d,1)) ≥ 1 ∀g, w, d(

1− f1g,w,d

)
+ (1− yfg,day(w,d,−1)) ≥ 1 ∀g, w, d (9)(

1− yfg,w,d

)
+
(

1− yfg,day(w,d,1)

)
+ f2g,w,d ≥ 1 ∀g, w, d(

1− f2g,w,d

)
+ yfg,w,d ≥ 1 ∀g, w, d(

1− f2g,w,d

)
+ yfg,day(w,d,1) ≥ 1 ∀g, w, d (10)∑

d∈D

∑
w∈Wg

f1g,w,d ≥ sfg ∀g ∈ G (11)

dfming ≤
∑
d∈D

∑
w∈Wg

f2g,w,d ≤ dfmaxg ∀g ∈ G

(12)

2·|D|∑
j=1

f2g,day(w,0,j) ≥ 1 ∀g ∈ G,w ∈Wg
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(13)

yund,s +
∑
g∈G

∑
w∈Wg

yoeg,w,d,s + yrg,w,d ≥ absd,s ∀d, s (14)

yoeg,w,d,s ≤ yog,w,d ∀g, w, d, s
(15)

This problem minimizes the total expected costs of reserve and optional
reserve shifts as well as the costs for undesired and unassigned shifts. The
constraints (1) ensure that for every driver on every day either exactly one
shift or reserve is assigned or the day is free. The inequalities (2) prevent
that more shifts are assigned than needed, while (3) implement the minimum
rest period. With the constraints (4) and (5) the maximum working time
and the minimum rest period per week are considered. The inequalities (6)
and (7) bound the maximum and minimum number of working days per rota
before (8) limit the number of possible free days in the rota. The sets of
constraints (9) implement the single free days; (10) do the same for double
free days. Single free days are only counted if the day before and the day after
are not free while a double free is also counted if the days before or after are
free. The single frees and double frees are constrained with the inequalities
(11), (12) and (13) to ensure that at least one double free exists in each two
weeks. The constraints (3)-(13) implement the legal and firm-specific work
regulations and may be different depending on the country and firm. The
constraints (14) assign the reserve usage and the unassigned shifts and (15)
ensure that only planned optional reserves are used.

The deterministic model is quite similar to the stochastic one. It only
does not consider optional reserve shifts and scenarios.

3 Results and conclusion

The case study for our calculations involves 10 different shift types. A total
number of 220 drivers are grouped into 3 rota groups that represent the
desired shift types depending on the weekday. We add 50 different scenarios
to the stochastic model. For calculating them we use the historical sickness
absence rate of Germany. The average value for the sickness absence rate of
the years 2000-2009 is 3,64%1. We multiply this data with a factor depending
on the weekday to consider that historically the absence rate was higher or
lower on different weekdays. These weekday-dependent numbers are used
as mean values for a Normal-distribution from which we select a random
number. One week with different sickness absence rates for the weekdays is
one scenario.

1 Calculated with data from the German Federal Ministry of Labour and Social
Affairs [2]
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The costs for assigning undesired shift types, reserve shifts and optional
reserve shifts as well as for exercising optional reserve shifts is different on
weekdays and weekends. The cost for the reserve types satisfies the following
inequality on every weekday:

cost(planned opt. reserve) ≤ cost(present reserve)
≤ cost(exercised opt. reserve)

We begin the evaluation of the stochastic optimization model by intro-
ducing the expectation of the expected value problem (EEV-solution). For
this, we solve a model with expected values to obtain the EV-solution and
evaluate this solution with all scenarios. The weighted average is the EEV-
solution. We first do not consider optional reserve shifts (from now on also
called options), and minimize costs. Table 1 shows a solution comparison.
The EV-solution has costs of only 12 200, while evaluated with the scenarios
this solution has expected costs of 66 800. That shows that using expected
values and deterministic optimization leads to a very bad approximation of
the real costs. Comparing the EEV-solution with the stochastic solution (also
called here-and-now solution because one decision under uncertainty has to
be made for all scenarios here and now) the results show that stochastic
optimization can reduce the expected costs to 28.7%, and the value of the
stochastic solution (VSS2 ) is 47600. It denotes the advantage of considering
uncertainty in the optimization model. Deterministic optimization with aver-
age values can therefore not compete with stochastic optimization. We now
allow optional reserve shifts and compare the results with the preliminary
results.

Exp. Costs Worst Scen. Best Scen.

EEV (no options) 66 800 142 200 12 200

Stochastic solution (no options) 19 200 29 000 19 000

Stochastic solution (with options) 14 891 16 825 12 625

Table 1. Stochastic solutions with and without options

Adding optional reserve shifts to the model can again significantly de-
crease expected costs. They are decreased by 22.4%. At last, we compare
the here-and-now solution with the wait-and-see solution3 (in which we make
an independent decision for each scenario) with and without optional re-
serve shifts, and therefore calculate the expected value of perfect information
(EVPI) to examine the impact of uncertainty on the objective value. Table
2 shows the results.

2 VSS = EEV minus stochastic solution (without options)
3 All stochastic terms can be found in Birge and Louveaux[1]
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No options With options

here-and-now 19 200 14 891

wait-and-see 12 154 12 154

EVPI 7 046 2 737

Table 2. EVPI with and without options

The expected costs of both wait-and-see solutions have the same value
because using optional reserve shifts is more expensive than any other shift
type. In the wait-and-see models we can make an independent decision for
every scenario, since we assume that we can anticipate the scenario because
of having perfect information. Therefore, optional reserve shifts are not used
under this unrealistic assumption. The wait-and-see models are only useful
to assess the value of perfect information, if perfect information could be
purchased. We also can see that the EVPI is much lower in the model with
options. That shows that optional reserve shifts are an efficient method to
counteract uncertainty and lead to better solution quality.

In our preliminary results, we used the same scenarioset for optimization
and evaluation. But as we can only use a limited number of scenarios during
the optimization and therefore not include all integer combinations of dif-
ferent sickness absence rates for all weekdays and future scenarios might be
different to those used during optimization, we have to evaluate the solutions
with another scenarioset to validate the solutions found with the stochastic
optimization model. To do this, we solve the stochastic model with the sce-
narioset for optimization, fix all stage-1 variables to the values of the optimal
solution and then optimize the model again with the other scenarioset for
evaluation. Now the only unfixed decision variables are the stage-2 variables
that are the recourse decisions for the scenarios. Thus, only the planned
optional reserves can be used to adjust the solution to the scenarioset used
for evaluation.

Costs before simulation Costs after simulation

Without options 19 200 20 000

With options 14 891 15 793

Table 3. Costs before and after evaluation with another scenarioset

We can see in Table 3 that although the costs of the stochastic solutions
with options increase after simulating them with the other scenarioset, they
are by far better than the deterministic EEV-solution. Even the stochastic
model without using options is significantly better than the deterministic
solution. This is because the EEV-solution does not use any information
about the scenario distribution. A further drawback that results from this
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fact is that the deterministic solution does not use options in the model
although it may do so in pratice: Using options is more expensive than using
present reserves to cover absences, and as there is only one scenario in the
deterministic model, it only uses present reserves.

To conclude, we can say that we developed a new stochastic optimization
model for rota scheduling in public transport with optional reserve shifts. The
stochastic model outperforms deterministic optimization with average values
significantly. We are able to solve stochastic models with data-instances of
real size. The integration of optional reserve shifts was possible without a
significant increase of solution times and could further increase solution qual-
ity. Furthermore, it was shown with simulation that the solution approach
produces good results independently from the scenarioset.
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Abstract. Some long-tail nature losses in non-life insurance, especially bodily in-
jury losses such as loss of income or care costs are paid out regularly as an annuity
in valorised payments until a specified age or death of the claimant (whatever comes
first). In case of excess of loss reinsurance program, reinsurers often do not accept
the inflation risk embedded in such losses and therefore include so called index
clause into the reinsurance treaties.

The index clause allows the reinsurer to increase the originally agreed prior-
ity by a coefficient which is, roughly said, calculated as a ratio of the sum of all
nominal payments to the sum of all real (i.e. deflated) payments. (Notice that
the reinsurance share is calculated at the time of the claim closure and therefore
both past inflation and all historical payments are known.) Discounting is usually
not considered in the priority adjustment according to the common reinsurance
treaties.

The relevant literature on the index clause topic is scarce. One of the practically
most important tasks is to calculate the expected present value of the relevant
annuity cash flow which is necessary for rigorous pricing of reinsurance treaties or
claims reserving. Given that the amount paid out by the insurer or reinsurer in the
future years is highly dependent on the (random) lifetime of the claimant, one of
the key parameters to determine is the mortality assumption. Therefore it seems
necessary to

• determine a pricing formula to evaluate expected present value of the future
cash flows in the case of index clause is present in the treaty and

• evaluate the dependence of such value on the mortality trends assumed.

Formulas for calculation of the expected present value of the future cash flows will
be derived in the article and change of this expected value caused by the change of
the mortality assumptions will be scrutinized. Formulas will be demonstrated on
some real world examples.
Keywords: Index clause, Mortality assumptions, Reinsurance.

1 Introduction

Losses arising from some lines of business of non-life insurance have a long-
tail nature which means that it takes a long time until the losses are settled.
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Typical examples of such losses are liability losses coming from Motor Third
Party Liability (MTPL) or General Third Party Liability (GTPL) insurance.
Especially the bodily injury losses arising out of MTPL such as loss of in-
come or care costs are paid out regularly as an annuity in valorized payments
until a specified age or death of the victim. In case of excess of loss reinsur-
ance program, reinsurers often do not accept the inflation risk embedded in
such losses and therefore include so called index clause into the reinsurance
treaties. The index clause is defined in the actuarial glossary [2] as:

’A clause in an excess of loss reinsurance agreement which shares the
effect of future inflation between the insurer and its reinsurers by adjusting
the retention and limits in accordance with the movement of a designated
index.’

The index clause allows the reinsurer to increase the originally agreed
priority by a coefficient which is, roughly said, calculated as a ratio of the
sum of all nominal payments to the sum of all real (i.e. deflated) payments.
(Notice that the reinsurance share is calculated at the time of the claim clo-
sure and therefore both past inflation and all historical payments are known.)
Discounting is usually not considered in the priority adjustment according to
the common reinsurance treaties.

According to [7] the index clause (also called Stability Clause) has been
frequently used since 1970s after its introduction in French MTPL non-
proportional reinsurance treaties. During the time various versions of the
index clause have been developed which are used in European countries: the
European Index Clause (EIC) and the London Market Index Clause (LMIC).
The LMIC indexes the total value of the claim as at the date of the final settle-
ment compared to the EIC which indexes each partial payment and therefore
the inflation is better distributed within the time.

Further, so called margin is usually defined by the index clause which is
deviation of the current index value from the index value at the base date
(e.g. inception date of the reinsurance treaty). If the deviation is lower then
the margin defined then the index clause is not applicable. The reinsurance
treaty also defines which index should be used for calculation of the index
priority. As the predominant part of the biggest MTPL claims are driven
by bodily injuries, the wage index for the country of claimant published by
International Monetary Fund (IMF) is used as a standard.

Two different versions of EIC further exist: Full index clause (FIC) and
Severe Inflation Clause (SIC). The difference between these two clauses is that
in case of SIC only the part of the index exceeding the predefined margin is
taken into account, while the whole value of the index is used in case of
FIC subject to the margin is triggered. At the time of writing this article it
is possible to sate that the absolute majority of continental Europe MTPL
reinsurance treaties contain FIC with 10% margin with exclusion of Austria,
Germany and Sweden, where SIC is still frequently used.
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The relevant literature on the index clause topic is scarce. Several notes
on the impact of the inflation on the non-proportional reinsurance as well as
reasoning for the index clause and reinsurance pricing formulas can be found
in [1]. A pricing model for an excess of loss treaty including (among other
clauses) also the stability (index) clause was published in [5]. An indexing
method for annual aggregate deductibles and limits was scrutinized in [4].
A method for estimating insurance liabilities based on individual loss level
with inclusion of the excess of loss reinsurance with the index clause was
developed in [6]. To the authors’ knowledge, analytical properties of the the
index clause based on projected cash flows were not published previously.

2 Basic notation and assumptions

Throughout the article we will denote random variables with capital letters
and its values with corresponding small letters. Calculation in this article is
slightly simplified from reality since only yearly cash flows are assumed (in
reality quarterly cash flows might be more relevant) and also no threshold
for the index clause application was introduced. Also as discussed in previ-
ous section certain margin has be usually reached to make the index clause
triggered.

In our calculations, we will in general assume only one victim in the
age x with known (i.e. deterministic) constant yearly real payment, paid
at the beginning of the periods (i.e. annuity in advance), denoted as c.
Potential future random changes of the real payment (the ’revision risk’) are
not considered. The sum of the future real payments (i.e. future deflated
payments) for a victim at age x with (random) curtate lifetime Tx will be
denoted as A′Tx

, i.e.:

A′Tx
≡

Tx∑
j=0

c. (1)

The index x will be dropped where possible for simplicity. In our calculations,
it is assumed that the residual lifetime is in fact the only random variable.

We will also consider some appropriate deterministic future inflation in-
dex g (such as wage inflation) by which will the real payments be valorized.
For simplicity, the index g will be assumed constant in time. (Further gen-
eralization is straightforward.) The sequence of the nominal payments is
then

c (1 + g)0, c (1 + g)1, . . . , c (1 + g)T . (2)

The sum of the nominal payments will be denoted AT , i.e.:

AT ≡
T∑
j=0

c (1 + g)j (3)
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We will assume the excess of loss reinsurance treaty with the ’original’
(=unadjusted) priority denoted as r′. The reinsurance recoveries in the case
no index clause is present will be denoted as Z ′t, i.e:

Z ′T ≡ (AT − r′)+ (4)

where (f(y))+ ≡ max(f(y), 0). In the case the index clause is present, the
reinsurance recoveries will be denoted as ZT , i.e.

ZT ≡ (AT −RT )+ (5)

where RT denotes the adjusted priority defined as:

RT ≡ AT
A′T

r′. (6)

It will be assumed that the insurance company will receive the reinsurance
share all at once at the claim closure which is somewhat conservative. In
reality, there would be some cash calls or deposits received on beforehand.
These are however not regular and therefore difficult to capture by a model.

The present value of the annuity, i.e. the gross loss will be denoted as
ĀT , i.e.

ĀT ≡
T∑
j=0

c(1 + g)j vj (7)

where v is the assumed (deterministic) discounting factor.
Further, we consider the following probabilities: tpx denotes the proba-

bility that the victim in the age x will survive other t years and qx+t denotes
the probability that the victim in the age x + t will die within one year. A
shorter notation will be used for its multiple:

p(x, t) ≡t px qx+t. (8)

3 Expected reinsurance recoveries with no index clause

Using some basic calculus we can write for the sum of the real payments:

A′Tx
= c (Tx + 1) . (9)

and for the sum of the nominal payments:

AT =

T∑
j=0

c (1 + g)j = c
1 − (1 + g)T+1

1 − (1 + g)
, (10)

which can be further simplified, denoting

UT ≡ 1 − (1 + g)T+1

1 − (1 + g)
, (11)
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as
AT = cUT . (12)

For the purposes of reserving or solvency calculation, it is needed to cal-
culate the expected discounted value of the future cash flow of the insurance
company (the so called net best estimate). This is usually performed calcu-
lating the expected cash flow without considering the reinsurance recoveries
(the gross best estimate) and then deducting the expected reinsurance recov-
eries.

The gross discounted best estimate E(ĀT ) of the annuity is assessed using
standard actuarial techniques such as

E(ĀT ) =

ω−x∑
t=0

āt p(x, t). (13)

Using (5), (6), (9) and (12), the expected present value of the reinsurance
recoveries on such annuity loss can be calculated as

E(vTx ZTx
) =

ω−x∑
t=0

zt v
t p(x, t) =

ω−x∑
t=0

(at − rt)+ vt p(x, t) =

=

ω−x∑
t=0

(
at −

at
a′t
r′
)

+

vt p(x, t) =

ω−x∑
t=0

(
c ut −

c ut
c (t+ 1)

r′
)

+

vt p(x, t),

from which

E(vTx ZTx
) =

ω−x∑
t=0

(
c ut

(
1 − r′

c (t+ 1)

))
+

vt p(x, t). (14)

4 Expected impact of the index clause

The expected present value of the impact of the index clause on the reinsur-
ance recoveries is represented by the difference between the expected reinsur-
ance recoveries without and with the index clause, i.e.

E(vTx Z ′Tx
− vTx ZTx

) =

ω−x∑
t=0

[(at − r′)+ − (at − rt)+] vt p(x, t). (15)

We can distinguish three disjunct ’bands’ of the future curtate lifetime t:

1. The band of t in which the reinsurance recoveries are zero both with and
without the index clause, i.e. at < r′ (and therefore also at < rt). This
means that

ut <
r′

c
(16)
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which implies using (11) that

t <
log(1 + r′ g

c )

log(1 + g)
− 1. (17)

The whole part of this upper band will be denoted as b1(r′, c, g)
2. The band of t in which the reinusurer’s share is nonzero only in the

case no index clause is applied, i.e. r′ ≤ at < rt which means that, by
using (17), (6) and (9)

b1(r′, c, g) ≤ t <
r′

c
− 1. (18)

The whole part of the upper bound will be denoted as b2(r′, c).
3. The band of t in which the reinsurance recoveries are nonzero both with

and without the index clause, i.e. in which at ≥ rt.

This means we can rewrite (15) as

E(vTx Z ′Tx
− vTx ZTx

) =

b1(r
′,c,g)∑
t=0

0 +

+

b2(r
′,c)∑

t=b1(r′,c,g)+1

[(at − r′) − 0] vt p(x, t) +

+

ω−x∑
t=b2(r′,c)+1

[(at − r′) − (at − rt)] v
t p(x, t). (19)

Using (6) and (9), we can rewrite this further as

E(vTx Z ′Tx
− vTx ZTx

) = 0 +

b2(r
′,c)∑

t=b1(r′,c,g)+1

(c ut − r′) vt p(x, t) +

+

ω−x∑
t=b2(r′,c)+1

r′
(

ut
t+ 1

− 1

)
vt p(x, t). (20)

In the previous text, only one victim in an age x was assumed. In reality,
several victims are often involved in large bodily losses and the retention of
the reinsured is applied on the whole event. Notice that the previous results
can be generalized for the case where several victims are involved. Problem of
estimating the joint probability of survival (or death) will however be faced.

5 Numerical illustration

All scenarios in this section demonstrate the impact of changing mortality
and the index clause on reinsurance recoveries. Depending on the country
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the annuity clause may specify both the mortality tables and discount rate to
be used for calculating the capitalised value of the annuity. The clause also
often defines the time period within the indexed annuities shall be commuted.
The calculations in this article are based on cohort life tables developed
in [3] updated for the year 2007, which are presently the market standard
for insurance companies in the Czech Republic. According to these tables qx
depends on both x and year of birth τ and

qτx = eG(x)(x+τ−2007)qBx , (21)

where G(x) are estimated age dependent parameters and qBx are death prob-
abilities from the official life tables published for 2007.

Three scenarios are analyzed. For each scenario, it is assumed that:

• Only one victim is involved in the loss.
• For simplicity, there is no lump sum payment additional to the annuity.
• The claimant is a 35 years old male. Depending on scenario under con-

sideration, the injured was born in 1967, 1977 and 1987. (See the table 1)
G(35) = 0.021685.

• Generation life tables constructed in [3] updated for the values of the
year 2007 were used.

• The original priority r′ = EUR 800 000.
• The annual annuity amounts to c = EUR 30 000.
• Wage index used for index clause calculation of g = 4.0%.
• Yearly interest rate of i = 3.5% (v = 1/1.035).

The details of various scenarios can be found in in the Table 1.

Table 1. Description of various scenarios considered.

Scenario
Year of Accident Year of birth

τ

Scenario 1 2002 1967
Scenario 2 2012 1977
Scenario 3 2022 1987

Based on the formulas from previous sections and assumptions above,
various calculations for three different scenarios were made and the respective
results can be found in the Table 2. It is obvious that within the time
the decreasing mortality is assumed which results to growing amounts of
payments to the claimant. The risk of decreasing mortality, similarly to
the inflation risk, is carried by both insurer and its reinsurers. Comparing
Scenario 2 to Scenario 1 (loss year 2012 vs. 2002), then due to the decreasing
mortality the sum of the gross nominal payments grows by 6,6% whilst the
reinsurer‘s share (undiscounted nominal amount with index clause applied)
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grows by 10.1%. Making the comparison on the best estimate values, then
the gross payments grows by 3.2% whilst the reinsurer‘s share grows by 6.0%.
Similar comparison can be done between the Scenarios 3 and 2.

Table 2. Impact of changing mortality on (re)insurance compensations (in EUR).
Expected value of the annuity: The uninflated E(A′

Tx
) and the valorized value

E(ĀTx) and the reinsurer’s share: valorizezd with no index clause E(Z′
Tx

) and with
index clause E(Z̄Tx) and the discounted (i.e. present) value of the valorized annuity
with the index clause. E(Z̄Tx).

Scenario 1 Scenario 2 Scenario 3

E(A′
Tx

) 3 736 154 3 981 854 4 216 906
E(ĀTx) 1 363 091 1 406 232 1 441 840
E(Z′

Tx
) 3 021 026 3 270 463 3 513 505

E(ZTx) 1 717 110 1 890 644 2 063 089
E(Z̄Tx) 283 600 300 669 316 011

It is the intention of index clause, that both reinsurer and insurer carry
the inflation risk proportionally, however, as demonstrated above, this does
not concern the mortality change risk. Based on the assumptions above it
has been observed that the reinsurer carries the major part of additional loss
costs caused by decreasing mortality which should be regularly reflected in
reinsurance pricing.

6 Conclusions

Based on the illustrations, it is obvious that both index clause and mortality
changes have substantial impact on the expected (re)insurance recoveries.
Assuming the constant reinsurance and original premium rates, it was shown
in the section 5 that the mortality change risk is carried by the reinsurer and it
has to be reflected in reinsurance pricing. Further, all necessary mathematical
relations for the purposes of index clause and loss reserving have been derived.
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